Bayesian Q-learning

Richard Dearden Nir Friedman * Stuart Russell
Department of Computer Science Computer Science Division Computer Science Division
University of British Columbia 387 Soda Hall 387 Soda Hall

Vancouver, BC V6T 174, Canada
dear den@s. ubc. ca

Abstract

A central probleminlearning in complex environmentsis bal-
ancing exploration of untested actions against exploitation of
actionsthat are known to be good. The benefit of exploration
can be estimated using the classical notion of Value of Infor-
mation—the expected improvement in future decision quality
that might arise from theinformation acquired by exploration.
Estimating this quantity requires an assessment of the agent’s
uncertainty about its current value estimates for states. In
this paper, we adopt a Bayesian approach to maintaining this
uncertain information. We extend Watkins' Q-learning by
mai ntai ning and propagating probability distributions over the
Q-values. These distributions are used to compute a myopic
approximation to the value of information for each action
and hence to select the action that best balances exploration
and exploitation. We establish the convergence properties
of our algorithm and show experimentally that it can exhibit
substantial improvements over other well-known model-free
exploration strategies.

1 Introduction

Reinforcement learning is a rapidly growing area of in-
terest in Al and control theory. In principle, reinforcement
learning techniquesallow an agent to become competent sim-
ply by exploring its environment and observing the resulting
percepts and rewards, gradually converging on estimates of
thevalue of actionsor statesthat allow it to behave optimally.
Particularly in control problems, reinforcement learning may
have significant advantages over supervised learning: first,
thereisno requirement for askilled humanto providetraining
examples; second, the exploration processallowsthe agent to
become competent in areas of the state space that are seldom
visited by human experts and for which no training examples
may be available.

In addition to ensuring more robust behavior across the
state space, exploration is crucia in allowing the agent to
discover the reward structure of the environment and to de-
termine the optimal policy. Without sufficient incentive to
explore, the agent may quickly settle on a policy of low
utility simply because it looks better than leaping into the
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unknown. On the other hand, the agent should not keep ex-
ploring optionsthat it already has good reason to believe are
suboptimal. Thus, agood exploration method should balance
the expected gains from expl oration against the cost of trying
possibly suboptimal actions when better ones are available
to be exploited.

Optimal solution of the exploration/exploitation tradeoff
requiressolving aMarkov decision problem over information
states—that is, the set of all possible probability distributions
over environment models that can be arrived at by executing
all possible action sequences and receiving any possible per-
cept sequence and reward sequence. The aim is to find a
policy for the agent that maximizes its expected reward. Al-
thoughthis problemiswell-defined, given aprior distribution
over possible environments, it is not easy to solve exactly.
Solutions are known only for very restricted cases—mostly
the so-called bandit problems in which the environment has
asingle state, several actions, and unknown rewards [3].

Section 2 discusses several existing approaches to explo-
ration, aswell asthe model-free Q-learning algorithm we use
as our underlying learning method. This paper presents two
new approaches to exploration:

Q-value sampling: Wyatt [17] proposed Q-value sam-
pling asamethod for solving bandit problems. Theideaisto
represent explicitly the agent’ sknowledge of the availablere-
wards as probability distributions; then, an action is selected
stochastically according to the current probability that it is
optimal. This probability depends monotonically not only
on the current expected reward (exploitation) but also on the
current level of uncertainty about the actual reward (explo-
ration). In thiswork, we extend this approach to multi-state
reinforcement learning problems. The primary contribution
here is a Bayesian method for representing, updating, and
propagating probability distributions over rewards.

Myopic-VPI: Myopic value of perfect information [8]
provides an approximation to the utility of an information-
gathering action in terms of the expected improvement in de-
cision quality resulting from the new information. This pro-
vides adirect way of evaluating the exploration/exploitation
tradeoff. Like Q-value sampling, myopic-VPI uses the cur-
rent probability distributions over rewards to control ex-
ploratory behavior.

Section 3 describes these two algorithms in detail, along
with the Bayesian approach to computing reward distribu-
tions. In Section 4 we prove convergence results for the
algorithms, and in Section 5 we describe the results of a



1. Letthe current state be s.

. Select an action a to perform.

3. Let the reward received for performing a be r, and the
resulting state be ¢.

4. Update Q(s, a) to reflect the observation < s, a,r,t > as
follows: ‘ ‘ B
Q(s,a) = (1— a)Q(s,a) + a(r + v max, Q(t,a’))
where « isthe current learning rate.
5. Goto step 1.

N

Figure 1: The Q-learning algorithm.

number of experiments comparing them against other ex-
ploration strategies. In our experiments, myopic-VPl was
uniformly the best approach.

2 Q-Learning
We assume the reader is familiar with the basic concepts

of MDPs (see, e.g., Kaelbling et al. [9]). Wewill usethefol-
lowing notation: An MDPisa4-tuple, (S, A, p:, pr) where

S isaset of states, A isa set of actions, p; (s—t) isatran-
sition model that captures the probability of reaching state ¢
after we execute action a at state s, and p, (r|s, a) isareward
model that captures the probability of getting reward » when
executing action a at state s.

In this paper, we focus on infinite-horizon MDPs with a
discount factor 0 < v < 1. The agent’s aim iS to maximize
the expected discounted total reward E[) ", v'r;], where r;
denotes the reward received at step 7. Letting V*(s) denote
the optimal expected discounted reward achievable from state
s and Q* (s, a) denote the value of executing a at s, we have
the standard Bellman equations[2]:

Vi(s) =
Q(s,a) =

maz,Q* (s, a)

Sorepe(rlsia) £ Yo pe(s OV (1),

r

Reinforcement learning procedures attempt to maximize
the agent’ sexpected reward when the agent does not know p;
and p,. In this paper we focus on Q-learning [14], asimple
and elegant model-free method that learns Q-values without
learning the model p;. In Section 6, we discuss how our
results carry over to model-based learning procedures.

A Q-learning agent works by estimating the values of
Q* (s, a) from its experiences. It then select actions based
on their Q-values. The algorithm is shown in Figure 1. If
every action is performed in every state infinitely often, and
« is decayed appropriately, Q (s, a) will eventually converge
to @* (s, a) forall s and a [15].

The strategy used to select an action to perform at each
step is crucia to the performance of the algorithm. As
with any reinforcement learning algorithm, some balance
between exploration and exploitation must be found. Two
commonly used methods are semi-uniform random explo-
ration and Boltzmann exploration. In semi-uniform random
exploration [16], the best action is selected with some prob-
ability p, and with probability 1 — p, an action is chosen
at random. In some cases, p is initially set quite low to
encourage exploration, and is slowly increased. Boltzmann

exploration [14] is a more sophisticated approach in which
the probability of executing action a in state s is:

£Q(s,)/T
Za’ eQ(s,a")/T

where T' is a temperature parameter that can be decreased
dowly over time to decrease exploration. In this approach,
the probability of an action being selected increases with the
current estimate of its Q-value. This means that sub-optimal
but good actions tend to be selected more often than clearly
poor actions.

Both these exploration methods are undirected, meaning
that no exploration-specific knowledge is used. A number
of directed methods have also been proposed, of which the
best known isinterval estimation [10]. Most of the directed
techniques can be thought of as selecting an action to per-
form based on the expected value of the action plus some
exploration bonus[11]. Inthe case of interval estimation, we
assumeanormal distributionfor the observed futureval ues of
each action in each state, and select an action by maximizing
the upper bound of a 100(1 — «)% confidence interval (for
some confidence coefficient «) over this distribution. The
exploration bonus for interval estimation is half the width
of the confidence interval. Other exploration bonuses have
been proposed, based on thefrequency or recency withwhich
each action has been performed, or on the difference between
predicted and observed Q-values.

The exploration-specific information in the Interval Esti-
mation algorithm is strictly local in nature. The exploration
bonus is calculated only from the future values observed
from the current state. Exploration can also be done glob-
ally, selecting actions now that we believe will lead us to
less-explored parts of the state space in the future. We can
do this by backing up exploration specific information along
with the Q-values. Meuleau and Bourgine [11], propose
IEQL+, whichis closely related to interval estimation in that
it backs up Q-values and uses them to computealocal explo-
ration bonus. Unlike interval estimation, IEQL+ also backs
up an exploration bonus and combines the two to compute
the new exploration value of the action.

For a survey of directed and undirected exploration tech-
niques, see[13].

Pr(a) =

3 Bayesian Q-learning

In thiswork, we consider a Bayesian approach to Q-learning
in which we use probability distributions to represent the
uncertainty the agent has about its estimate of the Q-value
of each state. As is the case with undirected exploration
techniques, we select actions to perform solely on the basis
of loca Q-value information. However, by keeping and
propagating distributionsover the Q-values, rather than point
estimates, we can make more informed decisions. As we
shall see, this resultsin global exploration, but without the
use of an explicit exploration bonus.

3.1 Q-ValueDistributions

In the Bayesian framework, we need to consider prior dis-
tributions over Q-values, and then update these priors based
on the agent’s experiences. Formally, let R, , be arandom
variable that denotes the total discounted reward received



when action a is executed in state s and an optimal policy is
followed thereafter. What we are initially uncertain about is
how R, , is distributed; in particular, we want to learn the
value Q* (s, a) = E[R; 4.
We start by making the following simplifying assumption:
Assumption 1: R, , hasanormal distribution.

We claim that this assumption is fairly reasonable. The
accumulated reward is the (discounted) sum of immediate
rewards, each of whichisarandom event. Thus, appealingto
the central limit theorem, if ~ iscloseto 1 and the underlying
MDPisergodic whentheoptimal policy isapplied, then R, ,
is approximately normally distributed.

This assumption implies that to model our uncertainty
about the distribution of R, ,, it suffices to model a dis-
tribution over the mean ., , and the precision 7, , of R; ,.
(The precision of anormal variable isthe inverse of its vari-
ance, that is, 7, , = 1/03’(1. Asit turns out, it issimpler to
represent uncertainty over the precision than over the vari-
ance.) Of course, the mean, yi; 4, correspondsto the Q-value
of (s, a).

(()ur 21ext assumption is that the prior beliefs about R, ,
are independent of those about R, 4.

Assumption 2: The prior distribution over i, , and 7, , is
independent of the prior distribution over p,: o and 7y 4/
fors # s ora’ # a.
This assumption is fairly innocuous, in that it restricts only
the form of prior knowledge about the system. Note that this
assumption does not imply that the posterior distribution
satisfy such independencies. (We return to thisissue below.)

Next we assume that the prior distributions over the pa-
rameters of each R, , are from a particular family:

Assumption 3: Theprior p(s,a, 7s,4), iISanormal-gamma
distribution.

We will now define and motivate the choice of the normal-
gammadistribution. See [7] for more details.

A normal-gamma distribution over the mean p and the
precision 7 of an unknown normally distributed variable R is
determined by atuple of hyperparameters p = (po, A, @, 8).
We say that p(u, 7) ~ NG(po, A, a, B) if

p(/,t, 7-) X 7—%6_ %AT(N_NO)ZTQ_]-@/@T

Standard results show how to update such aprior distribution
when we receive independent samples of values of R:

Theorem 3.1: [7] Let p(pu,7) ~ NG(po, A «a,5) be a
prior distribution over the unknown parameters for a nor-
mally distributed variable R, and let r1,...,7, be n in-
dependent samples of R with My = 2. r; and M, =
%ZZ r2. Then p(p, 7 | r1,...,7m) ~ NG(ub, N, o', 3')
where pif = AssEnML =\ 4 n,za’ = a+ 3n, and
nA(Mi—

B = B+ (M, - MP) 4+ il
That is, givenasinglenormal-gammaprior, the posterior after
any sequence of independent observations is also a hormal-
gamma distribution.

Assumption 3 implies that to represent the agent’s prior
over the distribution of R, ,, we only need to maintain a tu-
pleof hyperparametersp, , = (ug'*, A%®, a®%, 3**). Given

Assumptions 2 and 3, we can represent our prior by a col-
lection of hyperparameters for each state s and action a.
Theorem 3.1 implies that, had we had independent samples
of each R, ,, the same compact representation could have
been used for the joint posterior. We now assume that the
posterior has this form

Assumption 4: At any stage, the agent’s posterior over
Us o and 7, , is independent of the posterior over p,/ 4
and 7,/ o for s # s’ ora’ # a.

In an MDP setting, this assumption is likely to be violated;
the agent’s observations about the reward-to-go at different
states and actions can be strongly correlated—in fact, they
arerelated by the Bellman equations. Nonetheless, we shall
assume that we can represent the posterior as though the
observations were independent, i.e., we use a collection of
hyperparametersp, , for thenormal-gammaposterior for the
mean and precision parameters of each R; ,.

We exploit this compact representation in the Bayesian
Q-learning algorithm, which is similar to the standard Q-
learning algorithm, except that instead of storing the Q-value
@s,4, We now store the hyperparameters p, ,. In the follow-
ing sections, we address the two remaining issues. how to
select an action based on the current belief state about the
MDP, and how to update these beliefs after atransition.

3.2 Action Selection

In every iteration of the Q-learning algorithm we need to
select an action to execute. Assuming that we have a prob-
ability distribution over Q(s,a) = p,,, for al states s and
actions a, how do we select an action to perform in the cur-
rent state? We consider three different approaches, which we
call greedy, Q-value sampling, and myopic-VPI.

Greedy selection  One possible approach is the greedy ap-
proach. In this approach, we select the action a that maxi-
mizes the expected value E[u; ,]. Unfortunately, it is easy
to show that E[u, o] is Simply our estimate of the mean of
R, o. Thus, the greedy approach would select the action
with the greatest mean, and would not attempt to perform
exploration. In particular, it does not take into account any
uncertainty about the Q-value.

Q-valuesampling Q-valuesamplingwasfirst described by
Wyatt [17] for exploration in multi-armed bandit problems.
The idea is to select actions stochastically, based on our
current subjective belief that they are optimal. That is, action
a is performed with probability given by

Pr(a = argmax i o) = Pr(Va'#a, pis.a > pts,a7)
[ee]

= / Pr(/,tsya = qa) H Pr(/is,a’ < QG) dqa (1)

1
o a'#a

The last step in this derivation is justified by Assumption 4
that states that our posterior distribution over the values of
separate actions is independent.

To evaluate this expression, we use the margina density
of p given a normal-gammadistribution.



(b)

Figure 2: Examples of Q-value distributions of two actions
for which Q-value sampling has the same exploration policy
even though the payoff of explorationin (b) ishigher thanin

(@.

Lemma3.2: [7] If p(i, 7) ~ NG(po, A, @, ), then

AN gal(etd) 1 2 ~(et)
p(ﬂ) = (ﬂ) g (@) B+ é/\(ﬂ - NO) )

2
and )
by 2
Pr(u < z) = T((z — p0) <7“) : 20)
whereT'(z : d) isthe cumulativet-distributionwith d degrees

of freedom. Moreover, E[u] = ji0, and Var[u] = 5.

In practice, we can avoid the computation of (1). Instead,
we sample avalue from each p(u; ), and execute the action
with the highest sampled value. It is straightforward to show
that this procedure selects a with probability given by (1). Of
course, sampling from adistribution of theform of (2) isnon-
trivial and requires evaluation of the cumulative distribution
P(u < z). Fortunately, T'(x : d) can be evaluated efficiently
using standard statistical packages. In our experiments, we
used the library routines of Brown et al. [5].

Q-value sampling resembles, to some extent, Boltzmann
exploration. It is a stochastic exploration policy, where the
probability of performing an action is related to the distribu-
tion of the associated Q-values. One drawback of Q-value
sampling is that it only considers the probability that a is
best action, and does not consider the amount by which
choosing @ might improve over the current policy. Fig-
ure 2 show examples of two cases where Q-value sampling
would generate the same exploration policy. In both cases,
Pr(sia, > pa,) = 0.6. However, in case (b) exploration
seems more useful than in case (a), since the potential for
larger rewardsis higher for the second action in this case.

Myopic-VPI selection This method considers quantita-
tively the question of policy improvement through explo-
ration. Itisbased on value of information[8]. Itsapplication
in this context is reminiscent of its use in tree search [12],
which can also be seen as aform of exploration. Theideais
to balance the expected gains from exploration—in the form
of improved policies—against the expected cost of doing a
potentially suboptimal action.

We start by considering what can be gained by learning the
true value i} , of yi; .. How would this knowledge change
the agent’s future rewards? Clearly, if this knowledge does
not changethe agent’ spolicy, then rewardswould not change.

Thus, the only interesting scenarios are those where the new
knowledge does change the agent’s policy. This can happen
in two cases: (a) when the new knowledge shows that an
action previously considered sub-optimal is reveaed as the
best choice (given the agent’s beliefs about other actions),
and (b) when the new knowledgeindicatesthat an action that
was previously considered best is actually inferior to other
actions. We now derive the value of the new information in
both cases.

For case (a), suppose that «; is the best action; that is,
Elpts a,) > E|us,q] for al other actions a’. Moreover sup-
posethat the new knowledgeindicatesthat a isabetter action;
that is, 15 , > Elps,q,]- Thus, we expect the agent to gain
Hs o — Elpts a,] by virtue of performing a instead of a*.

For case (b), suppose that a; isthe action with the highest
expected value and a; is the second-best action. If the new
knowledge indicates that 1 4, < E[us,q,), then the agent
should perform a, instead of a; and we expect it to gain
Elpts,an] = 13 ay-

To summarize this discussion, we define the gain from
learning the value of 5 , of s , as:

. fa=a
E[F‘S,az] —Hsa and /l:,a < E[/ls,ag]

Gaing o(pk ,) = . if a # aq
; Hga— Elpts,a4] and lu;a > Fls 1)

0 otherwise

where, again, a; and a, are the actions with the best and
second best expected values respectively. Since the agent
does not know in advance what value will be revealed for
M 40 We need to compute the expected gain given our prior
beliefs. Hence the expected value of perfect information
about i, 4 iS:

(0]

VPI(s,a) = / Gain, o(z)Pr(ps,a = z)dz

— 00

Using simple manipulations we can reduce VPI(s, a) to a
closed form equation involving the cumulative distribution
of p4,, (wWhich can be computed efficiently).

Proposition 3.3: VPI(s,a) is equal t0 ¢ + (E[ps,a,] —

Elpts,a:))Pr(pes,a; < Eltts,a,]) When a = aq, and it is equal

toc—i’(E[NS,a]_E[NS,al])Pr(,L‘S,a > E[NS,al])Whena # ay,
as,al (s,at3)v/Bs.a

where
—a 1
1+ Ez[/,tsya] s,a+2
(s,a= M (@s,a) ()os,an/200 0 '

The value of perfect information gives an upper bound on
the myopic value of information for exploring action a. The
expected cost incurred for this exploration is given by the
difference between the value of « and the value of the current
best action, i.e, max, E[Q(s,a’)] — E[Q(s,a)].  This
suggests we choose the action that maximizes

VPI(s, a) — (max EQ(s, a')] - F[Q(s, a)]).

Clearly, this strategy is equivalent to choosing the action that
maximizes:

c =

E[Q(s,a)] + VPI(s, a).



We see that the value of exploration estimate is used as a
way of boosting the desirability of different actions. When
the agent is confident of the estimated @)-values, the VPI of
each action is close to 0, and the agent will always choose
the action with the highest expected value.

3.3 Updating Q-values

Finally, weturn to the question of how to update the estimate
of the distribution over Q-values after executing atransition.
The analysis of the updating step is complicated by the fact
that a distribution over Q-values is a distribution over ex-
pected, total rewards, whereas the avail able observations are
instances of actual, local rewards. Thus, we cannot use the
Bayesian updating resultsin Theorem 3.1 directly.

Suppose that the agent is in state s, executes action a,
receives reward r, and lands up in state t. We would like
to know the complete sequence of rewards received from
t onwards, but this is not available. Let R; be a random
variable denoting the discounted sum of rewards from ¢. If
we assume that the agent will follow the apparently optimal
policy, then R, is distributed as R; ,,, where a; isthe action
with the highest expected value at ¢.

We might hopeto use thisdistributionto substitutein some
way for the unknown future experiences. We now discuss
two ways of going about this.

Moment updating The idea of moment updating is, no-
tionaly, to randomly sample values R}, ..., R? from our
distribution, and then update P (R, ,) with the sample
r+ R}, ... r+~yR?, where we take each sample to have
weight % . Theorem3.1impliesthat weonly needthefirst two
momentsof this sampleto update our distribution. Assuming
that n tends to infinity, these two moments are:

My = E[r+~R]=r+~vE[R:]
M E[(r+7R)’] = E[r* + 2yrRy + ¥*R]]
r?2 4+ 2vrE[R:] + v*E[R?]

Now, since our estimate of the distribution of R; isanormal-
gamma distribution over the mean and variance of R;, we
can use standard properties of normal-gamma distributions
to compute the first two momentsof R;.

Lemma3.4: Let R be anormally distributed variable with
unknown mean ¢ and unknown precision 7, and let p(pu, ) ~
NG(po, A, @, 3). Then B[R] = po,and B[R] = 2. L4
1

Now we can update the hyperparameters p, , as though
we had seen a collection of examples with total weight 1,
mean M7, and second moment Mo.

This approach results in a simple closed-form equation
for updating the hyperparametersfor R, ,. Unfortunately, it
quickly becomes too confident of the value of themean y; 4.

To seethis, notethat we can roughly interpret the parameter A
as the confidencein our estimate of the unknown mean. The

Itis clear that the value of perfect information is an optimistic
assessment of the value of performing a; by performing a once, we
do not get perfect information about it, but only one more training
instance. Thus, we might consider weighting the VPI estimate by
some constant. We leave thisfor future work.

method we just described updates .o and A with the mean of
the unknown reward, whichisjust » + v E[R;], asif wewere
confident of this being a true sample. Our uncertainty about
the value of R; is represented by the second moment A,
which mainly affects the estimate of the variance of R, ,.
Thus, our uncertainty about R; is not directly translated to
uncertainty about themean of R, ,. Instead, itleadsto higher
estimate of the variance of R, ,.The upshot of all thisisthat
the precision of the mean increases too fast, leading to low
exploration values and hence to premature convergence on
sub-optimal strategies.

One ad-hoc way of dealing with this problem is to use
exponential forgetting. This method reduces the impact of
previously seen examples on the priors by a constant (which
is usually close to 1) at each update. Due to space con-
siderations, we do not review the details of this forgetting
operation.

Mixtureupdating The problem described inthe preceding
section can be avoided by using the distributionover R; ina
dightly different way. Let p(us.q, 75,4 | R) be the posterior
distributionover p; 4, 7, 4 ater observing discounted reward
R. If we observed the value R; = z, then the updated
distribution over R, , iS p(ts.a, Ts,a | 7 + vz). We can
capture our uncertainty about the value = by weighting these
distribution by the probability that R; = z. Thisresultsin
the following mixture posterior:

o

pp:]tlx(/is,a:Ts,a) = / p(/is,ayTs,a | r—+ ’YI)P(Rt = I)dI

— 00

Unfortunately, the posterior pﬂx(us,a, s q) does not have a
simple representation, and so updating this posterior would
lead to a more complex one, and so on. We can avoid this
complexity by approximati ngp,rf}'x(/ls,a , Ts o) Withanormal-
gammadistribution after each update.

We compute the best normal-gamma approximation by
minimizing the KL-divergence[6] from the true distribution.

Theorem 3.5 Let ¢(u, 7) be some density measure over 1
andrandlete > 0. Ifweconstrain a to begreater than 1+,
thedistributionp(p, 7) ~ NG(p0, A, e, ) that minimizesthe
divergence K L(q, p) s defined by the following equations:

po = E4lut]/Eq[7]

X = (ByluPr] = Eylrlud)

a = max(l+e, f(logE,[r] — E4llogT]))

B = a/E]r]
where f(z) istheinverseof g(y) = logy—1(y), andy(z) =
rrl((;)) is the digammafunction.

Therequirement that « > 1+ ¢istoensurethat « > 1sothat
thenormal-gammadistributioniswell defined. Althoughthis
theorem does not give a closed-form solution for «, we can
find anumerical solution easily since g(y) isamonotonically
decreasing function [1].

Another complication with this approach is that it re-
quires us to compute E[7; ], E[Ts afts a)s E[Tsyapga] and



E[log T, 4] with respect to p"*(p4s,a, 7s,4). These expectar
tions do not have closed-form solutions, but can be approxi-
mated by numerical integration, using formulasderivedfairly
straightforwardly from Theorem 3.5.

To summarize, in this section we discussed two possible
ways of updating the estimate of the values. The first, mo-
ment update leads to an easy closed form update, but might
become overly confident. The second, mixture update, is
more cautious, but requires numerical integration.

4 Convergence

We are interested in knowing whether our algorithms con-
verge to optimal policiesin the limit. It sufficesto show that
the means y, , converge to the true Q-values, and that the
variance of the means convergesto 0. If thisisthe case, then
both the Q-value sampling and the myopic-VPI strategies
will, eventually, execute an optimal policy.

Without going into details, the standard convergence proof
[15] for Q-learning requiresthat each actionistried infinitely
often in each state in an infiniterun, and that 3>, a(n) =
oo and 3°°7 ja(n)? < co where a is the learning rate. If
these conditions are met, then the theorem shows that the
approximate Q-values converge to the real Q-values.

Using thistheorem, we can show that when we use moment
updating, our algorithm converges to the correct mean.

Theorem 4.1: If each action a is tried infinitely often in
every state, and the algorithm uses moment updating, then
the mean 1, , converges to the true Q-value for every state s
and action a.

M oreover, for moment updating we can also provethat the
variance will eventually vanish:

Theorem 4.2: If each action « is tried infinitely often in
every state, and the algorithm uses the moment method to
update the posterior estimates, then the variance Var(u;
converges to O for every state s and action a.

Combining these two results, we see that with moment
updating, the procedure will converge on an optimal policy
if al actionsaretried eventually often. Thisisthe case when
we select actions by Q-value sampling.

If we select actions using myopic-VPI, then we can no
longer guarantee that each action is tried infinitely often.
More precisely, myopic VPl might starve certain actions and
hence we cannot apply the results from [15]. Of course, we
can define a“noisy” version of this action selection strategy
(e.g., useaBoltzmann distribution over the adjusted expected
values), and this will guarantee convergence.

At this stage, we do not yet have counterparts to Theo-
rems 4.1 and 4.2 for mixture updating. Our conjecture is
that the estimated mean does converge to the true mean, and
therefore similar theorems holds.

5 Experimental Results

We have examined the performance of our approach on sev-
era different domains and compared it with a number of
different exploration techniques. The parameters of each al-
gorithm weretuned as well as possiblefor each domain. The
algorithms we have used are as follows:

Semi-Uniform Q-learning with semi-uniform random ex-
ploration.

(b) Task 2[14].

F

(c) Task 3. A navigation problem. S isthe start state. The
agent receives areward upon reaching G based on the number
of flags collected.

Figure 3: The three domains used in our experiments.

Boltzmann Q-learning with Boltzmann exploration.

Interval Q-learning using Kaelbling's interval-estimation
algorithm [10Q].

IEQL+ Meuleau’sIEQL+ agorithm [11].

Bayes Bayesian Q-learning as presented above, using either
Q-value sampling or myopic-VPI to select actions, and
either Moment updating or Mixture updating for value
updates. These variants are denoted QS, VPI, Mom, Mix,
respectively. Thus, there are four possible variants of the
Bayesian Q-Learning algorithm, denoted, for example, as
VPI+Mix.

We tested these learning algorithms on three domains:

Chain This domain consists of the chain of states shownin
Figure 3(a). It consists of six states and two actions a
and b. With probability 0.2, the agent “dlips’and actually
performs the opposite action. The optimal policy for this
domain (assuming a discount factor of 0.99) is to do ac-
tion a everywhere. However, learning algorithms can get
trapped at the initial state, preferring to follow the b—oop
to obtain a series of smaller rewards.

Loop Thisdomain consistsof two loops, as shownin Figure
3(b). Actionsare deterministic. The problem hereisthat a
learning algorithm may have already converged on action
a for state O beforethe larger reward availablein state 8 has
been backed up. Herethe optimal policy isto do action b
everywhere.



1st Phase 2nd Phase
Domain  Method Avg. Dev. Avg. Dev.
chain Uniform 1519.0 372 | 16114 347
Boltzmann 1605.8 781 | 16234 67.1
Interval 15228 180.2 | 15426 1975
IEQL+ 23436 2344 | 25574 2713
Bayes QS+Mom 1480.8 2063 | 18942  364.7
Bayes QS+Mix 1210.0 86.1 | 1306.6 102.0
BayesVPI+Mom | 18754 4787 | 22340 4439
Bayes VPI+Mix 16974 3362 | 24172 650.1
loop Uniform 185.6 37 198.3 14
Boltzmann 186.0 2.8 200.0 0.0
Interval 198.1 14 200.0 0.0
IEQL+ 264.3 16 292.8 13
Bayes QS+Mom 190.0 19.6 2629 51.4
Bayes QS+Mix 203.9 72.2 236.5 84.1
Bayes VPI+Mom 316.8 74.2 340.0 91.7
Bayes VPI+Mix 326.4 85.2 340.0 91.7
maze Uniform 105.3 10.3 161.2 8.6
Boltzmann 195.2 61.4 | 1024.3 87.9
Interval 246.0 1225 506.1 3151
IEQL+ 269.4 3.0 253.1 73
Bayes QS+Mom 1329 10.7 176.1 12.2
Bayes QS+Mix 128.1 110 121.9 9.9
Bayes VPI+Mom 4032 2489 660.0 4875
Bayes VPI+Mix 817.6 1018 | 10995 1349

Table 1: Average and standard deviation of accumulated
rewards over 10 runs. A phase consists of 1,000 steps in
chain and loop, and of 20,000 steps in maze.

Maze Thisis a maze domain where the agent attempts to
“collect” flags and get them tothe goal. Inthe experiments
we used the maze shown in Figure 3(c). In this figure,
S marks the start state, G marks the goal state, and ¥
marks locations of flags that can be collected. The reward
received on reaching G is based on the number of flags
collected. Once the agent reaches the goal, the problem
isreset. There are atotal of 264 states in this MDP. The
agent has four actions—up, down, |eft, and right. Thereis
asmall probability, 0.1, that the agent will dip and actually
perform an action that goes in a perpendicular direction.
If the agent attempts to move into awall, its position does
not change. The challenge is to do sufficient exploration
to collect all three flags before reaching the goal.

The first two domains are designed so that there are sub-
optimal strategies that can be exploited. Thus, if thelearning
algorithm converges too fast, then it will not discover the
higher-scoring alternatives. The third domain is larger and
less“tricky” althoughit also admitsinferior policies. We use
it to evaluate how the various exploration stratgies scale up.

There are several ways of measuring the performance of
learning algorithms. For example, we might want to measure
the quality of the policy they “recommend” after some num-
ber of steps. Unfortunately, this might be misleading, since
the algorithm might recommend agood exploiting policy, but
might still continueto explore, and thusreceive much smaller
rewards. We measured the performance of the learning al-
gorithms by the total reward collected during a fixed number
of time steps (Table 1). Additionally, we measured the dis-
counted total reward-to-go at each point in the run. More
precisely, suppose the agent receives rewards r1, 72, ..., N
inarunof length N. Thenwe definethe reward-to-go at time
ttobe S5, reyt —t. Of course, this estimate is reliable
only for pointsthat arefar enough from the end of the run. In

Figure 4, we plot the average reward-to-go as afunction of ¢
by averaging these values over 10 runswith different random
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(c) Results for the maze domain.

Figure 4: Plots of actual discounted reward (y-axis) as a
function of number of steps (z-axis) for several methods in
three domains. The curves are avarege of 10 runs for each
method. The curvesfor chain and maze were smoothed.



seeds?

Our results show that in all but the smallest of domains
our methods are competitive with or superior to state of the
art exploration techniques such as |EQL +. Our analysis sug-
gests that this is due to our methods' more effective use of
small numbers of data points. Results from the maze do-
main in particular show that our VPI-based methods begin
directing the search towards promising states after making
significantly fewer observationsthan IEQL + and interval es-
timation. Overall, we havefound that using mixture updating
combined with VVPI for action selection gives the best perfor-
mance, and expect these to be the most valuable techniques
aswe expand thiswork to model-based learning.

One weakness of our algorithms is that they have signif-
icantly more parameters than IEQL + or interval estimation.
In the full version of the paper we analyze the dependence
of these results on various parameters. The main parameters
that seem to effect the performance of our method isthe vari-

ance of theinitial prior, that is, theratio ﬁ. Priors with
larger variances usually lead to better performance.

6 Conclusion

We have described a Bayesian approach to Q-learning in
which exploration and exploitation are directly combined by
representing Q-values as probability distributions and using
these distributionsto select actions. We proposed two meth-
ods for action selection — Q-value sampling and myopic-
VPI. Experimental evidence has shown that (at |east for some
fairly simple problems) these approaches explore the state
space more effectively than conventional model-free learn-
ing algorithms, and that their performance advantage appears
to increase as the problems become larger. Thisisdueto an
action selection mechanism that takes advantage of much
more information than previous approaches.

A major issue for this work is that the computational re-
guirementsare greater than for conventional Q-learning, both
for action selection and for updating the Q-values. However,
we note that in most applications of reinforcement learning,
performing actions is more expensive tha computation time.

We are currently investigating ways to use a Bayesian
approach such as this with model -based reinforcement algo-
rithms. In this case, we explicitly represent our uncertainty
about the dynamics of the system to estimate the usefulness
of exploration. We are also investigating alternative action
selection schemes, and approximations that could be used
to reduce the computational requirements of this algorithm.
Finally, it should be possible to use function approximators
to extend thiswork to problemswith large and/or continuous
state spaces. Thereis awell-understood theory of Bayesian
neural network learning [4, Ch. 10] that allows posterior
means and variances to be computed for each point in the
input space; these can be fed directly into our algorithm.

2\We performed parameter adjustment to find the best-performing
parameters for each method. Thus the results reported for each
algorithm are probably somewhat optimistic. In the full version of
the paper we intend to also show the sensitivity of each method to
changesin the parameters.
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