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Abstract

LearningBayesiannetworksis often castasan
optimizationproblem,wherethe computational
taskis to find a structurethat maximizesa sta-
tistically motivatedscore.By andlarge, existing
learningtools addresghis optimizationproblem
usingstandarceuristicsearcttechniquesSince
the searchspaceis extremelylarge, suchsearch
proceduresanspendmostof thetime examining
candidateshatareextremelyunreasonablelhis
problembecomegritical whenwe dealwith data
setsthat are large eitherin the numberof in-
stancespr thenumberof attributes.

In this paper we introduce an algorithm that
achievesfasterlearningby restrictingthe search
space.This iterative algorithmrestrictsthe par
entsof eachvariableto belongto a small sub-
setof candidates We thensearchfor a network
that satisfiesheseconstraints.The learnednet-
work is thenusedfor selectingbettercandidates
for the next iteration. We evaluatethis algorithm
both on synthetic andreal-life data. Our results
shaw thatit is significantlyfasterthanalternatve
searchproceduresvithout loss of quality in the
learnedstructures.

1 Intr oduction

In recentyeargherehasbeenagrowing interestn learning
thestructureof Bayesiametworksfrom data9, 19,15,16,
21,24]. Somevhatgeneralizingtherearetwo approaches
for finding structure Thefirst approactposedearningasa
constaint satisfactionproblem.In thatapproachyetry to
estimatepropertieof conditionalindependencamongthe
attributesin thedata.Usuallythisis doneusinga statistical
hypothesidest,suchas y?-test. We thenbuild a network
that exhibits the obsered dependencieand independen-
cies. Examplesof this approachinclude[21, 24]. Thesec-
ond approachposedearningas an optimizationproblem.
We startby defininga statisticallymotivatedscoe thatde-
scribeghefitnessof eachpossiblestructurgo theobsered
data. Thesescoresinclude Bayesianscores[9, 16] and
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MDL scoreq19]. Thelearnerstaskis thento find astruc-
turethatmaximizeghescore.ln generalthisis anNP-hard
problem[6], andthuswe needto resortto heuristicmeth-
ods. Althoughthe constraintsatisfactionapproachs effi-

cient,it is sensitve to failuresin independenceests.Thus,
the commonopinionis thatthe optimizationapproachs a
bettertool for learningstructurefrom data.

Most existing learning tools apply standardheuristic
searchtechniquessuchasgreedyhill-climbing andsimu-
latedannealingo find high-scoringstructures See for ex-
ample[16, 15, 7]. Such‘generic”searclproceduresionot
apply ary knowledgeaboutthe expectedstructureof the
networkto be learned.For example,greedyhill-climbing
searchproceduresxamine all possiblelocal changesn
eachstepand apply the one that leadsto the biggestim-
provementin score. The usualchoicefor “local” changes
areedgeaddition,edgedeletion,andedgereversal. Thus,
thereareapproximatelyO(n?) possiblechangesvheren
is thenumberof variables:

The cost of theseevaluationsbecomesacutewhen we
learnfrom massie datasets. Sincethe evaluationof nev
candidatesequirescollecting various statisticsaboutthe
data,it becomesnoreexpensve asthenumberof instances
grows. To collectthesestatistics we usuallyneedto per
form a passover the data. Although, recenttechniques
(e.g.,[20]) might reducethe costof this collection activ-
ity, we still expectnon trivial computationtime for each
new setof statisticsve need.Moreover, if we considerdo-
mainswith large numberof attributes,thenthe numberof
possiblecandidategrows quickly.

It seemshowever, thatmostof thecandidatesonsidered
during the searchcan be eliminatedin advancebasedon
our statisticalunderstandingf the domain. For example,
in greedyhill-climbing, mostpossibleedgeadditionamight
be removed from consideration:If X andY are almost
independenin the data,we mightdecidenotto considery’
asa parentof X. Of coursethisis a heuristicagument,
since X andY canbe mamginally independentyet have
strongdependencim thepresencef anothewariable(e.g.,
X istheXOR of Y andZ). In mary domainshowever, it

!Someof thesechangesintroducecycles, and thus are not
evaluated Nonethelesghe numberof feasibleoperationss usu-
ally quitecloseto O(n?).



is reasonabléo assumehat this patternof dependencies ables.Setsof variablesaredenotedy boldfacecapitallet-

doesnotappear

The ideaof using measureof dependencesuchasthe
mutual information betweenvariablesto guide network
constructionis not new. For example,Chow andLiu’s al-
gorithm[8] useghemutualinformationto constructtree-
like networkthat maximizesthe likelihood score. When
we considemnetworkswith largerin-degree severalauthors
usethemutualinformationto greedilyselectparents How-
ever, theseauthorsdo notattemptto maximizeary statisti-
cally motivatedscore.In fact, it is easyto show situations
wherethesemethodscanlearnerroneousetworks. This
useof mutualinformationis a simpleexampleof a statisti-
calcue.In thispaperweincorporatesimilarconsiderations
within a procedurehat explicitly attemptsto maximizea
score.We provide an algorithmthatempirically performs
well in massve datasets.

Thegeneraldeais quitestraightforward We usestatisti-
cal cuesfrom thedata,to restrictthesetof networkswve are
willing to consider In this paperwe chooseto restrictthe
possibleparentsof eachvariable. Thus,insteadof having
n — 1 potentialparentsfor a variable,we only considerk
possibleparentswherek < n. (Thisis oftenreasonable,
sincein mary domainswe do not expectto learnfamilies
with too mary parents.)We thenattemptto maximizethe
scorewith respectto theserestrictions. Any searchtech-
nigueswe usein this casewill performfaster sincethe
searchspaceis significantly restricted. Moreover, as we
shaw, in somecaseswve canfind the bestscoringnetwork
satisfyingtheseconstraintsln othercasesywe canusethe
constraintgo improve our heuristics.

Of course,sucha proceduremight fail to find a high-
scoringnetwork: a misguidedchoiceof candidateparents
in thefirst phasecanleadto a low scoringnetworkin the
secondphase,even if we manageto maximizethe score
with respecto theseconstraintsThe key ideaof our algo-
rithm is thatwe usethe networkwe foundattheendof the
secondstageto find bettercandidateparents.We thencan
find a betternetworkwith respecto thesenew restrictions.
We iteratein this manneruntil convergence.

The rest of the paperis organizedasfollows. In Sec-
tion 2, we review the necessarypackgroundon learning
Bayesiannetwork structure. In Section3 we outline the
structureof our “sparsecandidate”algorithm and shav
that there are two orthogonalissuesthat needto be re-
solved: how to selectcandidatesn eachiteration,andhow
to searchgiventhe constrainton the possibleparents We
examinetheseissuesin Sections4 and5, respectrely. In
Section6 we evaluatethe performancef thealgorithmon
syntheticandreal-life datasetsWe concludewith adiscus-
sionof relatedwork andfuturedirectionsin Section?

2 Background: Learning Structure

Considera finite settX’ = {X;,..., X,,} of discreteran-
dom variableswhere eachvariable X; may take on val-
uesfrom a finite set,denotedby Val(X;). We usecapital
letters,suchas X, Y, Z, for variablenamesandlowercase
lettersz, y, z to denotespecificvaluestakenby thosevari-

tersX Y, Z, andassignmentef valuesto thevariablesn
thesesetsaredenotedy boldfacelowercasdettersx, y, z.

A Bayesiannetwork is an annotateddirected ag/clic
graph that encodesa joint probability distribution over
X. Formally, a Bayesiannetworkfor X is a pair B =
(G,©). The first component,namely G, is a directed
ag/clic graph whose vertices correspondto the random
variablesX,, ..., X,,. The graphencodeghe following
setof conditionalindependencassumptions:eachvari-
ableX; is independentf its non-descendantgvenits par
entsin G. The secondcomponenif the pair, ©, repre-
sentsthe setof parametershat quantifiesthe network. It
containsa parametet, , pa(x,) = P(z;|pa(X;)) for each
possiblevalue z; of X;, andpa(X;) of Pa(X;). Here
Pa(X;) denoteghe setof parentsof X; in G andpa(X;)
is a particularinstantiationof the parents. If more than
one graphis discussedhenwe use PaG(XZ») to specify
X;'s parentsin graphG. A Bayesiannetwork B speci-
fiesauniquejoint probabilitydistributionover X' givenby:
Pp(X1,..., Xn) = [Iiz; Pe(Xi|Pa(Xi)).

The problem of learning a Bayesiannetwork can be
statedasfollows. GivenatrainingsetD = {x*,... xV}
of instance®f X, find a network B thatbestmathesD.
The commonapproachto this problemis to introducea
scoringfunction that evaluateseachnetworkwith respect
to the training data, and then to searchfor the bestnet-
work accordingto this score. The two scoringfunctions
most commonlyusedto learn Bayesiannetworksarethe
Bayesiarscoringmetric,andtheonebasedntheprinciple
of minimaldescriptionength(MDL). For afull description
se€[9, 16] and[3, 19].

An importantcharacteristioof the MDL scoreand the
Bayesianscore(whenusedwith a certainclassof factor
izedpriors,suchastheBDepriors [16]), is theirdecompos-
ability in presencef full data. Whenall instances’ in D
arecomplete—thatis, they assigrnvaluegto all thevariables
in XY— theabove scoringfunctionscanbe decomposeth
thefollowing way:

ScordG : D) = Z Scord X; | Pa(X;) : Nx, pax.))

whereNy, pqx,) arethestatisticsof thevariablesX; and
Pa(X;) in D—i.e.,thenumberof instancesn D thatmatch
eachpossibleinstantiationz; andpa(X;).

This decompositiorof the scoresis crucialfor learning
structure. A local searchprocedurethat changesonearc
at eachmove can efficiently evaluatethe gainsmadeby
this change. Sucha procedurecan also reusecomputa-
tions madein previous stagesto evaluatechangedo the
parentsof all variablesthat have not beenchangedn the
last move. An exampleof sucha procedures a greedy
hill-climbing procedurehatat eachstepperformsthelocal
changethatresultsin the maximalgain, until it reachesa
local maximum. Althoughthis proceduredoesnot neces-
sarilyfind aglobalmaximumi,it doesperformwell in prac-
tice;e.g.,se€[16]. Exampleof othersearctprocedureshat
adwancein one-arcchangesncludebeam-searctstochas-
tic hill-climbing, andsimulatedannealing.



Input:

e AdatasetD = {x',...,x"},
e An initial networkBy,
¢ A decomposablscore
ScoréB | D) = . Scoré X; | Pa”(X), D),
o A parametek.
Output: A networkB.

Loopforn =1, 2,... until corvemgence

Restrict

Basedon D and B,,_1, selectfor eachvariableX; a
setCy (|C'| < k) of candidateparents.

This definesa directedgraph H,, = (XX, E), where
E={X; - Xi|vi,35,X; € C"}.
(Notethat H,, is usuallycyclic.)
Maximize
Find network B, = (Gn,©,) maximizing

ScoréB,, | D) amongnetworksthat satisfy G,, C
H, (i.e.VX;, Pa®"(X;) C Cm).

ReturnB,,

Figurel: Outline of the SparseCandidatealgorithm

Any implementationof thesesearchmethodsinvolves
cachingof computedcountsto avoid unnecessarpasses
over the data. This cachealso allows us to marginalize
counts.Thus,if Nx y isin thecachewe cancomputeN x
by summingover valuesof Y. Thisis usuallymuchfaster
than making a new passover the data. One of the dom-
inating factorsin the computationatostof learningfrom
completedatais the numberof passesctuallymadeover
the training data. This is particularlytrue whenlearning
from very largetrainingsets.

3 The“Sparse Candidate” Algorithm

In this sectionwe outline the frameavork for our Sparse
Candidatealgorithm The underlying principle for our al-
gorithmis fairly intuitive. It calls for two variableswith
a “strongdependenc betweernthemto be located‘near”
eachotherin the network. The strengthof dependenchbe-
tweenvariablescanoftenbe measuredisingmutualinfor-
mationor correlation11]. In fact,whenrestrictingthenet-
work graphto a tree, Chowv andLiu’s algorithm([8] does
exactly that. It measureshe mutualinformation(formally
definedbelow) betweerall pairsof variablesandselectsa
maximalspanningreeasthe requirednetwork.

We aim to usea similar agumentfor finding networks
thatarenot necessarilyrees.Here,the generalproblemis
NP-hard[5]. However, a seeminglyreasonabl&euristicis
to selectpairs(X, Y') with highdependencbetweerthem
andcreatea networkwith theseedges.

This approacthowever, doesnot takemorecomple in-
teractiongnto account.For example,if the“true” structure
includesa substructureof theform X — Y — Z, we
might expectto obsere a strongdependenc betweenX
andY, Y andZ, andalsobetweenX andZ. However,
oncewe considetboth X andY asparentf Z, we might

recognizethat X doesnot helpin predictingZ oncewe
takeY into account.

Our approachs basedn the samebasicintuition of us-
ing mutualinformation,but we do soin a refinedmanner
We usemeasuresf dependencbetweerpairsof variables
to focusour attentionduring the search.For eachvariable
X, wefind a setof variablesYy, . . ., Yy thatarethe most
promisingcandidateparentsfor X. We thenrestrict our
searchto networksin which only thesevariablescan be
parentof X. Thisgivesusasmallersearctspacean which
we canhopeto find a goodstructurequickly.

The main dravback of this procedureis, that once we
choosdhecandidategarentdor eachvariable we arecom-
mittedto them.Thus,amistakein thisinitial stagecanlead
usto find aninferior scoringnetwork.We thereforeterate
the basicprocedureusing the constructechetworkto re-
considethecandidatgarentsandchoosebettercandidates
for thenext iteration. In theexampleof X — Y — 7, X
would not bechoserasa candidatdor 7, allowing a vari-
ablewith weakerdependencto replaceit.

The resultingprocedurehasthe generalform shown in
Figurel1. This framevork definesa whole classof algo-
rithms, dependingon how we choosehe candidatesn the
Restrict step,andhow we performthe searchin the Max-
imize step. The choiceof methoddor thesetwo stepsare
mostly independenbf one another We examine eachof
thesen detailin thenext two sections.

Beforewe go on to discusstheseissueswe addresshe
convergencepropertiesof theseiterations. Clearly, at this
abstractevel, we cannotsay muchaboutthe performance
of thealgorithm. However, we caneasilyensurets mono-
tonicimprovement.We requirethatin theRestrict step the
selectedcandidatedor X;’s parentsinclude X;’s current
parentsj.e., the selectiormustsatisfyPa“~ (X;) € C7**
for all X;.

Thisrequirementmpliesthatthewinning networkB,, is
alegal structurein then + 1 iteration. Thus,if the search
procedureat the Maximize stepalsoexaminesthis struc-
ture, it mustreturna structurethat scoresat leastaswell
as B,. Immediately we getthat ScoréB,y; | D) >
ScoréB,, | D).

Anotherissueis the stoppingcriteriafor our algorithm.
Therearetwo typesof stoppingcriteria: a scoe basedcri-
terion that terminateswhen Scoré B,) = ScoréB,_1),
andacandidatebasedcriterionthatterminatesvhenCy® =
C?~* for all i. Sincethe scoreis a monotonicallyincreas-
ing boundedunction, the scorebasedcriterionis guaran-
teedto stop. However, the candidatédasedcriterion might
beableto continueto improve afteraniterationwith noim-
provementin thescore.lt canalsoentera non-terminating
cycle, thereforewe needto limit the numberof iterations
with noimprovementin thescore.

4 ChoosingCandidate Sets

In this sectionwe discusspossiblemeasure$or choosing
the candidateset. To choosecandidategparentsor X;, we
assigneach.X; somemeasureof relevanceto X;. Asthe
candidateset of X;, we choosethosevariableswith the



highestimeasureThisgenerabutlineis shavn in Figure2.
It is clearthatin somecasessuchasXOR relations pair-
wise scoringfunctionsare not enoughto capturethe de-
pendeng betweervariables. However, for computational
efficiengy we limit oursehesto this typeof functions.

Whenconsideringeachcandidateye essentiallyassume
thatthereareno spuriousndependencieis thedata.More
preciselyif Y is aparentof X, thenX is notindependent
(or “almost” independentdf Y, givenonly a subsebf the
otherparents.

A simpleand naturalmeasureof dependencé mutual
informatior

P(x)P(y)

WhereP denotegheobseredfrequenciesn thedataset.
Themutualinformationis alwaysnon-neative. It is equal
toOwhenX andY areindependentThehigherthemutual
information, the strongerthe dependencéetweenX and
Y.

Researcherhave tried to constructnetworksbasedon
I(X;Y), i.e., addedgeshetweernvariableswith high mu-
tualinformation[8, 12, 22]. While in mary caseamutual
informationis a goodfirst approximationof the candidate
parentstherearesimplecasedor whichthis measurdails.

Example4.1: Consider a network with 4 variables
A,B,C,and D suchthatB — A, C — A, D — C.

We caneasilyselectparameter$or this networksuchthat
I(A;C) > I(A; D) > I(A; B). Thus,if we selectonly
two parentsasedon mutualinformation,we would select
C and D. Thesetwo, however, areredundansinceonce
we know C', D addsno new informationaboutA. More-
over, this choicedoesnottakeinto accountheeffect of B

onA.ll

This exampleshaws a generalproblemin pairwiseselec-
tion, which our iterative algorithm overcomes. After we
selectC' and D ascandidatesandthe learningprocedure
hopefully only setsC' asa parentof A, we reestimatahe
relevanceof B andD to A. How canthis be donewith the
mutualinformation?We outlinetwo possibleapproaches:

Thefirst approachs basednanalternatve definitionof
the mutualinformation. We candefinethe mutualinfor-
mationbetweenX andY asthedistancebetweerthe dis-
tribution P(X,Y) andthedistribution P(X)P(Y), which
assumes{ andY areindependent:

I(X;Y) = D (P(X,Y)|P(X)P(Y))

whereDg 1. (P| Q) is theKullback-Leiblerdivelgence de-
finedas:

P(X)

Dgr(P(X)|Q(X o)

ZP

Thus, the mutualinformationmeasureshe error we in-
troduceif we assumehat X andY areindependentlf we

Input:

DatasetD = {x!,...,
A networkB,,,
ascore

parametek.

xNVY,

Output: For eachvariableX; asetof candidatearenty;
of sizek.

LoopforeachX;i=1,...,n
e CalculateM (X;, X;) for all X; # X; suchthatX; ¢
Pa(X;)
e Choosexy, ..., zx_; with highestranking, wherel =
|Pa(X)|.

e Set(; = PB(XZ) U {;]31, Cey xk—l}

Return{C;}

Figure2: Outline of the Restrictstep

alreadyhave anestimateof anetwork B, we canusea sim-
ilar testto measurehe discrepancybetweenour estimate
Pp(X,Y) andtheempiricalestimateP (X, Y). We define

Mpisc(Xi, X; | B) = Dir(P(Xi, X;)| Pe(X:, X;))

Noticethatwhen B, is anemptynetwork,with parameters
estimatedrom the data,we getthatMp;go(X,Y | Bg) =
I(X :Y). Thus,ourinitial iterationin this caseusesmu-
tual informationto selectcandidates.Later iterationsuse
thediscrepang to find variablegor which ourmodelingof
their joint empiricaldistribution is poor. In our example,
wewould expectthat P (A, B) in thenetwork,whenonly
C'is aparentof A, is quite differentfrom P(A, B). Thus,
B would measurehighly relevantto A, while Pg(A, D)
would be a good approximationof P(A, D). Therefore,
even “weak” parentshave the opportunityto becomecan-
didatesat somepoint.

One of the issueswith this measures that it requires
usto computePp(X;, X;) for pairs of variables. When
learningnetworksover large numberof variablesthis can
be computationallyexpensve. However, we caneasilyap-
proximatetheseprobabilitiesby usinga simple sampling
approach. Unlike computationof posteriorprobabilities
given evidence the approximationof suchprior probabil-
ities is not hard. We simply sampleN instancedrom the
network,andfrom thesewe canestimateall pairwise in-
teractions(In our experimentsve useN = 1000.)

The secondapproachto extend the mutual information
scoreis basedon the semanticsof Bayesiannetworks.
Recallthatin a Bayesiannetwork X;’s parentsshield it
from its non-descendantsThis suggestshat we measure
whetherthe conditionalindependencstatement X is in-
dependenof X; givenPa(X;)" holds.If it holds,thenthe
currentparentsseparateX ; from X; and.X; is notaparent
of X;. Ontheotherhand,if it doesnothold, theneitherX;
is aparentof X;, or X; is adescendarf .X;.

Insteadof testingwhetherthe conditionalindependence
statemenholdsor not, we estimatehow stronglyit is vio-



lated. The naturalextensionof mutualinformationfor this
task,is thenotionof conditionalmutualinformatiorn

I(X;Y|Z) =
S" P(2)DkL (P(X, Y [2)|P(X|2)P(Y ).

This measureshe errorwe introduceby assuminghat X
andY areindependentiven differentvaluesof 7. We
define

Mshield Xi, X;j | B) = I(X;; X;|Pa(X;))

Onceagain,we have thatif By is theemptynetwork,then
this measurds equivalentto 7(X;; X;). Althoughshield-
ing canremove X's ancestordrom the candidateset, it
doesnot“shield” X from its descendants.

A deficieny of boththesemeasuresis thatthey do not
takeinto accountthe cardinality of variousvariables.For
exampleif bothY andZ arepossiblecandidateparentsof
X, but Y hastwo values(onebit of information), while
7 haseight values(threebits of information), we would
expectthatY is lessinformative aboutX thanZ. Onthe
otherhand,we canestimateP (X |Y’) more robustly than
P(X]Z) sinceit involvesfewer parameters.

Suchconsiderationteadusto usescoresvhich penalize
structureswith moreparametersyhensearchinghestruc-
ture spacesincethe morecomplex the modelis, the easier
we are misled by the empirical distribution. We usethe
sameconsideration$o designsucha scorefor the Restrict
step.

To seehow to definea measuref this form, we startby
reexaminingthe shieldingproperty Usingthechainrule of
mutualinformation:

I(Xi; X;|Pa(Xi)) = I(Xi; X;, Pa(X;)) — (Xy; Pa(X;))

Thatis, theconditionalmutualinformationis theadditional
informationwe getby predictingX; usingX; andPa(X;),
comparedo our predictionusingPa(X;). Sincetheterm
I(X;; Pa(X;)) doesnot dependon X;, we don't needto
computet whenwe compargheinformationthatdifferent
X;'s provide about X;. Thus,an equivalentcomparatie
measures

Mshield Xi, X;j | B) = I(X;; X;, Pa(X;))

Now, if we considerthe scoreof the Maximize stepas
cautiousapproximationof the mutualinformation,with a
penaltyon the numberof parametersye cangetthe scoe
measure;

MSCOI‘éXhX]' | B) = SCOI’QXZ';X]', PB(XZ),D)

Thissimply measurethescorewhenadding.X; to thecur-
rentparentsof X;.

CalculatingM gpjejg@ndMgcorelS moreexpensve than
calculatingMpjse. Mpisc only needsthe joint statistics
for all pairsX; and.X;. Theserequireonly onepassover
the dataandthe computatiorcanbe cachedor lateritera-
tions. The othermeasuresequirethejoint statisticsof X,

X;,andPa(X;). In generaPa(X;) changebetweeritera-
tions,andusuallyrequiresanew passoverthedataseteach
iteration. Thecostof calculatingthesenew statisticscanbe
reducedby limiting our attentionto variablesX; thathave
large enoughmutualinformationwith X;. Note thatthis
mutualinformationcanbe computedisingpreviously col-
lectedstatistics

5 Learning with Small Candidate Sets

In this sectionwe examinethe problemof finding a con-
strainedBayesiametworkattaininga maximalscore. We
first shav why the introduction of candidatesetsim-
provestheefficieng of standardheuristictechniquessuch
as greedyhill-climbing. We then suggestan alternatie
heuristic“divide and conquer’paradigmthat exploits the
sparsestructureof the constrainedyraph.
Formally, we attemptto solve thefollowing problem:

Maximal Restricted Bayesian Network
(MRBN)
Input:

e AsetD = {x!, ... x"} ofinstances

¢ A digraphH of boundedn-degreek
¢ A decomposablscoreS

Output: A network B = (G, 0) so that
G C H, that maximizesS with respectto D.

As canbeexpected this problemhasa hardcombinato-
rial aspect.

Proposition 5.2 MRBNis NP-had.

This followsfrom aslight modificationof the NP-hardness
of finding anoptimalunconstraine@®ayesiametwork[6].

5.1 Standard Heuristics

ThoughMRBN is NP-hard,even standardheuristicsare
computationallymore efficient and give a betterapproxi-
mationcomparedo theunconstrainegroblem.Thisis due
tothefactthatthesearctspaces substantialismaller asis
thecompleity of eachiteration,andthe numberof counts
needed.

The searchspaceof possibleBayesiannetworksis ex-
tremelylarge. By searchingin a smallerspace,we can
hopeto have a betterchanceof finding a high-scoringnet-
work. Althoughthe searchspacesizefor MRBN remains
exponential,it is tiny in comparisonto the spaceof all
Bayesiametworkson the samedomain. To seethis, note
thatevenif werestrictthesearcho Bayesiametworkswith
atmostk parentsthereareO((};)) possibleparentsetsfor
eachvariable.Ontheotherhand,in MRBN, we have only
O(2%) possibleparentsetsfor eachvariable. (Of course,
theagyclicity constraintglisallov mary of thesenetworks,
but it doesnotchangehe orderof magnituden the sizeof
thesets).

Examining the time compleity for each iteration in
heuristicsearcheslsopointsin favor of MRBN. In greedy
hill climbing the scorefor the O(n?) initial changesare



calculated after which eachiteration requiresO(n) new
calculationsln MRBN we begin with O(kn) initial calcu-
lationsafterwhich eachiterationonly requiresO (k) calcu-
lation.

A large fraction of the learningtime involvescollecting
thesufficientstatisticfrom thedata.Hereagain restricting
to candidatesetssavestime. Whenk is reasonablysmall,
we cancomputethestatisticgor { X; }UC; in onepasover
theinput. All the statisticswe needfor evaluatingsubsets
of C; asparentf X; canthenbe computedby mawginal-
ization from thesecounts. Thus, we candramaticallyre-
ducethenumberof statisticscollectedfrom thedata.

5.2 Divide and Conquer Heuristics

In this sectionwe describealgorithmsthatutilize the com-
binatorial propertiesof the candidategraph /7 in orderto
efficiently find themaximalscoringnetwork,giventhecon-
straints. To simplify the following discussionwe abstract
the detailsof the Bayesiametworklearningproblemand
focusontheunderlyingcombinatoriaproblem.This prob-
lemis specifiedasfollows:

Input: A digraphH = {X; — X, : X; € C;}, andaset
of weightsw(X;,Y') for eachX; andY C C;.

Output: An agyclic subgraphz C H thatmaximizes

WG] =" w(X;, Pa®(X;)).

)

Oneof themosteffective paradigmdor designingalgo-
rithmsis “Divide andConquer”.In this particularproblem,
the global constraintwe needto satisfyis agyclicity. Oth-
erwise,we would have selectedfor eachvariableX;, the
parentghat attainmaximalweight. Thus,we wantto de-
composeheprobleminto componentssothatwe caneffi-
ciently combinetheir maximalsolutions.We usestandard
graphdecompositioomethodgo decomposéi. Oncewe
have sucha decompositiomye canfind agyclic solutionsin
eachcomponenandcombinetheminto a globalsolution.

5.3 Strongly ConnectedComponents:(SCC)

The simplestdecompositiorof this form is onethatdisal-
lows cycles betweencomponentsi.e, strongly connected
componentsA subsebf verticesA is strongly connected
if for eachX,Y € A, H containsa directedpathfrom
X toY andadirectedpathfromY to X. ThesetA is
maximalif thereis no stronglyconnectedupersebf A. It
is clearthattwo maximalstrongly connecteccomponents
mustbe disjoint, andtherecannotbe a cycle thatinvolves
verticesin bothof them(for otherwisetheirunionwouldbe
a strongly connecteccomponent).Thus, we can partition
theverticesin H into maximalstronglyconnecteadompo-
nents. Every cycle in H will be containedwithin a sin-
gle component.Thus,oncewe ensureagyclicity “locally”
within eachcomponentye getanagyclic solutionover all
thevariables.This meansve cansearctor amaximumon
eachcomponenindependently

To formalize this idea, we begin with somedefinitions.
LetA,,... A, beapartitionof {X;,..., X,}. Wedefine

the following subgraphs:Hyx, = {Y — X;|Y € C;},
Hj = UX,EAjHXl' For G C Hj, let WA][G =

ZX,EAJ' w(XZ', PaG(XZ))

Proposition5.2: For A4,...,A,, strongly connected
component®f [, if for ead j, G; C H; is theacyclic
graphthatmaximizedV,, [G] then

e ThegraphG = U;G; is acyclic.
e G maximizedVy [G].

DecomposingH into strongly connectedcomponents
takedineartime (e.g.,se€10]), thereforave canapplythis
decompositionandsearchor themaximaon eachcompo-
nentseparately However, whenthe graphcontainslarge
connecteccomponentsye still facea hardcombinatorial
problemof finding the graphsG;. For the remainderof
thissectionwe will focuson furtherdecompositiorf such
components.

5.4 Separator Decomposition

We now decomposestrongly connectedyraphs,therefore
we mustconsidercycles betweenthe components.How-

ever, our goalis to find small“bottlenecksthroughwhich

thesecyclesmustgothrough.Wethenconsidell possible
waysof breakingthe cyclesat thesebottlenecks.

Definition 5.3 A sepaator of H is asetS of verticesso
that:

1. H \ S hastwo componentd?; andH, with noedges
betweerthem.Forj € {1,2}let H; = H] U S.

2. ForeachX;,3;j € {1, 2} sothat{X; U C;} C H;
1

For eachvertex we searctfor themaximalchoiceof par
entsin only onecomponen{ 4, or H,). Let A; and A,
be a disjoint partition of all verticesinto two sets,so that
if X; € A;, thenX; UC; C H;. Thesecondproperty
of the separatoensureghat sucha partition exists. This
propertyholdswhensS “separatesthe moralizedgraphof
H, (whereeachX; U C; appeamsaclique)into two com-
ponents.

Unlike the SCCdecompositionhowever, this decompo-
sition doesnot allow usto maximize W for eachi; in-
dependently Supposehatwe find two agyclic graphsG;
and G, thatmaximizeW,, [] and Wy, [], respectiely. If
thecombinedgraphG = G U G is agyclic, thenit must
maximizeWg[]. Unfortunately G might be cyclic. The
first propertyof separatorgnsureghat the sourceof po-
tential conflictsbetween?; andG- involve verticesin the
separators.

For X,Y € S, if thereis a pathfrom X to Y in G,
andin additionthereis a pathfrom Y to X in G», then
the combinedgraphwill be cyclic. Corversely it is also
easyto verify, thatary cyclein G mustinvolve atleasttwo
verticesin S.

Thissuggestaiway of ensuringhatthe combinedyraph
will beagyclic. If we force someorderon the verticesin
S, andrequireboth G; and G, to respecthis ordet then



SeparatorAlgorithm

o for of eachpossibleorders on S

— Foreach: = 1,2, find G; , C H;, that maxi-
mizesWyg, [G] amonggraphsthatrespect.
— let Gg = Glyg U GQVU
e ReturnG = arg maxg, W[G,].

Figure3: Outline of usinga separatoto efficiently solve
MRBN

we disallowv cycles. Formally, let o be a partial orderon

{X4,...,X,}. WesaythatagraphG respectsr, if when-
ever thereis adirectedpath X; — ... — X; in G, then
Xi 40 Xj.

Proposition5.4 Let S bea sepaator in H andlet o be
a completeorderon S. LetGy C Hy andGs C Hs be
two acyclicgraphsthatrespectz. Then,G = G1 U Gz is
acyclic.

Given S, a smallseparatoin H, this suggesta simple
algorithmdescribedn figure 3. This approachconsiders
|S|! pairsof independensub-problemsif the costof find-
ing a solutionto eachof the sub-problemss smallerthan
for thewholeproblem,and|S]| is relatively small, this pro-
cedurecanbe moreefficient.

Proposition5.5:  Using the same notation as in the
sepaator-algorithm, if Vo for j € {0, 1}, G; , maximizes
W, [] amongthegraphsthatrespectr then:

¢ GG, maximizedVy[] amongthegraphsthatrespect
o G = argmaxg, W[G,] maximize$Vy(].

Propositiorb.5impliesthatalgorithm3 returnsthe optimal
solution.

5.5 Cluster-TreeDecomposition

In this sectionwe presentclustertrees which arerepre-
sentationsof the candidategraphs,implying a recursve
separatordecompositiorof H into clusters Theideais
similar to thoseof standarctlique-treealgorithmsusedfor
Bayesiametworkinference(e.g.,[17]). We usethis repre-
sentationto discussa classof graphsfor which W [] can
befoundin polynomialtime.

Definition 5.8 A ClusterTreeof H isapair(U,T), where
T = (J,F)isatreeandU = {U;|j € J} is afamily of
clusters subsetof { X, ..., X, }, onefor eachvertex of
T, sothat:

e For eachX;, thereexists j(i) € J suchthat{X; U
Ci} CUju).
e Foralli j k € J,if jisonthepathfromi to & in

T, thenU; N U, C U;. Thisis calledthe running
intersectiorproperty

We introducesomenotation: Let (¢, j) beanedgein T
ThensS; ; = U; N U; is aseparatoin 7', breakingit into

two subtreed; and?s. DefineA; to bethe setof vertices
assigneqwith their parentso U;: A; = {X;]j(i) = j}.
Define A[Ti] = U; ¢z, A;. In contrastdefineV/ [1;] to be
thesetof verticesappearingn 7;, notnecessarilyvith their
parents.

Wheneer|S; ;| issmalland|T1| = ||, thensS; ; canbe
efficiently usedin algorithm3. We now devise a dynamic
programmingalgorithmfor computingthe optimal graph
usingtheclustertreeseparatorgrirst,let usrootthecluster
treeatanarbitraryl; € U, inducinganorderon thetree
vertices. Eachclusterl/; € U is theroot of a subtre€l},
spanningaway from Us. S; is thetreeseparatqrseparating
T; fromtherestof 7' ( So = (). Thesub-verticesf U; are
its neighborsn 7}.

Definefor eachclusterl/; andeachtotal orders on S;
theweightWW[U;, o] of themaximalpartial solutionwhich
respectsr

WU;, o] = max
agyelic G C H[Ts]

respectingr

The crux of the algorithmis that finding theseweights
can be donein a recursive manner basedon previously
computednaxima.

Proposition5.7: For ead clusterU; € U and order o
overS;: LetUy,..., U bethe sub-verticesof U;. Then
W[U;, o] is equalto

k

max( max Wa,[G1+ Y WU, o'|s,])
o' agclicG C H[Aj] ;
respectingr’

whee ¢’ rangesonall ordersonU; thatare consistentith
o, ,ando’|s, is therestrictionof ¢’ to anorder over S;.

Propositiorb. 7 facilitesrapid evaluationof all thetables
WU, o] in one phase,working our way from the leaves
inwardstowardsUg. At theendof this traversal,we have
computedheweightof eachorderingon all separatorgd-
jacentto therootclusterl/y. A secondhasahentraverses
T from therootoutwardsjn orderto back-tracehechoices
madeduringthefirst phase)eadingto the maximumtotal
weightWg [G].

Examiningthe compleity of this algorithm,we seethat
eachclusterU; is visitedtwice, the first (moreexpensve)
visit requiringO(|U;|! - |4;| - 2¥) operationswherek is
the sizeof the candidatesets. Thus, we getthe following
result:

Theorem5.8: If ¢ is the sizeof the largestclusterin the
clustertree,thenfinding G that maximized¥V[G] can be
donein O(2% - (¢ + 1)!- |J]).

In summarythealgorithmis linear in thesizeof theclus-
tertreebut worsethanexponentialin the sizeof thelargest
clusterin thetree.

Thediscussioruntil now assumed fixedclustertree.In
practicewe alsoneedto selectthe clustertree. This is a
well-known and hardproblemthatis beyond the scopeof
this paper However, we notethatif thereis a smallcluster
tree,thenit canbefoundin polynomialtime[2].



Method Iter  Time Score KL Stats
Greedy 40 -15.35 0.0499 2656
Disc5 1 14 -18.41 3.0608 908
2 19 -16.71 1.3634 1063
3 23 -16.21 0.8704 1183
Disc10 1 20 -15.53 0.2398 1235
2 26 -15.43 0.1481 1512
3 32 -15.43 0.1481 1733
Shid5 1 14 -1750 2.1675 915
2 29 -17.25 1.8905 1728
3 36 -16.92 15632 1907
Shid 10 1 20 -15.86 0.5357 1244
2 35 -15.50 0.1989 1968
3 41 -15.50 0.1974 2109
Scoreb 1 12 -15.94 0.6756 893
2 27 -15.34 0.0550 1838
3 34 -15.33  0.0479 2206
Score 10 1 17 -15.54 0.2559 1169
2 30 -15.31 0.0352 1917
3 34 -15.31 0.0352 2058

Tablel: Summaryof resultson syntheticdatafrom alarm
domain. Theseresultsreportthe quality of the network,
measuredbothin termsof the score(BDe scoredividedby
numberof instances)and KL divergenceto the generat-
ing distribution. The othercolumnsmeasurgerformance
bothin termsof executiontime (secondspndthe number
of statisticscollectedfrom the data. The methodseported
areDisc—discrepang measureShld —shieldingmeasure,
andScore — scorebasedneasure.

5.6 Cluster-TreeHeuristics

Althoughthe algorithmof the previous sectionis linearin
the numberof clustersiit is worsethanexponentialin the
sizeof thelargestcluster Thus,in mary situationswe ex-
pectit to be hopelesslyintractable. Nonethelessthis al-
gorithmprovidessomeintuition on how to decomposé¢he
heuristicsearchfor our problem.

The key ideais that althoughafter computinga cluster
tree,mary of theclusteramightbelarge,we canusea mix-
ture of the exact algorithmon small clustersand heuristic
searchesuchasgreedwhill climbingonthelargerclusters.
Dueto spaceconstraintsyve only briefly outline the main
ideasof thisapproach.

When Uj; is sufiiciently small, we can efficiently store
the tablesW[U;, o] usedby the exact clustertree algo-
rithm. However, if theclustersarelarge,thenwe cannotdo
the maximizationof Proposition5.7. Insteadwe perform
a heuristicsearch,suchas greedyhill-climbing, over the
spaceof parentdor verticesin A; to find a partialnetwork
thatis consistenwith the orderinginducedby the current
assignment.

By proceedingn this mannerwe approximatehe exact
algorithm. This approximationexaminesa seriesof small
searchspacesthatarepresumablyeasierto dealwith than
the original searchspace.This approactcanbe easilyex-
tendedto dealwith clustertreesin which only someof the
separatoraresmall.

6 Experimental Evaluation

In this sectionwe illustratetheeffectivenesof thesparse
candidatealgorithm. We examineboth a syntheticexam-
ple anda real-life datasetOur currentexperimentsarede-
signedto evaluatethe effectivenesf the generalscheme

andto show the utility of variousmeasuredor selecting
candidatesn the Restrict phase. In the experimentsde-
scribedherewe usegreedyhill-climbing for theMaximize
phase We arecurrentlyworking onimplementatiorof the
heuristicalgorithmsdescribedn Section5, andwe hope
to reportresults. Somestatisticsaboutstronglyconnected
componensizesarereported.

The basicheuristicsearchprocedurewe useis a greedy
hill-climbing thatconsiderdocalmaovesin theform of edge
addition,edgedeletion,and edgereversal. At eachitera-
tion, the procedureexaminesthe changein the scorefor
eachpossiblemove, and appliesthe onethat leadsto the
biggestimprovement. Theseiterationsare repeateduntil
convergence. In orderto escapdocal maxima,the proce-
dureis augmentedvith a simpleversionof TABU search.
It keepsa list of the N last candidateseen,andinstead
of applyingthe bestlocal changejt appliesthe bestlocal
changethatresultsin a structurenot on the list. Notethat
becausef the TABU list, the bestallowed changemight
actuallyreducethe scoreof the currentcandidate We ter-
minatethe procedureafter somefixed numberof changes
failed to resultin animprovementover the bestscoreseen
so far. After termination,the procedurereturnsthe best
scoringstructuret encountered.

In the reportedexperimentswe use this greedy hill-
climbing procedureboth for the Maximize phaseof the
sparsecandidatealgorithm, and as a searchprocedureby
itself. In the former case the only local changeghatare
consideredhrethoseallowed by the currentchoiceof can-
didates.In thelatter case the procedureconsidersall pos-
sible local changes.This latter casesenes asa reference
point againstwhich we compareour results. In the ex-
pandedversionof this paperwe will alsocompareo other
searctprocedures.

To compareahesesearctproceduresve needto measure
boththeir performancen thetaskat hand,andtheir com-
putationalcost.

The evaluationof quality is basedon the scoreassigned
to the networkfound by eachalgorithm. In addition, for
syntheticdata, we can also measurethe true error with
respectto the generatingdistribution. This allows us to
assesthesignificanceof thedifferencedetweerthescores
duringthesearch.

Evaluatingthe computationatostis more complicated.
The simplestapproacthis to measurgunningtime. We re-
portrunningtimesonanunloadedPentiumil 300mhzma-
chinesrunningLinux. Theserunningtimes,however, de-
pendon variouscodingissuesn ourimplementation. We
attemptedo avoid introducingbiaswithin our codefor ei-
therprocedureby usingthe samebasiclibrary for evaluat-
ing the scoreof candidatesindfor computingandcaching
of sufficient statistics. Moreover, the actualsearchis car
ried by the samecodefor greedy-hillclimbing procedure.

As additionalindication of computationatost, we also
measuredhe numberof suflicient statisticccomputedrom
the data. In massie datasetghesecomputationsan be
the mostsignificantportion of the runningtime. To min-
imize the numberof passe®ver the datawe usea cache
thatallows usto usepreviously computedstatisticsandto
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Figure4: Graphsshawving the performanceof the differentalgorithmson the text and biological domains. The graphs
on the top row shaw plots of score(y-axis) vs. runningtime (z-axis). The graphson the bottomrow shawv the samerun
measuredh termsof score(y-axis) vs. numberof statisticscomputedz-axis). Thereportedmethodsvary in termsof the
candidateselectionmeasurgDisc — discrepang measureShld — shieldingmeasureScore — scorebasedmeasurepnd
the sizeof the candidateset(k = 10 or 15). The pointson eachcurve for the sparsecandidatealgorithmarethe endresult

of aniteration.

mauginalize statisticsto get the statisticsof subsets. We
reportthe numberof actualstatisticsthat were computed
from the data.

Finally, in all of our experimentswve usedthe BDe score
of [16] with auniform prior with equivalentsamplesizeof
ten. This choiceis a fairly unformedprior that doesnot
codeinitial biastowardthe correctnetwork. The strength
of the equivalentsamplesize was set prior to the experi-
mentsandwasnot tuned.

In thefirst setof experimentsve useda sampleof 10000
instancedrom the“alarm” network[1]. This networkhas
beenusedfor studiesof structurelearningin variouspa-
pers,andis treatedasa commonbenchmarkin the field.
This network contains37 variables,of which 13 have 2
values,22 have 3 values,and2 have 4 values. We note
thatalthoughwe do not considerthis datasetparticularly
massve, it doesallow us to estimatethe behaior of our
searchprocedure. In the future we plan to use synthetic
datafrom largernetworks.

Theresultsfor this smalldatasetarereportedn Tablel.
In this table we measureboth the scoreof the networks
found andtheir error with respectto generatingdistribu-
tions. The resultson this toy domainshav that our algo-
rithm, in particularwith theScore selectiorheuristicfinds
networkswith comparablecoreto theonefoundby greedy
hill climbing. Although the timing resultsfor this small
scaleexperimentsarenottoo significantwe do seethatthe
sparsecandidatealgorithmusuallyrequiresfewer statistics
records. Finally, we notethat thefirst iteration of the al-

gorithmfindsreasonabhhigh scoringnetworks.Nonethe-
less,subsequerniterationsimprove thescore.Thus,there-
estimationof candidatesetsbasedon our scoredoeslead
to importantimprovements.

To testour learningalgorithmson morechallengingdo-
mains we examined data from text. We usedthe data
setthat containsmessagefrom 20 newvsgroups(approxi-
mately1000from each)[18]. We represeneachmessage
asa vectorcontainingoneattributefor the nevsgroupand
attributesfor eachword in the vocalulary. We constructed
datasetswith differentnumbersof attributesby focusing
on subsetsof the vocahlulary. We did this by remaving
commonstopwords,andthensortingwordsbasecntheir
frequeng in thewhole dataset. Thedatasetsincludedthe
groupdesignatoandthe 99 (text 100set)or 199 (text 200
set)mostcommonwords. We trainedon 10,000messages
thatwererandomlyselectedrom thetotal dataset.

Theresultsof theseexperimentsarereportedn figure 4.
As we cansee,in the caseof 100 attributes,by usingthe
Score selectiormethodwith candidatesetsof sizes10 or
15, we canlearnnetworksthat arereasonablyloseto the
onefoundby greedyhill-climbing in abouthalf therunning
time andhalf the numberof suficient statistics.Whenwe
have 200 attributes,the speedugs largerthan3. We ex-
pectthat aswe considerdatasetswith larger numberof
attributes this speedupatio will grow.

To testthat, we devisedanothersyntheticdatasetwhich
originatesin real biological data. We usedgeneexpres-
sion datafrom [23]. The datadescribesxpressionlevel



of 800cell-gycle regulatedgenespver 76 experimentsWe
learneda networkfrom this datasetandthensampled000
instancesrom the learnecdhetwork.We thenusedthis syn-
theticdatasetSee[13] for furtherdetails.

Theresultsarereportedn figure4. In theseexperiments,
the greedyhill-climbing searchstoppedecaus®f lack of
memoryto storethecollectedstatistics At thatstaget was
farfrom therangeof scoreshovnin thefigure. If wetry to
assesthetimeit wouldtakeit to reachthescoreof thenet-
worksfoundby theothermethodsit seematleast3 times
slower, even by conserative extrapolation. We also note
that the discrepang measurehasa slower learningcurve
thanthe scoremeasure.Note that after the first iteration,
wheretheinitial O(n?) statisticsare collected,eachitera-
tion addsonly amodestumberof new statistics sincewe
only calculatethe measurdor pairs of variablesthat ini-
tially hada significantmutualinformation.

7 Conclusion

The contributionsof this paperaretwo fold.

First,we proposea simpleheuristicfor improving search
efficieng. By restricting our searchto examineonly a
small numberof candidateparentsfor eachvariable,we
can find high-scoringnetworksefficiently. Furthermore,
we shaved that we canimprove the choiceof the candi-
datesby takinginto accounthe networkwe learned thus
gettinghigherscoringnetworks. We demonstratetiothof
theseeffectsin our experiments. Theseresultsshow that
our procedurecanleadto dramaticreductionin thelearn-
ing time. This comeswith smalllossof quality, at worse,
andsometimeganleadto higherscoringnetworks.

Secondwe shaved that by restrictingeachvariableto
a smallgroupof candidateparentswe cansometimeget
theoreticauaranteesn thecompleity of thelearningal-
gorithm. This resultis of theoreticainterest:to the bestof
our knowledge,this is the first non-trivial casefor which
onecanfind a polynomialtime learningalgorithmfor net-
works with in-degree greaterthan one. This theoretical
amgumentmight also have practicalramifications. As we
shaved, evenif the exact polynomialalgorithmis too ex-
pensve, we canuseit asa guidefor findinggoodapproxi-
matesolutions.We arein the procesf implementinghis
new heuristicstratgy andevaluatingit.

In additionto the experimentakesultswe describehere,
our algorithmis alreadyappliedin otherongoingworks.
In [4], the sparsecandidatemethodis combinedwith the
structuralEM procedurefor learning structurefrom in-
completedata. In that setup,the costof finding statistics
is much higher, sinceinsteadof countingnumberof in-
stanceswe have to performinferencefor eachof the in-
stances As a consequencthe reductionin the numberof
requestedstatistics(as shavn in our results)leadsto sig-
nificant saving in run time. Similar costissuesoccurin
[14], wherea variantof our algorithmis usedfor learn-
ing probabilisticmodelsfrom relationaldatabased=inally,
this proceduras a crucialcomponentn our ongoingwork
in analysisof real-life geneexpressiondata that contains
thousandsf attributes[13].

Thereareseveral directionsfor future researchOur ul-
timateaim is to usethis type of algorithmfor learningin
domainswith thousand®f attributes.In suchdomainsthe
cost of the Restrict stepof our algorithmis prohibitive
(sinceit is quadraticin the numberof variables). We are
currently examining heuristic methodsfor finding good
candidatesOncewe learna networkbasedon thesecan-
didateswe canuseit to help focuson othervariablesthat
shouldbe examinedin the next Restrict step. Anotherdi-
rectionof interestis the combinationof our methodswith
otherrecentideasfor efficientlearningfrom largedatasets,
suchas[20].
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