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Abstract

The problem of belief change—how an agent should revise her beliefs upon learning new
information—has been an active area of research in both philosophy and artificial intelligence.
Many approaches to belief change have been proposed in the literature. Our goal is not to
introduce yet another approach, but to examine carefully the rational e underlying the approaches
already taken inthe literature, and to highlight what we view as methodol ogical problemsin the
literature. The main messageis that to study belief change carefully, we must be quite explicit
about the “ontology” or scenario underlying the belief change process. This is something that
has been missing in previous work, with its focus on postulates. Our analysis shows that we
must pay particular attention to two issues which have often been taken for granted: The first
is how we model the agent’s epistemic state. (Do we use a set of beliefs, or aricher structure,
such as an ordering on worlds? And if we use a set of beliefs, in what language are these
beliefs are expressed?) The second is the status of observations. (Are observations known to
betrue, or just believed? In the latter case, how firm isthe belief?) For example, we argue that
even postulates that have been called “beyond controversy” are unreasonable when the agent’s
beliefsinclude beliefs about her own epistemic state aswell asthe external world. I1ssues of the
status of observations arise particularly when we consider iterated belief revision, and we must
confront the possibility of revising by ¢ and then by —.
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1 Introduction

The problem of belief change—how an agent should revise her beliefs upon learning new
information—has been an active area of research in both philosophy and artificial intelligence.
The problem is afascinating one in part because it is clearly no unique answer. Nevertheless,
there is a strong intuition that one wants to make minimal changes, and all the approaches
to belief change in the literature, such as [AGM85, Gar88, KM914d], try to incorporate this
principle. However, approaches differ on what constitutes a minimal change. This issue has
come to the fore with the spate of recent work on iterated belief revision (see, for example,
[Bou93, BG93, DP94, FL94, Leh95, Lev88, Wil94]).

The approaches to belief change typically start with a collection of postulates, argue that
they arereasonabl e, and prove some consequencesof these postulates. Occasionally, asemantic
model for the postulates is provided and a representation theorem is proved (of the form that
every semantic model correspondsto some belief revision process, and that every belief revision
process can be captured by some semantic model). Our goal in this paper is not to introduce
yet another model of belief change, but to examine carefully the rationale underlying the
approaches in the literature. The main message of the paper is that describing postulates and
proving a representation theorem is not enough. While it may have been reasonable when
research on belief change started in the early 1980s to just consider the implications of a
number of seemingly reasonable postulates, it isour view that it should no longer be acceptable
now just to write down postulates and give short English justifications for them. In addition,
it isimportant to describe, what, for want of a better word, we call the underlying ontology or
scenario for the belief change process. Roughly speaking, this means describing carefully what
it means for something to be believed by an agent and what the statusis of new information that
is received by the agent. This point will hopefully become clearer as we present our critique.
We remark that even though the issue of ontology is tacitly acknowledged in a number of
papers (for example, in the last paragraph of [Leh95]), it rarely entersinto the discussionin a
significant way. We hope to show that ontology must play a central role in al discussions of
belief revision.

Our focusis on approachesthat take as their starting point the postul ates for belief revision
proposed by Alchourron, Gardenfors, and Makinson (AGM from now on) [AGM85], but our
critique certainly applies to other approaches as well. The AGM approach assumes that an
agent’s epistemic state is represented by a belief set, that is, a set K of formulas in alogical
language £. What the agent learnsis assumed to be characterized by some formula ¢, also in
L; K * ¢ describes the belief set of an agent that starts with belief set K and learns .

There are two assumptions implicit in this notation:

e The functional form of * suggests that all that matters regarding how an agent revises her
beliefsisthe belief set and what islearnt.

¢ The notation suggests that the second argument of x can be an arbitrary formulain £. But
what does it mean to revise by false? In what sense can false be learnt? More generaly, is
it reasonable to assume that an arbitrary formula can be learnt in a given epistemic state?

Thefirst assumption is particularly problematic when we consider the postul ates that AGM
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requirex to satisfy. These essentially statethat the agent isconsistent in her choices, inthe sense
that she acts as though she has an ordering on the strength of her beliefs [GM88, Gro88], or
an ordering on possible worlds [Bou94, Gro88, KM91b], or some other predetermined manner
of choosing among competing beliefs [AGM85]. However, the fact that an agent’s epistemic
state is characterized by a collection of formulas means that the epistemic state cannot include
information about relative strength of beliefs (as required for the approach of, say, [GM88]),
unless this information is expressible in the language. Note that if £ is propositiona logic
or first-order logic, such information cannot be expressed. On the other hand, if £ contains
conditional formulas of the form p > ¢, interpreted as “if p islearnt, then ¢ will be believed”,
then such information can be expressed.

Problems arise when the language is not rich enough to express relative degrees of strength
in beliefs. Consider, for example, asituationwhere K = C'l(p A ¢) (thelogical closureof p A ¢;
that is, the agent’s beliefs are characterized by theformulap A ¢ and itslogical consequences),
and then the agent learns ¢ = —p V —¢. We can imagine that an agent whose belief in p is
stronger than her belief in ¢ would have K x ¢ = {p}. That is, the agent gives up her belief in
q, but retainsabelief in p. Onthe other hand, if the agent’sbelief in q is stronger than her belief
in p, it seems reasonable to expect that K * ¢ = {q}. Thissuggests that it is unreasonable to
take x to be afunction if the representation language is not rich enough to express what may be
significant details of an agent’s epistemic state.

We could, of course, assumethat information about the rel ative strength of beliefsin various
propositionsisimplicit in the choice of the revision operator *, evenif it is not contained in the
language. Thisis perfectly reasonable, and also makesit more reasonable that x be a function.
However, note that we can then no longer assume that we use the same x when doing iterated
revision, since there is no reason to believe that the relative strength of beliefs is maintained
after welearnaformula. Infact, in anumber of recent papers[Bou93, BG93, FH95b, Wil94], x
isdefined asafunction from (epistemic states x formulas) to epistemic states, but the epistemic
states are no longer just belief sets; they include information regarding relative strengths of
beliefs. The revision function on epistemic states induces a mapping from (belief sets x
formulas) to belief sets, but at the level of belief sets, the mapping may not be functional; for a
belief set K and formula ¢, the belief set K * ¢ may depend on what epistemic state induced
K. Thus, the effect of * on belief sets may change over time.!

Thereis certainly no agreement on what postulates belief change should satisfy. However,
the following two postul ates are amost universal:

e pc Kxop
o if Kisconsistentandy € K, then K x ¢ = K.
These postulates have been characterized by Rott [Rot89] as being “beyond controversy”.
Nevertheless, we argue that they are not asinnocent as they may at first appear.
The first postulate says that the agent believes the last thing she learns. Making sense of
this requires some discussion of the underlying ontology. For example, imagine a scientist

LFreund and L ehmann [FL94] have called the viewpoint that + may change over timethe dynamic point of view.
However, this seems somewhat of a misnomer when applied to papers such as [Bou93, BG93, FH95b, Wil94],
since there * in fact is static, when viewed as a function on epistemic states and formulas.
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who believes that heavy objects drop faster than light ones, climbs the tower of Pisa, drops a
5 kilogram textbook and a 500 milligram novel, and observes they hit the ground at the same
time. Should the scientist necessarily believe that the time for an object to fall to the ground is
independent of its weight, on the basis of this one experiment? Certainly when scientists make
an observation that conflicts with their previous beliefs, they do not immediately change those
beliefs. Thisis even more true if they get information (perhaps as a result of reading a paper)
that isinconsistent with their previous beliefs. One could certainly imagine an ontology where
it takes repeated observations of ¢ before ¢ is accepted. Roughly speaking, an epistemic state
would then have to keep track of how many times, and under what circumstances, a proposition
has been observed. This requires either arich language or an epistemic state that is described
by more than just a set of formulas.

Implicitin Gardenfors' discussion[Gar88] isasomewhat different assumption: if wedecide
to revise by o, it is because we give ¢ very high epistemic importance. In particular, if K
contains -y, we give ¢ higher importance than —¢. In the case of our scientist, this means
that the experiment was repeated, perhaps with some variations, and enough times so asto give
strong support to the new belief. While this positionisagain not unreasonable, it seems hard to
believe that false would ever be given such high epistemic importance. More generaly, it isfar
from obvious that in a given epistemic state K we should allow arbitrary consistent formulas
to be given high epistemic importance.

If we can actually talk about epistemicimportancein the language, then the second postul ate
isno longer so reasonable. For supposethat ¢ € K. Why should K x ¢ = K? It could well
be that being informed of ¢ raises the importance of ¢ in the epistemic ordering. If epistemic
ordering can be talked about in the language, then a notion of minimal change should still
allow epistemic ordering to change, even when something expected is learned. Even if we
cannot talk about epistemic ordering in the language, this observation has an impact on iterated
revisions. For example, one assumption made by Lehmann [Leh95] (his postulate 14) isthat if
p isbelieved after revising by ¢, then revising by [¢ - p - ¥]—that is, revising by ¢ then p then
y—is equivalent to revising by [¢ - ¢|. But consider a situation where after revising by ¢, the
agent believes both p and ¢, but her belief in ¢ is stronger than her belief in p. We can well
imagine that after learning —p V —q in this situation, she would believe —p and q. However,
if shefirst learned p and then —p v —¢q, she would believe p and —q, because, as a result of
learning p, she would give p higher epistemic importance than ¢. In this case, we would not
have [¢ - p(=p V =¢)] = [¢ - (—p V —¢)]. Inlight of this discussion, it is not surprising that
the combination of the second postul ate with alanguage that can talk about epistemic ordering
leads to technical problems such as Gardenfors' triviality result [Gar88].

To give asense of our concerns here, we discuss two basic ontologies. The first ontology
that seems (to us) reasonable assumes that the agent has some knowledge as well as beliefs.
We can think of the formulas that the agent knows as having the highest state of epistemic
importance. In keeping with the standard interpretation of knowledge, we also assume that the
formulas that the agent knows are true in the world. Since agents typically do not have certain
knowledge of very many facts, we assume that the knowledge is augmented by beliefs (which
can be thought of as defeasible guidesto action). Thus, the set of formulasthat are known form



asubset of the belief set. We assume that the agent observes the world using reliable sensors,
thus, if the agent observes ¢, then the agent isassumed to know . After observing ¢, the agent
adds ¢ to hisstock of knowledge, and may revise his belief set. Since the agent’s observations
are taken to be knowledge, the agent will believe ¢ after observing . However, the agent’s
epistemic state may change even if she observes a formula that she previously believed to be
true. In particular, if the formula observed was believed to be true but not known to be true,
after the observation it is known. Note that, in this ontology, the agent never observes false,
since false is not true of the world. In fact, the agent never observes anything that contradicts
her knowledge. Thus, K * ¢ isdefined only for formulas ¢ that are compatible with the agent’s
knowledge. Moving to iterated revision, this means we cannot have arevision by ¢ followed
by arevision by —¢. This ontology underlies some of our earlier work [FH95a, FH95b]. As
we show here, avariant of Darwiche and Pearl’s approach [DP94] captures them as well.

We can consider a second ontology that has a different flavor. In this ontology, if we
observe something, we believe it to be true and perhaps even assign it a strength of belief.
But this assignment does not represent the strength of belief of the observation in the resulting
epistemic state. Rather, the belief in the observation must “compete” against current beliefs
if it is inconsistent with these beliefs. In this ontology, it is not necessarily the case that
v € K * ¢, just asit is not the case that a scientist will necessarily adopt the consequences of
his most recent observation into his stock of beliefs (at least, not without doing some additional
experimentation). Of course, to flesh out this ontology, we need to describe how to combine
a given strength of belief in the observation with the strengths of the beliefs in the original
epistemic state. Perhaps the closest parallel in the literature is something like the Dempster-
Shafer rule of combination [Sha76], which gives a rule for combining two separate bodies of
belief. We do not have a particular suggestion to make along these lines. However, we believe
that this type of ontology deserves further study.

Therest of the paper is organized asfollows. In Section 2, we review the AGM framework,
and point out some problemswith it. In Section 3, we consider proposals for belief change and
iterated belief change from theliterature due to Boutilier [Bou93], Darwiche and Pearl [DP94],
Freund and Lehmann[FL94], and Lehmann [Leh95], and try to understand the ontology implicit
in the proposal (to the extent that one can be discerned). In Section 4, we consider the first
ontology discussed above in more detail. We conclude with some discussion in Section 5.

2 AGM Bedlief Revision

Inthis section we review the AGM approach to belief revision. Aswe said earlier, thisapproach
assumesthat beliefsand observations are expressed in somelanguage £. Itisassumedthat £ is
closed under negation and conjunction, and comes equi pped with aconsequencerelation -, that
contains the propositional calculus and satisfies the deduction theorem. The agent’s epistemic
state isrepresented by abelief set, that is, aset of formulasin £ closed under deduction. There
isalso assumed to be arevision operator * that takes abelief set K and aformula¢ and returns
anew belief set K x ¢, intuitively, theresult of revising K by ¢. Thefollowing AGM postul ates
are an attempt to characterize the intuition of “minimal change’:



R1. K x pisabelief set

R2. p e Kx¢p

R3. K x¢p C Cl(K U{¢})

R4. If o & KthenCI(K U {¢}) C K *x¢

R5. K x ¢ = Cl(false) if and only if -, —¢

R6. IfFrp e dthenK xp = K %9

R7. Kx(pAN9) CCUK xpU{})

R8. If ¢ ¢ Kxpthen Cl(K xoU{p}) C K % (o A2)

There are several representation theorems for AGM belief revision; perhapsthe clearest is
dueto Grove [Gro88]. We discuss a slight modification, dueto Boutilier [Bou94] and Katsuno
and Mendelzon [KM91b]: Let an £-world be a complete and consistent truth assignment to
the formulasin £. Let W consist of al the £-worlds, and let < be aranking, that is, a total
preorder, on the worldsin W. Let min< consist of all the minimal worlds with respect to <,
that is, al the worlds w such that there is no w' with v’ < w. With < we can associate a
belief set K<, consisting of all formulas ¢ that are true in all the worldsin ming. Moreover,
we can define arevision operator x on K<, by taking K< * ¢ to consist of all formulas ) that
aretruein all the minimal p-worlds according to <. It can be shown that * satisfies the AGM
postulates (when itsfirst argument is K <). Thus, we can define arevision operator by taking a
collection of orderings <, one for each belief set K. To define K * ¢ for abelief set K, we
apply the procedure above, starting with the ranking <x corresponding to K. Furthermore,
in [Bou94, Gro88, KM91b], it is shown that every belief revision operator satisfying the AGM
axioms can be characterized in this way.

This elegant representation theorem also brings out some of the problems with the AGM
postulates. First, note that a given revision operator * is represented by a family of rankings,
one for each belief set. Thereis no necessary connection between the rankings corresponding
to different belief sets. It might seem more reasonable to have a more global setting (perhaps
one global ranking) from which each element in the family of rankings arises.

A second important point is that the epistemic state here is represented not by a belief set,
but by aranking. Each ranking < is associated with a belief set K<, but it is the ranking that
gives the information required to describe how revision is carried out. The belief set does not
suffice to determine the revision; there are many rankings < for which the associated belief set
K. isK. Sincetherevision processonly givesustherevised belief set, not the revised ranking,
the representation does not support iterated revision.

This suggests that we should consider, not how to revise belief sets, but how to revise
rankings. More generally, whatever we take to be our representation of the epistemic state, it
seems appropriate to consider how these representations should be revised. This suggests that
we consider an analogue of the AGM postulates for epistemic states. Such an analogue can be

2In this construction, for each belief set K other than the inconsistent belief set, we have K<, = K. The
inconsistent belief set gets special treatment here.



defined in a straightforward way (cf. [FH95b]): Taking E to range over epistemic states and
Bel( E') to represent the belief set associated with epistemic state E, we have

R1'. E x ¢ isan epistemic state

R2'. ¢ € Bel(E * ¢)

R3. Ex¢p C CUBE(E)U {¢})

and so on, with the obvious syntactic transformation. In fact, aswe shall seein the next section,
anumber of processes for revising epistemic states have been considered in the literature, and
in fact they all do satisfy these modified postul ates.

Finally, even if we restrict attention to belief sets, we can consider what happens if the
underlying language £ is rich enough to talk about how revision should be carried out. For
example, suppose £ conditional formulas, and we want to find some ranking < for which the
corresponding belief setis K. Not just any ranking < such that K1 = K will do here. The
beliefsin K put some constraints on the ranking. For example, if p > gisin K andp ¢ K,
then the minimal <-worlds satisfying p must all satisfy g, since after p islearnt, ¢ is believed.
Once we restrict to rankings that are consistent with the formulas in the worlds that are being
ranked, then the AGM postulates are no longer sound. This point has essentially been made
before [Bou92, Rot89]. However, it isworth stressing the sensitivity of the AGM postul ates to
the underlying language and, more generally, to the choice of epistemic state.

3 Proposalsfor Iterated Revision

We now briefly review some of the previous proposalsfor iterated belief change, and point out
how the impact of the observations we have been making on the approaches. Most of these
approaches start with the AGM postulates, and augment them to get seemingly appropriate
restrictions on iterated revision. Thisis not an exhaustive review of the literature on iterated
belief revision by any stretch of the imagination. Rather, we have chosen a few representative
approaches that allow usto bring out our methodol ogical concerns.

3.1 Boutilier’'snatural revision

As we said in the previous section, Boutilier takes the agent’s epistemic state to consist of a
ranking of possible worlds. Boutilier [Bou93] describes a particular revision operator xg 0On
epistemic states that he calls natural revision operator. Natural revision maps a ranking < of
possible worlds and an observation ¢ to arevised ranking < g ¢ such that (a) < *p ¢ satisfies
the conditions of the representation theorem described above—the minimal worldsin < xg ¢
are precisely the minimal ¢-worldsin <, and (b) in a precise sense, < *g ¢ is the result of
making the minimal number of changesto < required to guarantee that all the minimal worlds
in < xg ¢ satisfy . Given aranking < and aformula ¢, theranking < x5 ¢ isidentical to <
except that the minimal p-worldsaccording to < have the minimal rank in the revised ranking,
while the relative ranks of al other worlds remains unchanged.

Boutilier characterizes the properties of natural revision. Suppose that, starting in some
epistemic state, we revise by ¢4, ..., ¢,. Further suppose ¢, 1 is consistent with the beliefs
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after revising by ¢, ..., ;. Then the beliefs after revising by ¢4, . .., ¢, are precisely the
beliefs after observing 1 A ... A ¢,. (More precisely, given any ranking =<, the belief set
associated with the ranking < g1 *p ... *p ¢, IS the same as that associated with the
ranking < #g (w1 /A ... Ap,). Note however, that < xgp1%p ... % n Z= (@ A... A py)
in general.) Thus, as long as the agent’s new observations are not surprising, the agent’'s
beliefs are exactly the ones she would have had had she observed the conjunction of all the
observations. Thisisan immediate consequence of the AGM postulates, and thus holds for any
approach that attempts to extend the AGM postulatesto iterated revision.

What happenswhen the agent observes aformulap,, 1 that isinconsistent with her current
beliefs? Boutilier shows that in this case the new observation nullifies the impact of the all the
observations starting with the most recent one that is inconsistent with ¢,,.;. More precisely,
suppose ;.1 is consistent with the belief after observing ¢1,...,¢; for: < n, but ¢,41 IS
inconsistent with the beliefs after observing ¢, . . ., ¢,. Let k be the maximal index such that
vne1 ISCONSistent with the beliefsafter learning ¢4, . . ., . The agent’sbeliefsafter observing
vnt1 are the same as her beliefs after observing ¢4, . . ., &, ¥nt1. Thus, the agent acts as
though she did not observe i1, .. ., @n.

Boutilier does not provide any argument for the reasonableness of this ontology. In fact,
Boutilier's presentation (like almost all othersin the literature) is not in terms of an ontology
at all; he presents natural revision as an attempt to minimize changes to the ranking. While
the intuition of minimizing changes to the ranking seems reasonable at first, it becomes less
reasonable when we redlize its ontological implications. The following example, due to
Darwiche and Pearl [DP94], emphasizes this point. Suppose we encounter a strange new
animal and it appears to be a bird, so we believeit isabird. On closer inspection, we see that
itisred, so we believethat it isared bird. However, an expert then informs us that it is not a
bird, but a mammal. Applying natural revision, we would no longer believe that the animal is
red. This does not seem so reasonable.

One more point is worth observing: As described by Boutilier [Bou93], natural revision
does not allow revision by false. While we could, of course, modify the definition to handle
false, it is more natural simply to disallow it. This suggests that, whatever ontology is used to
justify natural revision, in that ontology, revising by false should not make sense.

3.2 Freund and Lehmann’s approach

Freund and Lehmann [FL94] stick close to the original AGM approach. They work with belief
sets, not more general epistemic states. However, they are interested in iterated revision. They
consider the effect of adding just one more postulate to the basic AGM postul ates, namely

RO. If -p € K, then K x o = K| * ¢,

where K | istheinconsistent belief set, which consists of all formulas.

Suppose * satisfies K1-K9. Just as with Boutilier’s natural revision, if ¢, 1 iS consistent
with the beliefs after learning ¢1,..., ¢, fore <n — 1, then K x o1 % ... % @, = K % (p1 A
... N\ p,). However, if we then observe ¢,,41, and it isinconsistent with K x o1 A ... A ¢,
then K x g% ... % p,r1 = K| * p,y1. That is, observing something inconsistent causes usto
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retain none of our previous beliefs, but to start over from scratch. While the ontology hereis
quite ssimple to explain, as Freund and L ehmann themselves admit, it is arather severe form of
belief revision. Darwiche and Pearl’s red bird example applies to this approach as well.

3.3 Darwicheand Pear|’s approach

Darwiche and Pearl [DP94] suggest a set of postulates extending the AGM postulates, and
claim to provide a semantics that satisfies them. Their intuition is that the revision operator
should retain as must as possible certain parts of the ordering among worldsin the ranking. In
particular, if w; and w, both satisfy ¢, then arevision by ¢ should not change the relative rank
of wy and w,. Similarly, if both w; and w, satisfy —, then arevision should not change their
relative rank. They describe four postul ates that are meant to embody these intuitions:

Cl Ifoky,then(Kx¢)xo=Kx*x¢p
C2. Ifp bk -9, then(K x¢)*xp =K x¢
C3. Ifpe Kxp, theny € (K xvp) x
CAd If-p ¢ Kxp, then—yp ¢ (Kx9)*¢

Freund and Lehmann [FL94] point out that C2 is inconsistent with the AGM postul ates.
This observation seems inconsistent with the fact that Darwiche and Pearl claim to provide a
semanticsfor their postulates. What is going on here? It turns out that the issuesraised earlier
help clarify the situation.

Darwiche and Pearl semantics is based on a special case Spohn’s ordinal conditional
functions (OCFs) [Spo88] called «-rankings [GP92]. A k-ranking associates with each world
either a natural number »n or oo, with the requirement that for at least one world wo, we have
&(wg) = 0. We can think of «(w) astherank of w, or as denoting how surprising it would be to
discover that w istheactual world. If «(w) = 0, thenworldw isunsurprising; if x(w) = 1, then
w is somewhat surprising; if «(w) = 2, then w is more surprising, and so on. If x(w) = oo,
then w isimpossible.®> OCFs provide away of ranking worldsthat is closely related to, but has
alittle more structure than, the orderings considered by Boutilier. The extra structure makesit
easier to define a notion of conditioning.

Given aformula, let k(¢) = min{x(w) : w |= ¢}; we define (false) = co. We say that
¢ is believed with firmnessa > 0in OCF « if (¢) = 0and k(—¢) = a. Thus, ¢ isbelieved
with firmness a if ¢ isunsurprising and the least surprising world satisfying —¢ hasrank «.. By
analogy to the definition of K <, we define K. to consist of all those formulas that are believed
with firmness at least 1.

Spohn defined a notion of conditioning on OCFs. Given an OCF «, aformula ¢ such that
k() < oo, and a > 0, k,  iSthe unique OCF satisfying the properties desired by Darwiche
and Pearl—namely, if w and w’ both satisfy ¢ or both satisfy =, then k,, o(w) — £y o(w') =

3Spohn allowed ranks to be arbitrary ordinals, not just natural numbers, and did not allow arank of oo, since,
for philosophical reasons, he did not want to allow a world to be considered impossible. Aswe shall see, there
are technical advantages to introducing arank of co.



k(w) — k(w')—such that ¢ is believed with firmness a: in k. 1t is defined as follows:

| K(w) — &(p) if w satisfies ¢
Koa(Ww) = — k(—p) + a if wsatisfies .

Notice that «,, o isdefined only if x(¢) < oo, thet is, if ¢ is considered possible.
Darwiche and Pearl defined the following revision function on OCFs:

K if ¢ isbelieved with firmnessa > 1in«

K * = .
DP {/@,,,1 otherwise.

Thus, if ¢ isaready believed with firmness at least 1 in &, then « is unaffected by a revision
by ¢; otherwise, the effect of revision is to modify « by conditioning so that ¢ ends up being
believed with degree of firmness 1. Intuitively, thismeansthat if ¢ isnot believedink, in k¢
itis believed, but with the minimal degree of firmness.

It is not hard to show that if we take an agent’s epistemic state to be represented by an
OCF, then Darwiche and Pearl’s semantics satisfies all the AGM postul ates modified to apply
to epistemic states (that is, R1'-R8' in Section 2), except that revising by false is disallowed,
just as in natura revision, so that RS holds vacuoudly; in addition, this semantics satisfies
Darwiche and Pearl’s C1-C4, modified to apply to epistemic states. For example, C2 becomes

C2. If © F —|’l/1, then K(n*d:)*(p = Kn*q,.

Indeed, as Darwiche and Pearl observe, natural revision also satisfies C1'-C4', however, it has
propertiesthat they view asundesirable. Thus, Darwiche and Pearl’s claim that their postul ates
are consistent with AGM s correct, if we think at the level of general epistemic states. On
the other hand, Freund and Lehmann are quite right that R1-R8 and C1-C4 are incompatible;
indeed, as they point out, R1-R4 and C2 are incompatible. The importance of making clear
exactly whether we are considering the postul ates with respect to the OCF « or the belief set
K, isparticularly apparent here.

The fact that Boutilier's natura revision also satisfies C1'—C4' clearly shows that these
postulates do not capture al of Darwiche and Pearl’s intuitions. Their semantics embodies
further assumptions. Some of them seem ad hoc. Why is it reasonable to believe ¢ with
aminimal degree of firmness after revising by ¢? Rather than trying to come up with an
improved collection of postulates (which Darwiche and Pearl themselves suggest might be a
difficult task), it seemsto us a more promising approach is to find an appropriate ontology.

3.4 Lehmann’srevised approach

Finally, we consider Lehmann’s “revised” approach to belief revision [Leh95]. With each
sequence o of observations, Lehmann associates a belief set that we denote Bel(o). Intuitively,
we can think of Bel(o) as describing the agent’s beliefs after making the sequence o of
observations, starting from her initial epistemic state. Lehmann allows all possible sequences
of consistent formulas. Thus, he assumes that the agent does not observe false. We view
Lehmann's approach essentially as taking the agent’s epistemic state to be the sequence of
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observations made, with the obvious revision operator that concatenate a new observation
to the current epistemic state. The properties of belief change depend on the function Bel.
Lehmann require Bel to satisfy the following postulates (where o and p denote sequences of
formulas, and - isthe concatenation operator):

|1. Bel(o) isaconsistent belief set

12. ¢ € Bel(o - )

13. If ¢ € Bel(o - ¢), theny = ¢ € Bel(o)

14. If ¢ € Bel(o),thenBel(o - ¢ - p) = Bel(c - p)

15. If -, thenBel(o - ¢ -9 - p) =Bel(o -9 - p)

16. If =¢p £ Bel(o- @), thenBel(c- ¢ -9 -p)=Bel(c-p-p A9 p)
17. Bel(o - ¢ - ¢) C CI(Bel(o) U {¢})

We refer the interested reader to [Leh95] for the motivation for these postulates. As Lehmann
notes, the spirit of the original AGM postul atesis captured by these postulates. Lehmann views
I5 and |7 astwo main additionsto the basic AGM postulates. He states that “ Since postulates
I5 and |7 seem secure, i.e., difficult to rgject, the postulates 11-17 may probably be considered
as a reasonable formalization of the intuitions of AGM.” Our view is that it is impossible to
decide whether to accept or reject postulates such as 15 or 17 (or, for that matter, any of the
other postulates) without an explicit ontology. There may be ontologies for which I5 and 17
are reasonable, and others for which they are not. “Reasonableness’ is not an independently
defined notion; it depends on the ontology. The ontology of the next section emphasizes this
point.

4 Taking Observationsto be Knowledge

We now consider an ontology where observations are taken to be knowledge. In this ontology,
it isimpossible to observe false. Infact, it isimpossible to make any inconsistent sequence of
observations. That is, if ¢4, . .., ¢, isobserved, then i A . . . A p,, must be consistent (although
it may not be consistent with the agent’s original beliefs).

In earlier work [FH95b], we presented such an ontology, based on Halpern and Fagin's
[HF89] framework of multi-agent systems (see[FHMV 95] for more details). The key assump-
tion in the multi-agent system framework is that we can characterize the system by describing
it interms of a state that changes over time. Formally, we assume that at each point in time, the
agent isin some local state. Intuitively, thislocal state encodes the information the agent has
observed thus far. There is also an environment, whose state encodes relevant aspects of the
system that are not part of the agent’slocal state. A global stateisatuple(s., s,) consisting of
the environment state s. and the local state s, of the agent. A run of the system is afunction
from time (which, for ease of exposition, we assume ranges over the natural numbers) to global
states. Thus, if r is arun, then r(0),r(1),... is a sequence of global states that, roughly
speaking, is a complete description of what happens over time in one possible execution of the
system. We take a system to consist of a set of runs. Intuitively, these runs describe al the
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possible behaviors of the system, that is, all the possible sequences of events that could occur
in the system over time.

Given asystem R, we refer to a pair (r,m) consisting of arunr € R and atimem asa
point. If r(m) = (s., s,), we define ro(m) = s, and r.(m) = s.. We say two points (r, m)
and (r', m') areindistinguishableto the agent, and write (r, m) ~, (r',m’), if ro(m) = ri(m'),
i.e., if the agent has the samelocal state at both points. Finaly, an interpreted systemisatuple
(R, ), consisting of a system R together with a mapping = that associates with each point a
truth assignment to the primitive propositions.

To capture the AGM framework, we consider a special class of interpreted systems. We
fix a propositional £. We assume that the agent makes observations, which are characterized
by formulasin £, and that her local state consists of the sequence of observationsthat she has
made. We assume that the environment’slocal state describes which formulas are actually true
in the world, so that it is a truth assignment to the formulasin £. Asobserved by Katsuno and
Mendelzon [KM91a], the AGM postulates assume that the world is static; to capture this, we
assume that the environment state does not change over time. Formally, we are interested in
the unique interpreted system (R4¢M ) that consists of all runs satisfying the following two
assumptions for every point (r, m):

e Theenvironment's state r.(m) is atruth assignment to the formulasin £ that agreeswith =

a (r,m) (thatis, 7(r,m) = r.(m)), and r.(m) = r.(0).

e Theagent'sstater,(m) isasequence of theform (¢4, ..., ¢m), SUchthat o1 A ... A @, iS
true according to the truth assignment r.(m) and ri(m — 1) = (@1, . .., Pm—1)-
Notice that the form of the agent’s state makes explicit an important implicit assumption: that
the agent remembersall her previous observations.

In an interpreted system, we can talk about an agent’s knowledge: the agent knows ¢ at
apoint (r,m) if ¢ holds in all points (r',m') such that (r,m) ~, (r',m’). Itis easy to see
that, according to this definition, if r,(m) = (¢4, ..., ¢m), thentheagent knows g1 A ... A o,
at the point (r,m): the agent’s observations are known to be true in this approach. We are
interested in talking about the agent’s beliefs as well as her knowledge. To alow this, we
added a notion of plausibility to interpreted systemsin [FH95a]. We consider avariant of this
approach here, using OCFs, since it makesit easier to relate our observations to Darwiche and
Pearl’s framework.

We assumethat we start with an OCF « onrunssuchthat «(r) # oo for any runr. Intuitively,
k represents our prior ranking on runs. Initially, no runs is viewed as impossible. We then
associate, with each point (r, m), an OCF (™) on the runs. We define "™ by induction on
m. Wetake ("9 = g, and we take x("™+1) = &gyﬁ)l,oo’ wherer,(m + 1) = (¢1,..., @m+1).
Thus, «("™+1) is the result of conditioning ("™ on the last observation the agent made,
giving it degree of firmness co. Thus, the agent is treating the observations as knowledge in
a manner compatible with the semantics for knowledge in the interpreted system. Moreover,
since obervations are known, they are also believed.

As we show in the full paper, this framework satisfies the AGM postulates R1'-R8', inter-
preted on epistemic states. (Herewetakethe agent’s epistemic state at the point (r, m) to consist
of r,(m) together with (™)) Moreover, the framework also satisfies Darwiche and Pearl’s
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postul ates (appropriately modified to apply to epistemic states), except that the contentious C2
IS now vacuous, sinceit isillegal to revise by ¢ and then ¢ if ¢ F —2.

How does this framework compare to Lehmann’s? Like Lehmann'’s, there is an explicit
attempt to associate beliefs with a sequence of revisions. However, we have restricted the
sequence of revisions, since we are treating observations as knowledge. It is easy to see that
11-13 and 1517 hold in our framework. However, since we have restricted the sequence of
observations allowed, some of these postulates are much weaker in our framework than in
Lehmann’s. In particular, 17 is satisfied vacuously, since we do not allow a sequence of the
formo - = - . Onthe other hand, 14 is not satisfied in our framework. Our discussion in the
introduction suggests a counterexample. Suppose that initially, «(p A ¢) = 0, k(—p A q) = 1,
k(p A ~q) = 2, and k(—p A =g) = 3. Thus, initialy the agent believes both p and ¢, but
believes p with firmness 1 and ¢ with firmness 2. If the agent then observes —p vV —¢q, he will
then believe q but not p. On the other hand, suppose the agent first observes p. He still believes
both p and ¢, of course, but now p isbelieved with firmness co. That meansif he then observes
—p V —¢q, he will believe g, but not p, violating 14. However, a weaker variant of 14 does hold
in our system: if the agent knows ¢, then observing ¢ will not change her future beliefs.

5 Discussion

The goal of this paper was to highlight what we see as some methodol ogical problemsin much
of the literature on belief revision. There has been (in our opinion) too much attention paid
to postulates, and not enough to the underlying ontology. An ontology must make clear what
the agent’s epistemic state is, what types of observations the agent can make, the status of
observations, and how the agent goes about revising the epistemic state. Previous work has
typically not made clear whether observations are believed to be true or known to be true, and
if they are believed, what the strength of belief is. Thisissue is particularly important if we
have epistemic states like rankings that are richer than belief sets. If observations are believed,
but not necessarily known, to be true, then it is not clear how to go about revising such aricher
epistemic state. With what degree of firmness should the new belief be held? No particular
answer seemsto us that well motivated. It may be appropriate for the user to attach degrees of
firmness to observations, as was done in [Gol92, Wil94, Wob95] (following the lead of Spohn
[Spo88]); we can even generalize to allowing uncertain observations [DP92].

It seemsto us that many of the intuitions that researchersin the area have are motivated by
thinking in terms of observations asknown, evenif thisisnot alwaysreflected in the postulates
considered. We have examined carefully one particular instantiation of this ontology, that of
treating observations as knowledge. (As shown in [FH95b], this ontology can also capture
Katsuno and Mendelzon’s belief update [KM91b].) We have shown that, in thisontology, some
postul ates that seem reasonable, such as Lehmann’s 14, do not hold. We do not mean to suggest
that 14 is“wrong” (whatever that might mean in this context). Rather, it shows that we cannot
blithely accept postulates without making the underlying ontology clear. We would encourage
the investigation of other ontologies for belief change.
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