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Abstract

We studyaform of thepursuit-evasionproblem,in whichone
or more searchersnust move througha given ervironment
so asto guarantealetectionof ary andall evaders,which
canmove arbitrarily fast. Our goalis to develop techniques
for coordinatingteamsof robotsto executethis taskin ap-
plicationdomainssuchasclearinga building, for reasonf
securityor safety To this end,we introducea new classof
searcherthe -searcherwhich can be readily instantiated
asa physical mobile robot. We presenta detailedanalysis
of the pursuit-easionproblemusing -searchersWe shav
thatcomputingtheminimumnumberof -searchersequired
to searcha given ervironmentis NP-hard,and presentthe
rst completesearchalgorithmfor a single -searcher We
shav how this algorithmcanbe extendedto handlemultiple
searchersandgive examplesof computedrajectories.

Intr oduction

In this paperwe addressa form of the problemknown as
pursuit-evasion Thegoalof this problemis to directtheac-
tionsof oneor moreseachers througha givenervironment
in sucha way asto guaranteghat ary evades presentn
theenvironmentwill befound. As anexample,considerthe
problemof closinga museumfor the night. In orderto be
surethatno thievesor othermalcontentgemaininsideafter
closing, the guardsmust performa thoroughsearchof the
building. They mustkeepin mindthatary intrudersmaytry
to avoid theguards.For example,if aguardis checkingeach
roomalonga hall, anintrudermight sneakbehindtheguard
while heis checkingoneroomandhidein aroomthatwas
alreadychecled. In this case ,onesolutionmight be to use
two guardswith onealwayskeepingwatchonthehall.

Our goalis to derive stratgyiesfor robotsthatallow them
to play the role of guard. In particular we are interested
in scalabletechniquedor coordinatingthe actionsof teams
of robotsto clearentirebuildings. In this paper we estab-
lish an analyticalfoundationfor studyingthis problemby
introducingthe conceptof a -searcherwhich is a robot
equippedwith a -radian eld of view (FOV) sensorfor
detectingevaders. The -searchere ects the realities of
physical robots, mostof which have limited FOV sensors,
andthusthetechniquesve developcanbeappliedto robots.

Copyright ¢ 2004, American Associationfor Arti cial Intelli-
gence(www.aaai.og). All rightsresered.

Furthermorethe -searchers a qualitatvely differentkind
of searchefrom thosepreviously studiedin pursuit-easion
scenariosandsowarrantghefreshanalysishatwe present
here.

After proving thatcomputingthe minimumnumberof -
searchersequiredto searchanervironmentis NP-hard,we
presentthe rst completesearchalgorithmfor the caseof
one -searchem aknown ervironment.We shav how this
algorithmcanbe extendedto handlemultiple robots(albeit
atalossof completeness)Ve have implementedandtested
this algorithmin a variety of ervironmentsand presentex-
amplesolutiontrajectories.

Background and relatedwork

The rst rigorousformulation of the pursuit-ezasionprob-
lemis dueto Parsong1976),who restrictedhis studyto the
casdn whichtheenvironmentis adiscretegraph.Nothingis
known aboutthelocationor motionof theevader whois as-
sumedto be ableto move arbitrarily fastthroughthe graph.
The evadercan occupy ary edgein the graph;to nd the
evader asearchemustwalk alongtheedgeoccupiedby the
evaderand“touch” the evader The entiregraphis initially
contaminatedwhich meansthat the evadercould be ary-
where. As the searchprogressesan edgeis cleared when
it is no longerpossiblefor the evaderto occupy thatedge.
Shouldit later happenthat the evader could have moved
backto apreviously clearedge thatedgeis saidto berecon-
taminated Using this terminology the goal of the problem
canberestatedasfollows: nd atrajectoryfor eachsearcher
suchthatthe entiregraphis cleared.

A visibility-based version of the pursuit-easion prob-
lem was introducedby Suzuki & Yamashita(1992), who
changedthe domain from discretegraphsto continuous
polygonalfree spacesand coinedthe term k-searcher. In
this formulation, in orderto nd an evader a k-searcher
neednot touchthe evader but caninstead‘see” the evader
from adistance Thek-searcheis equippedvith k in nitely
thin “ashlights” with which it can searchthe environ-
ment. Theseashlights have unlimitedrange(but cannotsee
throughwalls) andcanbe freely rotatedaboutthe searcher
at boundedspeedand independentlyof the searches mo-
tion. Commonlystudiedarethe casesvhenk = 1,k = 2,
andk = 1 (LaValle etal. 1997; Guibaset al. 1999;
Lee, Park, & Chwa 2002). The 1 -searchercanseein all



directionsatonce.

In addition to such analytical study there hasrecently
beensomework on forms of pursuit-ezasionwith physical
robots.Roy & Gordon(2002)modelthesingle-robotction-
selectionproblemasa POMDR which is madetractableby
compressiorof the sparsebelief space. A similar prob-
abilistic framavork is employed by Vidal et al. (2002),
who use heuristic searchto nd stratgies for coordinat-
ing teamsof air andgroundvehiclesto searchan unknavn
outdoor ervironment. More distantly relatedis the large
bodyof work on cooperatie trackingof moving targetswith
x edsensorand/ormobilerobots(Werger& Mataric 2001;
Stroupe2003;Spletzer& Taylor2003).

The -searccher

The existing body of analytical work on visibility-based
pursuit-&asion is concernedwith some form of the k-
searcherandis notreadilyapplicableo physicalrobots few
of which are equippedwith movable ashlights or omnidi-
rectionalsensing.Sinceour targetdomainis teamsof phys-
ical robots,we introducea new classof searcherwhich to
our knowledgehasnot yet beenstudied,andwhich we call
the -searcher. The -seacheris aholonomic(i.e.,omni-
directionaldrive) mobile robot with a limited FOV sensor
having angularaperture 2 (0;2 ]. The sensorhasun-
limited range,but cannotpenetrateobstacles. This robot
canmove (i.e., rotate and/ortranslate)at boundedspeed.
When = 2, we have an1 -searcher For < 2 ,
however, we have a differentkind of searcherwith signi -
cantly diminishedcapabilities. Sincethe sensors FOV can
befreelyrotatedaboutthesearcheatboundedspeedandin-
dependentiof the searches motion (this follows from the
holomonicityof therobot),thecapabilitiesof the -searcher
lie somavherebetweerthoseof a 1-searcheandthoseof a
2-searcherShavnin Figurelis anexampleofa -searcher
for =

Given a connectedbolygonalfree spaceF, the pursuit-
evasionproblemis to nd atrajectorythroughF (calleda
seach schedulg for -searcherghat guaranteesietection
of anarbitrarily fastevader, whosetrajectoryandinitial lo-
cationareunknavn.! Analogouslyto thegraphsearciprob-
lem, ary partof F wherethe evadercanbe hiding s called
contaminatedndary partof F wheretheevadercannotbe
hidingis calledclear. Whene&erthereexistsa pathbetween
contaminatedpaceandclearspacethatclearspaces said
to berecontaminatedThespacd- is initially contaminated
andthegoalis to clearit.

It is known that for the discretegraph searchproblem,
establishinghe minimum numberof searchersequiredto
searcha given graph,known asthe seach numberof the
graph,is NP-hard(Megiddo et al. 1988). For the visibility-
basedversion, establishingthe minimum numberof 1 -

11t maybethe casewith physicalrobotsthatthe availablemap,
having beenacquiredfrom sensordata,is grid-basedratherthan
polygonal. If so,thenthe rst stepis to generatean approximate
polygonalrepresentatiomf the grid-basedmap, either automati-
cally (e.g.,via smoothingandline- tting) or manually(e.g.,with
theaid of anarchitecturaloorplan).

searchersequiredto searcha given polygonalfree spaces
alsoNP-hard(Guibasetal. 1999). We have a similar result
for -searchers:

Theorem 1. Computing the minimum number of -
searhers required to seach a given polygonalfree space
F is NP-had.

Proof. We usethe samereductionasGuibasetal. (1999):
ary planargraphG canbemappedntoanequialentpolyg-
onalfreespacea= by makingverticesinto convex roomsand
edgesinto “kinked” hallways. Eachhallway hasa kink, or
bend,in the middle, suchthatthe searchecannotseefrom
oneendof the hall to the other As aresult,to cleara hall,
thesearchemustwalk its entirelength,justaswith anedge
in G. The kink removes all advantagesof visibility, and
thushasthe sameeffectonthe -searchemnsit doeson the
1 -searcher Sinceary planargraphcan be mappedonto
anequialentpolygonalfree spaceandsincecomputingthe
searchnumberof a planargraphwith maximumvertex de-
gree3 is NP-hard(Monien & Sudboroughl988),comput-
ing the minimum numberof -searchersequiredto search
apolygonalfree spaceis alsoNP-hard. O

A completealgorithm for asingle -searcher

Since,by Theoreml, we cannoteasilydeterminethe mini-
mumnumberof -searchersequiredto searchagivenervi-
ronment,we focusinitially on the caseof controllinga sin-
gle -searcherln thissectionwe presentacompletesearch
algorithmfor the caseof a single -searcher Thatis, we
areinterestedn nding atrajectoryfor a single -searcher
thatwill searcha given polygonalfree spaceF, underthe
assumptiorthatsuchatrajectoryexists. We addresghe ex-
tensionto multiple searchertater.

We take inspirationin the designof our algorithmfrom
thework of Guibasetal. (1999),who have previously given
a completealgorithm for the caseof a single 1 -searcher
Their algorithmdoesnot sufce for a -searchewith <
2 , becauseat doesnot accountfor the searches limited
FOV. However, we borrav from theirwork in severalways.

Thebasicstepsof ouralgorithmare: (i) by aseriesof par
titions, retractthe givenfree spacanto a network of curves
thatrepresenthe visibility constraintsnducedby the envi-
ronmentandthe searches FOV; (ii) constructaninforma-
tion graphthatencodeshepossiblenformationstatesof the
problemasthe searchemoves, usingthe network of inter
sectingcurvesasaroadmapthen(iii) searclthisgraphfor a
goalstate andreadthedesiredrajectoryoutfrom theresult-
ing path. Thekey to this algorithmis identifying the critical
pointsin theervironment;it is only by moving throughthese
pointsthatthe searchewill changethe informationstateof
theproblem.

Identifying critical changesn information state

The areavisible to a -searchemwhenit is positionedat a
point p with orientation in F is calledits visibility poly-
gon V (F;p; ), abbreviatedto V whenF, p, and are
clearfrom the context. Whena point g lies within V , we
saythatqis in view (Figure1(c)). Thevisibility polygonis
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Figurel: Introductionto the -seacherShowrin (a)is anexampleofa -searcher positionedat a pointp with orientation in a polygonal
freespaceF . Theshadedegionis thesearcher'svisibility polygon,V (F;p; ). Shownasdashedinesin (b) are theinducedgap edgesfor
the -searcher, which partition thefreespacento 4 regions. Shownin (c) are examplesof verticesthatarein view, visible, and/or -visible,
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de ned by a setof line sggments,someof which lie on the
boundaryof F and someof which do not. The latter seg-
ments which crossthroughtheinterior of F, arecalledgap
edees(Figure1(b)). Theseedgescombinedwith the edges
of F, form a planar mapthat partitionsthe free spaceof F
into a setof faces which we call regions We canattachto
eachregion a binary label thatindicateswhetherit is clear
(“0") or contaminated“1”).

We model the information state of the problem as
(p; ;B(p; )), where (p; ) is the searches pose and
B (p; ) is thelist of binary labelson the regionsinduced
by its gap edges. To monitor progresswe needonly take
noticewhenthis informationstatechangeombinatorially
thatis, whenthe setof regionsor region labelschanges A
combinatorialor critical, changén informationstatecorre-
spondgo a move of the searchethatchangeghe topology
of contaminatedpace. During sucha move, one or more
gap edgeswill: disappearsplit, or mege (it canalsohap-
penthatanew gapedgeappearsiuringamove, but nev gap
edgesalwaysborderclearspaceandso sucha move does
notchangethetopologyof the contaminatedgpace).

Other moves can deform the contaminatedspaceof F,
but do not changeits topology We cancharacterizeritical
changedn information statewith the following necessary
(thoughnotsufcient) condition:

Lemma 1. Givena single -seacher in a polygonalfree
spaceF, there canbe a change in the topolagy of the con-
taminatedspacein F only if there is a change in the setof
verticesof F thatlieinV .

Proof. We treatthethreecaseseparately:

1. Edgedisappearance.For agapedgee to disappearone
of two eventsmustoccur Eitherthe concae vertex of F
thatinducede movesoutof V , or e becomesoincident
with the boundaryof F andterminatesat a previously
non-visiblecorvex vertex of F. In the rst caseg disap-
pearsbecausat falls out of view (andthusis no longer
partof V ); in the secondcase,e disappeardecauseat
becomegpartof theboundaryof F (andthusis nolonger
agapedge).

. Edgesplitting. A gapedgee canbesplit only if aprevi-
ously non-visibleconcae vertex of F, sayv, movesinto
V suchthatv lies one. Thegapedgee will thensplit
into two new edgeswith the rst terminatingatv andthe
secondriginatingatv.

. Edgemerging. Mergingis simplythereverseof splitting.
Two gapedgesl ande2 canmegeonly if el terminates
at the sameconcae vertex of F, sayv, from which e2
originates,andv movesoutof V . Theresultis asingle
new edge having the sameorigin asel.

In eachcase,at leastonevertex of F movesinto or out of
V. O

Thislemmatellsusthatary critical changen information
statewill beaccompaniedby (actually causeddy) achange
in the setof verticesof F thatlie within V . Sowe needto
identify the pointsat which therecanbe a changen the set
of verticesthatarein view.

Before continuing, we de ne two notions of visibility
from apointp 2 F (Figurel(c)). We saythattwo points
p andq are mutuallyvisible if the line segmentbetweenp
and g doesnot crossthe boundaryof F (this is the tradi-
tional geometricnotion of visibility). Equivalently we may
saythatp is visible from q or thatq is visible from p. We
saythata pair of points(p;q) is -visible from a points if
thereexistsanorientationsay , fora -searchetocatedat
s suchthatbothp andq lie within V , with p andq ordered
counterclockwisabouts. Thatis, if we rotatea sweepline
counterclockwisabouts throughthe FOV of asearchepo-
sitionedat s with orientation , we encounteiboth p andq,
with p comingbeforeq (angularties arebroken by distance
from s). Clearly, if (p;q) is -visible from s, then(p;q) is
also ,-visible from s for ary 1. Thus,if the pair
(p;q) is -visible from s, thenp andq arealsobothvisible
from s (traditionalvisibility is just2 -visibility).

Partitioning the environment

We now partitionF into a setof regionsR. Our goalis that
the following conditionhold for eachregionr 2 R: given
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Figure2: Shownin (a) is thepartition P (F) for a spaceF con-
sistingof a squae containinga triangular hole Shownin (b) isthe
partition P (F) for a squae freespaceF , with = % In both
casesthe dashedines are the sggmentsusedin the construction
of the partition (the boundariesof the squae and/or triangle are
alsoincluded). Either visibility (a) or -visibility (b) of boundary
verticesis constantacrosstheresultingregions.

a -searcheftocatedarnywherein r, thesetof -visible ver-

tex pairsdoesnot change.First, we ensurethatthereis no

changein the setof visible vertices.For eachpair of mutu-
ally visible verticesv; andv, of F (includingwhenv; and
v, areendpointsof the sameseggmentof F), we construct
the sggmentv, v,, thenextendthis segmentin eitherdirec-
tion asfar aspossiblewithout crossingthe boundaryof F.

Theintersection®f the resultingsegmentsform a partition
of F into a setof convex regions. Theintuition behindthis

techniquds thatwe identify all placeswherethe setof vis-

ible verticescanchangedueto occlusion(Figure2(a)). The
resultingpartition,P (F), hasthefollowing property:

Lemma 2. Givenanyregionr fromthe partition P (F) of
a polygonalfreespaceF , the setof visible verticesof F is
thesamefor all pointsin theinterior of r.

Proof. Assumeby contradictionthatsomevertex v, of F is
visible from a point p andnot visible from anotherpoint g,
with bothp andq in theinterior of r. Considerary continu-
ouspath fromptoqsuchthat iscontainedn theinterior
of r. Thenthereis somepointalong , says (possiblyequal
toq), wherev; disappearfrom view. For thisto occur there
mustbe anothervertex of F, sayv,, thatoccludesv;. The
threepointsvy, v, ands will becollinear;v; andv, will be
mutuallyvisible; andv, ands will bemutuallyvisible. Then
in theconstructiorof P , theextensionof the sggmentv; v,
would passhroughs, which meanghats doesnotlie in the
interior of r. Thusthereis no pathbetweerp andq thatre-
mainsin theinterior of r, which contradictshe assumption
thatbothp andqlie in theinteriorof r. O

Sowe know thatthe setof visible verticescannotchange
within aregionr 2 P (F). However, for < 2 it is still
possiblefor thesetof -visible vertex pairsto changewithin
aregion. We wantto re ne thepartitionP (F) sothatthere
isnochangen -visibility of verticesasa -searchemoves
within a singleregion. For this purpose we introducevisi-
bility curves

De nition (Visibility curve). Given0 < and
two distinct pointsv; and v, the visibility curve, denoted

Vl@DCMVZ ﬂ%gm
(@ (b)

Figure3: Thevisibility curveC (v1;Vvz) for twopointsv; andv..
Showrin (a)isthecasewhen = 3| thesearcsaretheclosesthat
a z-seacher cancometo the midpointof v1 vz, while maintaining
visibility of both points. Shownin (b) is the casewhen = ST;
thesearcsarethefarthestthata %-seacher canmoveaftercross-
ing v1Vv2 while maintainingvisibility of bothpoints. Threeexample
posesalongead curveare shownwith therelevantportionsof the
visibility polygonsshaded.

=

& C(vi,v2)

C(vli,v2)

Figure4: Anexampleof how -visibility changeswhencrossing
avisibility curve for = . Astheseacher crosseilf(vl;VZ),
it mustlosesightof at leastoneof v, andv,.

C (v1;Vv2), is thelocusof -seacher positionsclosestto
the midpointof the sgmentv,v, sud that an appropriate
orientationof the searcher will placebothv; andv, inV .
For < <2 ,C =Cp ). ThecurveC isunde ned
for =2.

As canbeseenin Figure3(a),thevisibility curve for 0 <

< is composedf two arcs.Eacharcis partof acircle
de ned by thelocusof pointsfrom which the segmentv; v,
subtendsheangle (thesegmentv,v, is alwaysachordin
eachcircle;when = - thetwo circlesarethesameandthe
segmentvyV, is a diameter).To maintainvisibility of both
verticesfrom a point alongthis curve, the searchemustbe
orientedtoward the midpointof v;v,. As approaches,
thesearcs atten, until they meetto form asingleline when

= . In thiscase,a -searchepositionedon the line
mustbe orientedorthogonato theline in orderto maintain
visibility of v; andv,. Asshavnin Figure3(b),for < <
2 , thevisibility curveis composef the sametwo arcsas
for 2 , but the orientationof the searchers rotatedby

Theimportanceof thevisibility curveis thatit makescon-
cretethe constraintsinducedby the requiremento main-
tain visibility of a given pair of verticeswith a -searcher
For0 < , thevisibility curwve is the closestthata -
searchecanapproachwo verticeswhile keepingthemboth



in view (Figure4). If the searchemoves forward from a
point on this curve, it will necessarilylose visibility of at
leastone vertex. For < 2 , theinterpretationis
slightly different: if two verticesare currentlyin view and
a -searchepassed®etweerthem,thevisibility curveis the
farthesthatthe searchecantravel while keepingbothver
ticesin view. Whenthesearchereaches point on thevisi-
bility curwe, its blind spotbecomesvedgedetweerthetwo
vertices;ary furtherforward motionwill causeat leastone
vertex to fall out of view.

We now re ne our partition of F with a setof visibility
cunes. For every pair of verticesv; andv, of F (including
whenv; andv, are endpointsof the samesgmentof F)
for which thereexists somepoint on the curve C (v1;V>)
that lies in the free spaceof F and from which (vi;Vvy)
and/or(vy;vy) is -visible, weaddC (vi;Vv2) toF. The
intuition behindthis stepis thatwe needonly includethose
cunesthatrepresenvisibility changeghatcanactuallyoc-
cur for a searchemoving throughF . For example,if the
searchecannever simultaneouslgeetwo vertices thenthe
visibility curve betweerthemis nota meaningfulconstraint
on the searches motion. For the samereasonwe discard
from eachcurve ary portionthatlies outsideF . It is possi-
ble to further prunethe visibility curvesby removing from
C (v1;Vv2) anyportionfrom which oneor bothof v; andv,
is not visible. This further pruningwould speedup trajec-
tory planning,but hasno effect on the completenessf our
algorithm.

Notethatwhen = , the additionof visibility curves
is redundant:the existenceof a third point on C (vq;Vy)
fromwhichv; andv, are -visibleis equivalenttov; andv,
beingmutualvisible,andC (v1;Vv;) is justtheline through
v1 andv,, whichwasincludedin thecoarsepartition(hence
thenameP (F)).

The intersectionsf the resultingarrangemenbf curves
andlinesform a partitionof F into a setof (not necessarily
convex) regions (Figure 2(b)). This partition, P (F), has
thefollowing two properties:

Lemma 3. Givenanyregionr fromthepartition P (F) of
a polygonalfreespaceF, thesetof -visibleverticesis the
samefor all pointsin theinterior of r.

Proof. SinceP (F) is are nementof P (F), r mustbe
containedwithin a singleregion, sayr , of P (F). Asthe
setof visible verticescannotchangewithin r  (Lemma2),
the setof visible verticeslik ewise cannotchangewithin r.
Sowe areleft to shav that, amongthe (constant)setof
visible verticesthesetof -visibleverticesdoesnotchange.
Assumeby contradictionthat this conditiondoesnot hold.
In particular assumehatthevertex pair (vy; v2) is -visible
from somepoint p andnot -visible from someotherpoint
g, with both p andq in the interior of r. Since(vi;Vy) is
-visible from p, bothv; andv, mustalsobe visible from

p. And sincethe setof visible verticesis the samefor both
p andq (becauséhey arebothin r), v; andv, mustalsobe
visible from g. Then,by thede nition of avisibility curve,
p andg mustlie onoppositesidesof C (v1;V2), whichcon-
tradictsthe assumptiorthat p andq lie in the sameregion
r. O

Lemma 4. Givenanyregionr fromthepartition P (F) of
a polygonalfree spaceF, any vertex pair thatis -visible
fromtheinterior of r is also -visiblefromthe boundaryof
r.

Proof. Assumeby contradictiorthatthevertex pair(vy;Vvs)
is -visible from some point p in the interior of r (by
Lemmaa3, the particularchoiceof p makesno difference),
andnot -visible from somepoint g on the boundaryof r.
It is clearthat,sincev; andv, arevisible from p, they must
alsobe visible from g. Then,by the de nition of a visibil-
ity curve, p andq mustlie on oppositesidesof C (v1;V2),
which contradictghe assumptiorthat q is on the boundary
of theregion containingp. O

Theselemmastell usthata -searchethatis positioned
within a region r can move onto the boundaryof r with-
outlosingvisibility of ary vertices(it may gain visibility of
somevertices). At this point, to avoid possibleambiguity
it will be necessaryo orderto the setof verticesthat are
in view.> Fora -searchepositionedat p with orientation

, wedenoteby S (F;p; ) theorderedsetof verticesof F
thatarein view (i.e.,in V (F;p; )), sortedcounterclock-
wise aboutthe searchefangulartiesarebroken by distance
from the searcher).For brevity we may abbreiate this set
asS . We now shav thata searchepositionedin the inte-
rior of a region canmove to theregion's boundarywithout
removing or reorderingary verticesthatareinitially in view:

Lemma5. Givenanyregionr fromthe partition P (F) of
a polygonalfreespacel , anda -seacherwith pose(p; )
sud that p liesin theinterior of r, the seacher can move
to any point g on the boundaryof r without remawing or
reomderinganyverticesin S .

Proof. Considemary continuougpath from pto qsuchthat
nqis containedn theinterior of r andq s visited exactly
once(i.e., thepath intersectdheboundaryof r only atq,
whereit terminates).Eachvertex pairthatisin S (F;p; )
mustbe -visible from p andso,by Lemmas3 & 4, alsobe
-visiblefrom all otherpointson (since iscon nedtor).
Soit is possiblefor thesearcheto move continuouslyalong
withoutlosingsightof ary vertices.Furthermorebecause
-visibility guaranteesn orderingon eachvertex pair, it
is possiblefor the searchetto move continuouslyalong
suchthatnovertex pairin S is reordered.As aresult,the
searchecanmove from p to g withoutremoving or reorder
ing ary verticesin S . O

Thislemmatells usthatwe canmove a searchefrom the
interior of aregion to its boundarywith the only changen
S beingtheadditionof verticesof F . To putit anothemway,
asearchethatis positionedn theinterior of aregionmayas
well move to theregion's boundaryfor atthe worstits ver-
tex coveragewill remainthe same.As aresult,withoutloss

2When > , it may be possibleto changethe information
statewithout changingthe setof verticesthat areview, by wedg-
ing the searches blind spotbetweerdifferentvertex pairs. In this
casepnly theorder of thein-view verticeswill changeandsowe
mustkeeptrackof this orderto be ableto distinguishamongthese
informationstates.



of generalitywe canrestrictour attentionto the boundaries
of theregionsof P (F), andignoretheirinteriors. Further
more, no verticesS will be removed or reorderedasthe
searchemaovesalonga single componen{i.e., segmentor
arc) of the boundaryof a region; sucha changecan only
occur at the intersectionof two components. By moving
to an intersection the searcheiis in fact moving from the
interior to the boundaryof a larger region that would exist
if the boundarycomponentlongwhichit is traveling were
excludedfrom the partition. So we can further focus our
attentionontheintersection®f region boundaries.

Of coursethe searchemayhave to rotateasit moves; -
visibility only guaranteeshatit is possiblefor the searcher
to simultaneouslpeeagivenpair of vertices.In generalfor
apointp thatis anintersectiorof oneor moreregionbound-
ariestherewill beaninterval of orientationfor whichtheset
of verticesin V will remainunchangedEquivalently, there
is anintenal of orientationfor which each -visible vertex
pairisin V . By intersectingall suchintervals,we canparti-
tion the spaceof possiblesearcheorientations[0; 2 ). The
intervals producedy this partition,  (F; p), have thefol-
lowing property:thesetof verticesin V isthesamefor ary
two orientationgn the sameinterval.

Soall orientationsn a givenintenal, sayi, of  (F;p)
are equialent, in the sensethat there can be no critical
changein informationasa -searcherpositionedat p, ro-
tateswithin i. We canidentify eachorientationinterval by
apair of vertices(vi ir st; Viast ), Which are,respectiely, the

rst andlastverticesin view, accordingo theorderin which

eachvertex is encounteredy rotatinga sweepline coun-
terclockwisethroughthe searches FOV. Without loss of
generality we canassumeéhata -searchethatis oriented
within anintenal (Vi ir st ; Viast ) IS alwaysorientedsuchthat
eitherits minimum FOV boundaryintersectsv; jr ¢ Or its
maximumFOV boundaryintersects/) st -

Building the information graph

We now have the roadmapalong which the searchemwill
travel asit movesthroughF, andwe canbuild a directed
information graph, G,, that encodesall possiblecritical
changesn theinformationstate.For eachpoint p thatis the
intersectionof two or more componentf region bound-
ariesin P (F), computethe orientationintervals  (F; p).
We addto G, anodefor eachpossibleregion labelingthat
can result from placing the searcherat p and rotating it
througheachorientationintenval in -~ (F; p).

We completethe constructiorof G, by addingedgeghat
correspondo thefeasiblechangesn informationstate.First
we mustde ne theactionsthatareallowedfor thesearcher
Assumethe searchers positionedat a point p thatis thein-
tersectiorof two or moreregion boundarycomponentsand
orientedwithin aninterval de ned by (Vs ir st; Viast ). This
searchecan:

1. Rotateinto ary adjacenbrientationinterval.

2. Translate along the length of ary boundary compo-
nent c incidentto p such that the orientationinterval
(Vsir st; Viast) IS valid at the oppositeend of c. During
themove the searchesenosits rotationsoasto maintain

visibility of bothv; i ¢ andviast (andthusall verticesin
between).

For eachnoden in G, , we determinghe informationstates
that would resultfrom taking eachallowable action at the
con gurationthatn representsandaddedgesrom n to the
nodesthatencodeheseneaw states.

Given an information statefrom which to start, we can
thensearchG, for a goal state,which representsll of F
beingclear In a startstate all in-view regionsareclearand
all othersare contaminated.n a goal state,all regionsare
clear GivenafeasiblepaththroughG, from startto goal,
we canreadfrom it the requiredsearcheltrajectory asa
seriesof in-placerotationsandconstrainedranslationsWe
now establisithe completenesesf this approach:

Theorem 2. Analgorithmthatwill nd anypathto a goal
vertex froma startvertexin G, is completdor thevisibility-
basedpursuit-evasionproblemwith a single -seacher

Proof. Given a polygonal free spaceF and a single -
searchertake ary solutiontrajectory say . Our goalis
to map ontoanequivalentpathin G,. Thatis, we wish
to shav that canbe transformedinto an equivalenttra-
jectory alongthe curvesthat make up the roadmapusedin
constructingG; .

Denoteby (p; ) thesearches poseatthestartof . If p
liesin theinteriorof aregionr in P (F) then,by Lemmab,
we canmove the searcheto ary point on the boundaryof
r, without losing or reorderingary in-view verticesof F.
In particulay we canmove the searcheto ary intersection
alongtheboundaryof r. If p alreadylies onaregionbound-
ary, thenwe canslide the searchemlongthat boundaryto
the nearesintersection again without losing or reordering
ary in-view vertices.

As progresseswe canreplicateits moves within our
roadmagin thefollowing way. While remainsn theinte-
rior of aregionr, wekeepthesearcheatanintersectionsay
g, ontheboundaryof r, andachieve ary necessarghanges
in vertex visibility by simply rotatingthe searchethrough
its orientationintenals. If  crossesnto anadjacentegion
r0 suchthat q is also on the boundaryof r° we can con-
tinue to rotatethe searchein place. If, on the otherhand,
q is not on the boundaryof r® we move the searchealong
ary boundarycomponenthatis incidentto bothg andsome
otherintersectionsays, thatdoeslie onthe boundaryof r°.
During this translation the searches rotationis controlled
soasto remainwithin its currentorientationinterval andnot
lose or reorderary in-view vertices(Lemmab guarantees
thatthisis possible).

In thisway, we createanew trajectory °thatmovesalong
theroadmapandis at asleastasgoodas . Thatis, S at
eachpointon 9is a supersebf S at the corresponding
pointon . Comparedo , asearchemoving along °may
seeadditionalvertices but it will never missary, norwill it
seethemin adifferentorder As we canconstructa solution

Ogivenary solution , thealgorithmis complete. O

Multiple searchers

One way to extend this algorithm to handle multiple
searcherss to includein the constructiorof G, thejoint in-



formationandactionspace®f all searchersUnfortunately
this approachis notcomplete . Thereasoris thatthevisibil-
ity polygonsof multiple searcherganinteractandoverlap
in suchaway thattheinformationstatecanchangewithout
ary searchecrossingaregionboundaryin P .

A moreseriousdravbackto extendingour algorithmto
multiple searcherdn this way is that the joint informa-
tion andactionsspacegrowv exponentiallyin the numberof
searchersEvenin simpleernvironmentsandwith only two
searchergheinformationgraphG, requiresa prohibitively
largeamountof memoryto storeandacorrespondinglyong
time to search.Neverthelessye have implementecdhis ex-
tension,andshaw in the next sectionthatit computessalid
clearingtrajectories.

Implementation and computedexamples

We have implementedand testedthe algorithm described
abore, using the CGAL computationalgeometry library
(Burnikel etal. 1999). For reasonsf ef ciency andcon-
veniencepurimplementatiorthusfar computegrajectories
only for thespecialcaseof = . Inthiscasetheroadmap
in P (F) consistonly of linearobjectsandsotheunderly-
ing geometriccomputationcanbe donewith rationalnum-
bers.For 6 , circulararcsareintroducedandthe exact
computationof their intersectiongequiresthe useof arbi-
trary precisionreal numberswhich are far slover to work
with thanrationals. Ef ciency concernsaside,the caseof

= s of particularinterestandvalueto roboticists,be-
causea sensotthatis commonlyfound on robotstodayis a
scannindaserrange- nderwith a180 FOV (e.g.,theSICK
LMS). Sotrajectoriescomputedoy ourimplementatiorcan
be executeddirectly on holonomicrobotsthatareequipped
with suchsensors.

We now presenta few computedexamples. In all the
gures, light gray (or yellow) areasare currentlyin view
(andthusclear),white areasareclear(but notin view), and
darkgray areasarecontaminatedFor reason®f spacenot
all stepsin eachtrajectoryare shovn. For clarity of pre-
sentationthe searches approximatdrajectoryis showvn in
thelastframe. Shavn in Figure5 is an of ce-lik e environ-
mentcomposeaf a hallway connectingwo rooms.Shavn
in Figure 7 is a more comple ervironment,for which the
computedtrajectoryhad 42 steps. Figure 6 shavs a sim-
ple ervironmentthatrequirestwo searcherso clear(a sin-
gle -searcheisincapableof clearingary loops,evenwhen

= 2 ). We usedthe multi-searcheextensionmentioned
aboveto computethis solution,in whichtwo searchersvork
togethetto clearthe ervironment.

Summary

We have presenteda novel form of the visibility-based
pursuit-easion problem by introducing a newn class of
searcherthe -searher, which we chosebecauset can
readily be instantiatedasa physical mobile robot. Because
the -searcheis qualitatively differentfrom the previously
studiedk-searcherexisting motion-planningtechniquesio
not sufce. As partof a detailedanalysisof this new kind
of searcherwe shaved that computingthe minimum num-

of

Figure5: A computedtlearingtrajectoryfor a -seacher In this
casethe seacher clears the ervironmentby moving badkward out
of theupperroom,downthe hall, andinto theleft room.

ber of -searchersequiredto searcha given ervironment
is NP-hardandderived the rst completesearchalgorithm
for asingle -searcherWe shavedhow this algorithmcan
beextendedo nd stratgiesfor multiple searcherby plan-
ning in their joint actionspace andgave examplesof com-
putedtrajectoriesfor single searcherandfor teamsof two
searchers.

Planningn thejoint actionspaceof all searcherss clearly
notthebestapproachasit is centralizecandscalesadlyas
thenumberof searcherincreasesWe arecurrentlydesign-
ing more parsimoniougechniquedor coordinatingmulti-
ple searcherssuchasdistributednegotiation. For example,
if a searcheencounters hallway with mary contaminated
rooms,it mayaskof anotheisearcher*Watchmy backfrom
theendof thehall while | cleartheserooms’. It isinteresting
to notethatthis kind of cooperatie mini-stratgy arisesnat-
urally in the joint actionspaceplans. We areinvestigating
thepossibilityof learningfrom theseplanssuchhighetlevel
primitivesas“watchmy back”and“guardthisintersectior.
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