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ABSTRA CT

The kinematic chain is a ubiquitous and extensively stud-
ied represertation in robotics as well as a useful model for
studying the motion of biological macro-molecules. Both
elds stand to benet from algorithms for e cien t mainte-
nance and collision detection in such chains. This paper in-
tro duces a novel hierarchical represertation of a kinematic
chain allowing for e cien t incremental updates and rela-
tiv e position calculation. A hierarchy of oriented bounding
boxes is superimposed on of this represertation, enabling
high performance collision detection, self-collision testing,
and distance computation. This represertation hasimmedi-
ate applications in the eld of molecular biology, for speed-
ing up molecular simulations and studies of folding paths of
proteins. It could be instrumental in path planning applica-
tions for robots with many degreesof freedom, also known as
hyper-redundant robots. A comparison of the performance
of the algorithm with the current state of the art in collision
detection is preserted for a number of benchmarks.
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1. INTR ODUCTION

A kinematic chain is a common and useful represertation
of a manipulator arm or a hyper-redundant robot in robotics
[6], aswell as of a protein backbonein molecular biology [7].
It is a serial linkage composedof N links and N 1 joints.
A kinematic chain may alter its con guration over time by
changing its degreesof freedomwhile adhering to constraints
imposed by the chain-lik e structure. The problem at hand
is the e cien t maintenance of a represertation of the chain
in order to e cien tly answer queries| after every time step
| about the self-collision status of the chain, the existence
of collisions with obstacles, or the minimum distance from
other objects.

Current approachesto collision detection do not deal specif-
ically with chains but rather propose general methods for
either rigid objects or objects composed of separately mov-
ing pieces. These approaches can be divided into two main
classesof algorithms, one that tracks features in order to
compute minimal separation, and the secondthat usesa
subdivision and approximation of the object itself or the
spaceit livesin. Examples of feature basedapproach are the
Lin-Canny collision chedker [19] and the KDS of Agarwal et
al [1]. The partition methods include occupancy grids such
as[8, 13, 15] or the one suggestedby Halperin et al [12] for
kinematic chains. Other partitions are based on projection
onto subspaceq5], or octtrees [9]. Much work has dealt with
a hierarchy of approximations based on bounding volumes
(BVs) to describe eath object. Dierent typesof BV's have
been used such as spheres [3, 14], axis aligned bounding
boxes (AABB) [23], oriented bounding boxes (OBB) [10],



rectangular swept spheres(RSS) [18], and discrete orienta-
tion polytop es (K-DOP) [17].

We could not build on the feature tracking approachesbe-
causethey assumesimple convex polyhedra or require tem-
poral coherence(the position of alink at time t+ t is close
to its position at time t, where t is the time-step taken by
the algorithm). Unfortunately a chain with unbounded mo-
tion doesnot have these two properties. All the spacepar-
tition approaches except [12] only detect collision between
two separate objects and fail to exploit properties specic to
a chain. The work in [11] tackles a problem similar to ours.
However, while we aim to explore the con guration spaceof
the chain, through controlled changesto alimited number of
degreesof freedom, they are interested in the physical sim-
ulation of chain-lik e structures, and therefore must assume
all links move simultaneously.

There are two speci ¢ properties of the chain that we cap-
italize on in our approach. First, in a kinematic chain local
changeshave global e ects, namely, a changein ajoint alters
the positions of all links beyond this joint relative to those
located before. If we maintain a single reference frame for
the ertire chain, we needto update the position of O(n) links
every time a change is applied to one of the joints. There-
fore, we create and maintain a hierarchy of referenceframes
and achieve a much lower update cost. The secondproperty
becomesapparent when we attempt to detect self-collisions.
Current algorithms [10, 14, 17, 23] are only gearedtowards
collisions between two separate objects. They could be ap-
plied to nding self-collisions by testing an object against
a copy of itself. While this approach would yield correct
results, it is very wasteful. The algorithm is bound to nd
the \trivial" collisions between a part of the object and its
copy, as well as the \in teresting" collisions between di er-
ent parts of the object. Our new approach overcomesthis
inherent ine ciency by using the topology of the chain to
locate rigid piecesthat are known to be collision-free and
avoid testing them for self-collisions.

In the biological domain, macro-molecules are described
aslong chain-lik e structures with up to seweral thousand de-
greesof freedom (DOFs). A useful represertation of these
molecules is hence a kinematic chain whose links are the
rigid piecesand whose joints are the bonds that allow tor-
sional motion. One particularly interesting class of such
macro-moleculesare the proteins. A protein usesits DOFs
to change its conformation * in order to minimize its free
energy. The active (folded) conformation of a protein is the
global free energy minimum [7]. Finding this state is one
of the fundamental problems in molecular biology. Methods
aimed at nding the folded conformation require computa-
tion of internal energy as changesare applied to the DOFs
of the protein. One classof such methods, known as Monte-
Carlo methods, applies small changesto the molecule at
every time step and acceptsor rejects the new conformation
based on the changein energy. This method would benet
tremendously from e cien t self-collision detection because
steric clashesentail prohibitiv ely high energy We would
need to compute the other, more expensive componens of
the energy function only for clash-free conformations.

In classicalrobotic motion planning, random sampling is a
well established technique [2, 16]. A roadmap graph of free-
spacecon gurations is created and searded for a path from
the initial state to the goal. Many planners usethe distance

1The chemical term for con guration of a molecule.

betweenthe obstaclesand the robot placed at a milestone to
decide which pairs of milestones in the roadmap can safely
be connected by straight paths. Planners using potential
eld methods alsorely heavily on calculating distancesfrom
obstacles. These planners spend most of their time com-
puting distances and detecting collisions and would bene t
greatly from speeding up these operations. Our new ap-
proach is particularly suited for hyper-redundant snake-like
robots [4, 20, 24]. Self-collisions could be detected e cien tly
asthe robot changesits con guration and the distance of the
robot from any obstacle expeditiously determined.
Our contributions in this paper are:

A novel hierarchical represertation of a kinematic chain,
which allows for O(log N ) time incremental updatesfor
a constant number of changes,and O(log N) time cal-
culation of the relativ e position of two arbitrary links.

A bounding volume hierarchy (BVH) respecting the
chain topology is built on top of this represertation. It
can be usedto detect self-collision in a worst casetight

bound of ( N 3’) time, but is shown to do much better
in practice; far better than any existing approach.

While the idea of constructing a hierarchy that respects the
chain topology seemsnatural and obvious, theory doesnot a
priori encouragethis approach. We can maintain a standard
spatial represertation of the chain (respecting the spatial ar-
rangemert of the links regardlessof the kinematics) that can
be updated and tested for self-collision in time O(N logN)
per step. This seemsmpossibleto beat. However our results
below, both the experimental and theoretical, show that the
issueis more involved. We show that e cien t update is cru-
cial for the e ectiv enessof the overall solution. Indeed our
solution updates the chain in O(log N) time per change in
a single joint. Furthermore, we show that the ecien t up-
date comeswith a moderate price: self-collision testing now
goes up to O(N“*=3) (which is higher than O(N logN) but
lower than the cost incurred per step by a nasve approach).
Finally, what we seein the experiments is that this bound
is a crude, consenativ e estimate of the cost of testing self-
collision and in practice, even in highly packed situations,
the cost is typically much smaller

The rest of the paper is constructed as follows: We start
by preserting our approach in Section 2: rst (Section 2.1)
we explain how the incremental maintenance of a chain works;
then (Section 2.2) we show how to construct an e cien tly
updateable BVH ontop; and nally (Section 2.3) we presert
an e cien t algorithm for detecting a self-collision using the
represertation. In Section 3 we analyze the performance of
our algorithm for updating the represenation (Section 3.1)
and for detecting self-collision (Section 3.2). The proofs of
the worst casecomplexity of self-collision detection in kine-
matic chains are given in Section 4 for two types of BVH.
Section 5 preserts experimental results showing the supe-
riorit y of our novel approach to the current methods, and
Section 6 discussesextensions to the algorithm and future
work.

2. ALGORITHM  DESCRIPTION

We are given a kinematic chain which may deform along
its degreesof freedom at eac time step. We would like to
update the chain represertation and the BVH built on top
of it to reect the latest set of changes and then use the



hierarchy to test the chain for self-collision. In what follows
we expand on these tasks.

2.1 Incremen tal Main tenance

A chain is a seriesof N rigid links Lo;:::;Ln 1 connected
by N 1 joints, such that Jij +1 is the joint connecting
Li and Li+1 . Each link is described in terms of its own
reference frame. In our represenrtation a joint is simply a
rigid transformation betweentwo referenceframes given as
arotation matrix R and a translation vector t. For example,
Jii +1 is the transformation from frame Li+1 to frame L;.
We also maintain a hierarchy of shortcut transformations
that allow us to move faster along the chain.
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Figure 1. The cached transformations scheme for a

kinematic chain.

In Figure 1 we can seethe ertire set of transformations
that are cached for a chain of 9links. Forevery!| = 0;:::;logN,
forevery 0 i N 1,if i mod2 = 0then we store the

transformation J;; .51 .This schemeresults in logN levels of

shortcuts, with level | having gr cached transformations,

eac looking ahead 2' links in the chain. Altogether at most
2N 3 transformations are cached. This scheme allows for
the computation of the transformation betweenthe coordi-
nate frames of two arbitrary links L;j and L; in O(log N)
time. It will also prove useful when testing two bounding
boxes in the hierarchy for possible overlap. It is important
to note that we do not explicitly maintain the global position
of any of the links. Should we want the coordinates of all
links, we can compute them in the frame of Lo by travers-
ing the chain and applying the cached transformations to
the links.

Changescan be applied simultaneously to all joints of the
chain. Each change occurs at somejoint and is de ned as
a rigid transformation C = fR;tg at this joint. To keep
our represertation up-to-date, it is necessaryto recompute
someshortcut transformations, and this is done one level at
atime. At ead level we recompute all transformations that
shortcut a transformation that wasupdated on the previous
level. Recomputing a shortcut J;; ,,1 at level | amounts to
computing the product of the two transformations J;; .,1 1
and Ji,o1 1,40 at level | 1. To understand this better
we look again at Figure 1. We would like to bend the chain
at joint Js.4. This entails applying some rotation to the
current cadched value of Js.4. We now need to see which
shortcut transformations need to be recomputed. At the
second level, J,.4 is no longer correct. We compute it by
taking the product of the two transformations it shortcuts,
namely J.3 and Js.4. In the same way we recompute Jo:4
as the product of Jo.2» and J2.4, and Jo.s as the product of
Jo;4 and J4;g.

2.2 Hierarc hy of Bounding Volumes
A BVH is neededfor performing e cien t collision testing.

Before building sudh a hierarchy we needto decidewhat type
of BV to use. There is atrade-o betweenthe tightnesswith
which the volume bounds the geometry and the complexity
of testing two such volumes for overlap [10]. For our appli-
cations with macro-moleculessud as proteins, OBBs seem
best suited, since they o er relatively tight bounding for
elongated geometry as well as for globular structures, while
still allowing e cien t overlap tests (as described in [10]).
Proteins can fold up to very compact conformations and
tight BVs are expected to dramatically reduce the number
of overlap tests required to detect self-collision.

The dierent collision detection algorithms proposed in
the literature vary in the amount of deformation the ob-
jects may undergo. The sphere hierarchy in [14] and the
OBB hierarchy in [10] allow only rigid transformations to
the object and no deformation. The AABB hierarchy in
[23] and the spherehierarchy in [3] allow local deformations
that remain small throughout the execution, while the oct-
tree of [9] can cope with small local deformations having
large aggregated e ects on the shape of the object. All of
thesealgorithms, however, are poorly suited for dealing with
kinematic chains. A changeto a joint angle may bring to-
gether pieces of the chain that were previously far apart and
separate pieces that were close together. Adjusting the ex-
isting structure to re ect the changein the geometry would
inevitably result in a poorly performing hierarchy for [3, 10,
14, 23], or prohibitiv ely long update time for [9]. On the
other hand, recomputation of the hierarchy from scratch is
a costly procedure.

We therefore propose a di erent method of building the
BVH that respects the topology of the chain. In partic-
ular, eadh box will bound a consecutive set of links along
the chain. At the bottom of the hierarchy are the links
of the chain, which we will assumeto be simple objects,
like spheres. (In Section 6.2, in the context of amino acid
side-chains, we will seehow to handle more complex elemen-
tary pieces.) At this level, a box is assignedto every link.
Respecting the chain topology entails a simple bottom up
system for constructing the hierarchy. When creating a new
level, the boxes of the current level are divided into adjacent
pairs and a new box is created for eac pair, bounding both
boxes. We mark a bounding box Bi; wherei is the level of
the box and j is its index starting from the box containing
Lo at that level. Using this notation, box Bj; is constructed
to bound boxesB; 1;2; and Bi 1;2j+1 . This alsoentails that
box Bi; bounds links L, 1 t0 L.y 2 4. Due to our
construction method, the hierarchy is guaranteed to be bal-
anced. An example for a short chain can be seenin Figure 2.
Note that rather than bounding the underlying geometry
tightly, a box bounds only the two boxesimmediately below
it in the hierarchy.

| G |
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Figure 2: A hierarc hy of bounding boxes resp ecting
the chain's top ology .




Whenever a change is applied to the chain, all bounding
boxesthat contain the a ected joint needto be updated to
make sure they still bound the geometry correctly. This is
a simple bottom up processthat proceedsalong the path
from the lowest level box containing the changed joint, to
the box enclosing the whole chain. At ead level a box is
recomputed to bound the two boxes just below it. For ex-
ample, in Figure 2 we would like to apply a change to the
joint between L4 and Ls. Before we update the boxes we
must update the shortcut transformations as described in
Section 2.1. The lowest level box that contains this joint is
C. We compute a new box C°to replace C, bounding L4
and Ls (seeFigure 3). At the next level F is no longer valid,
and we compute F°to bound C%and D. At the top level, the
root box G is alsorecomputed. When simultaneous changes
are applied to the chain, a corresponding number of paths
needto be updated. Instead of updating one path at atime,
we update all paths together, one level at a time. First, we
update all shortcuts at the next level and then all boxes at
that level. This allows us to avoid multiple updates of the
samebox or shortcut when update paths converge.

2.3 Detecting Self-Collisions

The main purp oseof our algorithm is the detection of self-
collisions. As explained in the Introduction, the immediate
way to do this would be to test the hierarchy of the chain
against a copy of itself. We would start by testing the top
level box against itself and then contin ue down the hierarchy
using the standard algorithm described in [10]. Since every
elemertary piece of the object (the links of the chain) occu-
pies the same spaceas itself, the traversal of the hierarchy
will visit all the links at a cost of ( N), independert of the
chain con guration. At this complexity it would be better
to use a space decomposition method like the grid, which
has a much smaller overhead.

Assuming that the number of changes applied since the
last query is a small constant, and that before applying the
last set of changesthe chain was collision-free, we can ac-
tually do better in practice. We obsene that the joints at
which the changes were applied, divide up the chain into
rigid piecesthat have not undergone any deformation since
the last query. These \rigid" pieces, which are contained
inside boxes that were una ected by the last change, will
still be collision free and there is no need to test within
them. Therefore, during the traversal, when coming across
a box that was not recomputed in the last update, we do
not seard its sub-hierarchy for self-collisions.

| © |

Figure 3: The hierarc hy after applying a change.

Figure 3 illustrates a hierarchy after a change was applied
to the joint betweenlL, and Ls. The grayed boxes are the
onesthat required recomputing. Chedking for self-collisions
commencesby testing the top box against itself. Since, box

G® was a ected by the last change we cortinue to descend.
We now need to examine all pairs of its children, namely
(E;E), (E;F% and (F%F9. The box E wasnot a ected by
the last changesothe pair (E; E) canbediscarded. Next we
test the pair(E;F9. SinceE and F° are separate branches
of the tree, testing them is lik e testing two separate objects.
If they overlap we contin ue to test their children, otherwise
we quit that path. Lastly, we test the pair (F%F9. SinceF°
was a ected by the last changewe needto descendthis path
aswell. This continuesuntil a collision is found or all paths
end without nding overlap. E ectiv ely, we are testing for

computing a separate hierarchy for ead rigid part.

3. ANAL YSIS

In [10], Gottschalk et al suggesta cost function for eval-
uating the performance of a BVH for detecting collisions
between two objects. Klosowski et al [17] expand the cost
function by taking into accourt any updating costsincurred
as the object ies through space. The cost of one collision
test is given as:

T= Nv Cv+Np Cp+ Nu Cu, (1)

where Ny is the number of BV pairs tested for overlap, Cy
is the cost of one overlap test, N, is the number of pairs
of elemertary pieces tested for overlap, Cp is the cost of
an elemertary pair overlap test, N is the number of nodes
in the hierarchy that required updating and C, is the cost
of updating a node. This function applies also to the case
of self-collision detection. In trying to minimize the cost
function we needto take into accourt two fundamental and
interdependert tradeos. The rst is betweenC, and Ny +
Np. The more complex the volumes are the tighter they
t the geometry and the lessthe number of overlap tests
performed. The secondis betweenupdating (N, Cy) and
testing (Ny Cv+ N, Cp). Building a hierarchy that allows
for e cien t updating could curtail the performance of the
collision chedker. In what follows we explain the choiceswe
made and their in uence on the total costT.

3.1 Updating

As we saw in Sections 2.1 and 2.2 updating the structure
after changing one joint involves updating shortcut trans-
formations and recomputing boxes along the path from the
changed joint to the root of the hierarchy. Assuming we up-
date the levelsin order from the bottom up, at a given level
a transformation is updated in O(1) time. We are able to
update a bounding box in O(1) time aswell by trading tight-
nessfor speed. Each bounding box in made to bound the
two boxes below it, which results in not-so-tight bounding
of the chain. Since the hierarchy has O(log N) levels, and
at eath level at most one transformation and one box are
updated, the total cost of the update processis O(log N).

When simultaneous changesare applied, we update all
changestogether one level at a time. This ensuresthat no
transformation nor box are updated more than once, since
converging update paths are merged. Wetherefore have that
Ny CuisO( logN) for asmall , but never exceedsO(N)
as grows.

3.2 Detecting Self-Collision



For the sake of simplifying the analysis below and the
proofs of worst-case bounds, which follow in Section 4, we
will concernourselvesonly with well-behavel chains. A well-
behaved chain has the following two properties:

1. The ratio of the volume of the largest link to the vol-
ume of the smallest link is bounded. More precisely,
we require that the ratio of the volume of the largest
bounding sphere of any link to the smallest volume of
any link is smaller than some constant

2. The centers of the minimal bounding spheresof no two
links may come within a distance smaller than some
constant

It was shown in [13] that in well-behaved chains ead link
may overlap no more than k other links, for a constant k.
Consequerily, there may be no more than O(N) overlapsbe-
tweenthe links of the chain at any giventime. All kinematic
chains described in the Intro duction are well-behaved.

The immediate, brute-force algorithm for detecting self-
collision would test all pairs of links for overlap, making
Ny = ( N?2). Alternativ ely, we could usea BVH to speed
up the computation. For a kinematic chain there are two
typesof BVHs that can be used:

Spatially-Adapted BVH: A hierarchy asdescribedin [10,
17], which attempts a good spatial partition of a given
con guration of the chain.

Chain-Aligned BVH: A hierarchy as preserted in Sec-
tion 2.2 that respects the topology of the chain.

(b)

Figure 4. A single joint change corrupting a
spatially-adapted hierarc hy. We examine only the
second level of the hierarc hy, where there are N7
boxes. In (a) the boxes are spatially-adapted  with
no overlap. A change in the middle joint creates the
conguration in (b). Recomputing the boxes for the
new conformation while main taining the top ology

causes all boxes to overlap.

For any given con guration of the chain one could con-
struct a spatially adapted hierarchy. For such a hierarchy
the following theorem holds (see Section 4.1 for a proof):

Theorem 1. The maximum number of BV overlap tests
needed to detect self-aollision in a well-behavel chain of N
links using a spatial ly-adapted BVH is ( N).

Hence Ny for a spatially adapted BVH is at the worst case
( N), but usually better than that. Although very e cien t
for detecting collisions in the con guration for which it was
adapted, such a hierarchy is expensive to update. If we
chooseto maintain the current topology of the hierarchy, a
single joint change could entail Ny, = ( N) and corrupt the
hierarchy, soasto raise Ny to O(N 2) at the worst case. Such
a scenariois illustrated in Figure 4. We could instead build
a new hierarchy, adapted to the new chain con guration at
a total cost of O(N logN) [10].

Although our BVH is not adapted for a good spatial par-
tition of most chain con gurations, the following theorem
shows it maintains a good upper bound for N, which is
tight in the worst case(see Section 4.2 for a proof):

Theorem 2. The maximum number of BV overlap tests
needed to detect self-aollision in a well-behavel chain of N

links using a chain-aligned BVH of OBBs is ( N 45).

Moreover, its advantages over the spatially-adapted BVH
are threefold. First and foremost, our BVH allows for an
e cien t O(log N) update scheme as described above, far su-
perior to the O(N logN) e ort neededto rebuild an adapted
BVH. Second,the quality of our BVH (its worse casebehav-
ior) cannot be corrupted by any seriesof updates. It remains

O(N 3’) throughout the execution of the algorithm and does
signi cantly better on the average (as the experiments re-
ported in Section 5 show). Third, assuming a correlation
of spatial distance and topological distance (distance along
the chain), also known as low contact order, which exists in
many proteins of interest to biologists [21], the worst case
con gurations become more rare. All in all, our approach
yields a BVH that is not optimal but good enough most
of the time, and, most importantly, allows for an e cien t
updating scheme.

4. WORST-CASE BOUNDS

All the proofs that follow will be based on the following
constructions:

When the links of the chain are not all spheresof equal
radius, we replace eac link by an enclosing sphere of
radius r, where r is the radius of the bounding sphere
of the largest link. Thus we may treat all links as
spheresof equal radius.

Consecutive links of the chain are touching and may
even overlap. Each pair of consecutive links that does
not touch is expanded until the links touch.

These constructions do not aect the asymptotic bounds
proven below becausethey only change the size of the links
by a constant factor.

In the proofs below we will distinguish between two dif-
ferent methods of constructing the BVH:

The BVs of the hierarchy are constructed to bound
tightly around the links of the chain they enclose,for
all levels of the BVH. We refer to such a BVH astight
(this is the casewhen the BV is a minimal bounding
sphereor a minimal OBB).

When this is not the caseand a BV is constructed to
bound the two BVs just below it in the hierarchy, we
refer to the BVH asloose (this is the casefor the OBBs
that we use).



4.1 Spatially-Adapted BVH

We would like to prove Theorem 1. First we show that
O(N) is an upper bound for such a hierarchy and then
presert a con guration, in which this bound is realized.

Lemma 1. The number of BV overlap tests needed to de-
tect self-oollision in a well-behavel chain of N links using a
spatial ly-adapted, tight BVH is O(N).

Pr oof. We prove this bound by constructing the hierar-
chy and showing that at ead level there are O(2') box over-
laps (i = 0;:::;logN), which sum up to O(N) for the entire
hierarchy. We start by constructing an axis-aligned box A
that bounds the ertire chain. We will construct a recursive
partition of A into cells, assignto ead cell the links whose
centers fall inside it, and then construct an AABB that will
bound all these links. The partition into cells proceedsas
follows: at ead iteration we partition ead cell in two us-
ing a plane orthogonal to one of the principal axes. The
partition is chosensud that the certers of half the spheres
fall on one side of it, and the certers of the other half fall
on the other side. We also require that the cell be longer
than 8r along the dimension which will be partitioned. Note
that aslong asthere are 4k or more links assignedto a cell,
there must be at least one dimension which is long enough
to be partitioned. Recall that k is the constant limiting
the amount of packing allowed in a well-behaved chain (See
Section 3.2).

We recursively partition all cells in A into smaller and
smaller cells until ho more than 4k links are assignedto eact
cell. We say that the cells created at the ith iteration of the
partitioning belongto the ith level of the hierarchy. We de-
ne nj to bethe number of cells at level i whose minimal
distance from cellj (j = 0;:::;2 1) is lessthan 2r. From

the construction it is S|mpleto show that 12':0 nj = 0(2).
Each cell is represerted in the hierarchy by an AABB con-
structed around the cell by increasing each of its dimensions
by r in ead direction. This AABB will obviously bound all
links assignedto the cell. It will also overlap all cells within
a distance of 2r from the cell, but nothing farther away since
the side of each cell is at least 2r. The number of neighbors
of neighbors is also linear in the number of cells at each
level sothe total number of possible overlaps is bounded by
O(N). O

We now proceedto show a lower bound:

Lemma 2. The number of BV overlap tests needed to de-
tect self-oollision in a well-behavel chain of N links using a
spatial ly-adapted, tight BVH is ( N).

Pr oof. This bound is straightforward and can be im-
mediately deduced from the con guration in Figure 5. In
this con guration we have two rows of sphereswhose cen-
ters all lie on the same plane. Each sphere is tangent to
all of its neighboring spheres. We note that no two spheres
can be bounded inside a convex BV that does not overlap
someother spherein the con guration. This is obvious from
the con guration. Therefore, at the level of the hierarchy,
where we group pairs of spherestogether into BVs, eadth
BV is guaranteed to overlap at least one other BV. Since at
this level there are N? BVs, the number of overlaps is clearly
( N), and the lemma is proven. [

Putting together the results of Lemmas 1 and 2 yields the
proof of Theorem 1.

Figure 5: A 2D pro jection of a chain con guration
achieving the ( N) lower bound.

4.2 Chain-Aligned BVH

Wenow turn to the proof of Theorem 2. Wewill rst prove
the upper bound and then presert a chain con guration, for
which the bound is attained for any convex BVH.

Lemma 3. Given a chain-aligned, looseBVH over a well-
behavel chain as described in Section 2.2, the number of BV

overlap tests needed to detect self-oollision is O(N 3’).

In order to prove this lemma we rst show that this bound
holds for tight bounding spheres,and then proceedto show
that the OBBs in our loosehierarchy can be bounded inside
\w ell-behaved" spheres,giving our hierarchy the sameupper
bound.

Lemma 4. Given a chain-aligned and tight BVH of spheles
over a well-behavel chain, the number of BV overlap tests

needed to detect self-oollision is O(N %).

Pr oof. We construct a hierarchy bottom-up asdescribed
in Section 2.2 using spheresas BVs, making sure it is tight.
Let's look at level i of the hierarchy, where ead consecutive
g = 2 links are bounded by a single sphere. The largest
bounding sphere at level i has radius gir. It is obtained
when the links are arranged on a straight line. We take one
group of g spheresat level i, and let B; be its bounding
sphere. Consider a sphereC; concertric with B; and having
radius 3gir. Any bounding sphere at level i intersecting
Bi is fully contained in C;i, since at the least it hasto be
tangent to Bi, and its maximum radius is gir. Now let's
bound the number of groups whose bounding sphere may
lie in C;j. Sincewe aim for an upper bound we assumethat
eath such group is tightly packed. Nevertheless, there is a
lower bound on the volume it occupies which is qgi% r3,
where g is a positive constant smaller than 1 due to the
fact that ead link can overlap at most k other links. Hence,
from volume considerations the number of bounding spheres
contained in C; is at most:

4 3,3 2
M= 3 —— 279|r3 - 219 2)
300 T q
M; is therefore the maximum number of bounding spheres
that overlap B;. We note that there are exactly bounding
spheresat this level, sothe number of spheresthat intersect
one sphere can only grow until it reaches X o

N 27¢°

gi q
1
q3N

W=

g 3

Wl =



We recall that g = 2', and plug that into Equation (3) to
nd the level at which M; reachesits maximal value:

imax = %IogN + log %q% 4

We de ne T; to be the maximum number of possible BV
(sphere) overlaps at level i of the hierarchy, where i =

than imax , Ti = g‘—iMi. For all levels greater than imax we

can usethe trivial upper bound of (g‘—i)2 for the number of
collisions at ead level. In what follows we ignore the con-
stant part of Equation (4) asit hasno e ect on the bounds
we prove. The total number of collisions at all levels is
therefore:

T = Ti

0
4
= O N? (5)

We have showvn an upper bound of O(N %) on the number
of overlapping spheres. In a side note, we would like to
draw the reader's attention to the fact that we could easily
extend this proof to d > 3 dimensional links bounded by a
d dimensional BVH of spheres, using the same proof with

very minor changes. In that casewe would get an upper
2(d 1)

boundof O N~ @ . [O

The upper bound we have just provenin Lemma 4, would
hold for all chain-aligned and looseBVH as long as the BV
at level i can be bounded by a sphere of radius c2'r, for an
absolute constant c. In what follows we use that to show
that the sameupper bound holds for our OBB hierarchy as
well. We start by proving the following helper lemma:

Lemma 5. Given two OBBs contained in a sphee D of
radius R, the OBB bounding both of them is contained in a
sphee of radius = 3R concentric with D.

Pr oof. Let the two boxes b, and b, be bounded inside
the sphereD of radius R. Let Bi» denote their OBB. Con-
struct a bounding cube Q for sphere D, whose faces are
parallel to those of Bi1>. Q contains Bi» since along any of
the main axesthat de ne B, the facesof Q are farther out
(or touching). Now take a bounding sphere of Qp Since a
side of Q is of length 2R, its diagonal has length 2 &B, and
hencethe radius of the bounding sphereE of Q is 3R. E
is concertric with D becausealong eadc of the axesde ning
Bi» the farthest point of by or by from the certer of D is
at distance at most R, hencethe farthestpp_oint of B1, from
the certer of D is at a distance at most = 3R. [

Next we prove another helper lemma:

Lemma 6. At leveli, where 2' links are grouped together
inside one bounding box, each OBB can be bounded inside a
sphee of radius c2'r, where c is an absolute constant.

Pr oof. We prove this lemma by induction on the level
of the hierarchy. Fori = 0;1;:::;4 we verify this fact. Since
there is a constant number of spheresinvolved, we compute
the worst casescenarioand extract aconstant | ci. Wewill
take our constant c to be at least c;. We assumethe lemma
is correct up to leveli 1. Now consider a consecutive set of
320BB's by,j = 0;:::;31,at leveli 5that are (eventually)
bounded together at level i. The bounding sphereof eat b
has radius at most c2' 5r by the induction hypothesis. We
take a ball S of radius 2'r that contains the entire part of
the chain bounded by the 32y boxes. Assumefor simplicity
that it is cerntered at the origin. Now ead sphere bounding
oneof the by boxesmust intersect S or at leasttouch it. This
meansthat the farthest point on a box by from the origin is
at distance at most 2'r (1+ %) from the origin. We therefore
construct another sphereTo concertric with S whoseradius
is2r(1+ %)

Every pair of boxesin the setl is clearly bounded by To.
In particular those pairs which will be bounded together at
the next level. We now apply Lemma 5 to those pairs and
realize that a sphereT; of radius = 3 times larger than the
radius of To and concertric with To will bound the OBBs
created at level i 4. Continuing this line of argument_ up
to level i we get that a sphere Ts of radius 2'r (1 + i) 3
bounds the OBB that bounds all of the by boxes. We need
this radius to be smaller than c2'r to complete the proof.

i c P i
2r 1+ = 3 c2'r
16 |
1 1

We choose ¢ _according to Inequality (6) (which is a valid

choice since’ 3’ < 16). If c; > c we make c; be the desired
constant. [

Lemma 6 assuresus that our hierarchy is well behaved,
and the OBB's do not becometoo big. Therefore Lemma 4
applies and the upper bound on the number of possibleover-
laps of OBBs is O(N %).

We now turn to showing that this upper bound is tight
(for any convex BVH):

Lemma 7. Given a chain-aligned BVH of convex BVs
over a well-behave chain, the number of BV overlap tests

needed to detect self collision is ( N 7).

Pr oof. We prove the lemma by preserting a chain con-
guration whoseBVH requires this much work. We start by
taking d links and placing them along the X axis starting at
the origin and proceedingin the positive direction. The cen-
ter of the dth link is therefore positioned at xo = 2(d  1)r.
We now place d more links parallel to the Y axis, starting
at (xo;2r) and moving in the positive direction. Finally we
place another set of d links parallel to the Z axis starting
just above where we left o. This sub-chain of 3d links we
call a unit. We take this unit and make % 1 copies of it



placing eadh one translated by (2r; 2r;0) relative to the
previous. We connect the units either at their beginning or
endto create a chain. We call these% units alayer. Figure 6
illustrates one such layer.

Figure 6: One layer of the chain construction.

We now produce % 1 copiesof the layer and place them
above the rst layer, eadh translated by (0; 2r;2r) relative
to the onebelow it. We connectthe layersat the point where
the lower ends. The direction of the chain along an upper
layer is exactly the reverse order of the lower. It can be
shown that the convex hull of each unit of the construction
above contains the point (2(d 1)r;(d 1)r; 3(d 1)r). This
means that all these convex hulls are pairwise intersecting
and henceany hierarchy of convex BVs will therefore induce

that many intersecting pairs at the level where all the links
of each unit are grouped together in one BV. We have g
units ead consisting of 3d links, so we used 3d®=64 links.
This makes d be N3 times a small constant. Since we
have d?=64 units, we get ( N 2°%) convex hulls and therefore

( N**®) intersecting pairs. O

We have shown that at one level of the hierarchy there
could be ( N“%) overlapping BVs, and therefore the lower
bound of Lemma 7 is achieved. Putting Lemma 3 and 7
together, we have proven Theorem 2.

5. EXPERIMENT AL RESUL TS

We tested our algorithm, which will henceforth be called
ChainT ree, in two benchmarks against the following three
algorithms, basedon standard approaches:

Grid - Explicit maintenance of the chain and collision de-
tection by indexing into a 3D grid using a hash table.
Both updating and testing for self-collisionsin O(N)
time.

1-OBBT ree - An OBB hierarchy is created from scratch
after each set of changes, and then tested against it-
selffor self-collisions. Updating takesO(N logN) time
and testing is worst caseO(N ).

K-OBBT ree - After ead set of changesan OBB hierar-
chy is created from scratch for each piece of the chain
that remained rigid. Each pair of OBB hierarchies is
tested for overlap. Updating takes O(N logN) time
and testing is worst caseO(N ).

The 1-OBBT ree and K-OBBT ree structures, as well as
the OBB overlap testing used by the ChainT ree are based
on the PQP library [10, 18] from UNC. The benchmarks
wererun on a Sun Ultra Enterprise 5500 machine with eight
400 MHz UltraSPARC-II CPUs and 4.0 GB of RAM (no
parallelization was used).

For the rst bendchmark, we created a pseudo-molecular
chain of spheresof radius 1, spaced4 apart. We looked at
chains of 1,000, 2,500, 5,000and 10,000spheresin a compact
cube-like con guration. We ran ead structure for 20,000it-
erations. Each iteration the chain underwent one torsional
change and then tested for self-collision. If a collision is
detected the last move is undone before applying the next
change. The results showing averagetime per operation are
preserted in Figure 7. Note that the testing time for Chain-
Tree and K-OBBT ree may betoo small to be discernable
in the graph.

450 _ 10000 spheres
[ Updating
[ Testing

400

5000 spheres

Time (mSec)
N N
o a
(=] (=]

2500 spheres —

i

o

(=)
T

[N
o
(=]

1000 spheres

50 B
0 |
o Q2 2 o 2 o O 2 2 o O 2 2
‘ é@ @;&@&@ 4 (5& [ ‘ é@ Ogﬂz;ﬂ@ ) é@’ O:;&‘%«@
(\’& o@ o@ (\0} O‘Z? o@ (\'D\ o@ o@ (\’z'\ o@ 0‘27
OV AN SR O N

Figure 7: Detecting a collision in a compact chain.

For the secondbenchmark we usedreal protein backbones
taken from protein structures in the Protein Data Bank
(PDB). The proteins were chosen becauseof their size so
we would have a small, a medium and a long backbone.
The starting con guration of the proteins was the highly
compact folded state. We extracted the positions of the
backbone atoms for eact of the proteins and ran the same
simulation as in the previous benchmark for eadh of them.
The results are in Figure 8.

In Table 1 we seethe number of box overlap tests that
our algorithm usesin eac of the benchmarks. Clearly the
average number of box tests performed in practice is much

smaller than the O(N %) worst casebound, although it is not
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Figure 8: Detecting a collision in protein backb ones
(each residue contributes 3 atoms to the chain).

as small as the number attained by the adapted hierarchy
of the K-OBBT ree structure.

| [[ 1000 | 2500 | 5000 | 10000 |

ChainT ree 703 | 715 | 905 964
K-OBBT ree 114 131 163 178

(@
| || 1SHG | 1B4E | 1LOX |
ChainT ree 242 664 747
K-OBBT ree 73 113 146
(b)

Table 1: The average number of box overlap tests
per self-collision test for (a) the compact pseudo-
molecular chain and (b) the protein backb ones.

6. EXTENSIONS AND FUTURE WORK

6.1 Tigh ter Bounding

To achieve the O(log N) update time our bounding boxes
are not tight around the geometry of the chain. Each box
is built to bound the two boxes below it in the hierarchy
and thus a box will not bound the geometry perfectly. That
is, there will be someamount of extra volume in every box.
This wasted spaceaccumulates the higher a box is located
in the hierarchy and may causeunnecessarywork when test-
ing for collisions. Obviously, the extra volume in ead box
is located along its faces. During the update stage, imme-
diately after a box is recomputed, we would like to shrink
it, i.e. push in ead face until it actually touchesa piece of
the chain. To accomplish this we came up with a shrinking
schemethat can beincorporated into the update procedure,
which makessure all boxes are tight. The basic idea is that

we can recursively nd extremal features of the underlying
geometry by exploiting the hierarchy below eact box we are
trying to \shrink".

In the worst casethis scheme requires examining all bot-
tom level links contained in a box, which requires ( N)
work for high level boxes. However, our experience shows
that in practice it performs much better, since we use the
hierarchy to prune the number of links that actually need
to be examined.

6.2 Proteins and Side-Chains

A protein molecule is built by stringing together elemen-
tary piecescalled amino acids. An amino acid hastwo parts:
a backlone (a chain of three atoms) and a side-chain of up
to 20 atoms. The backbone piecesof all the amino acids of a
protein are concatenated to form the main chain, ead con-
tributing two torsional degreesof freedom. The side-chains
then stick out from the backbone, each having between O
and 4 degreesof freedom. A rst approximation to inte-
grate side-chains is to consider each one together with the
backbone atom it is connectedto as onerigid piece and ap-
proximate it using a sphere or a box. This way we are left
with a simple kinematic chain and no modi cations to the
algorithm are required.

At this stageit is important to notice that our algorithm
does not require the links of the chain to be simple objects.
A link may be a complex entit y described by its own hier-
archy. Moreover, a link doesnot haveto berigid, aslong as
its degreesof freedom do not a ect the chain, but only its
own shape. We can build a small hierarchy that represerts
the side-chain and the backbone atom it is connected to,
and usethe top level box (or sphere) asan elemertary piece
in the main kinematic chain. The hierarchy for a side-chain
could be very crude becauseit is made up of 20 atoms or
less. A change to a degree of freedom of a side-chain will
require updating all the boxesthat contain it (the sameas
for a chain joint change) but no shortcut transformations.

6.3 Other Extensions

Our BVH could also be usedto nd collisions between
a chain and other objects. If the other object is simple,
namely similar in size and geometric complexity to a link

of the chain, we can detect a collision in worst case ( N %)
time. If the object is another chain of equal size we can

detect a collision in worst case ( N %) time. In general, it is
possibleto test for collisions against any object represerted
as a hierarchy of the same type of BVs. Another useful
extension to our algorithm allows for nding all pairs of
links, which are lessthan some cuto distance away from
eadth other. This capability is very useful when computing
internal energy for macro-molecules. This is accomplished
by growing the links by half the cuto distance and then
nding all self-collisions.

The hierarchy could also be used to e cien tly compute
minimal distance from some obstacle. The obstacle could
either be simple or have its own hierarchy. Finding mini-
mal separation is analogousto testing for a collision. As the
hierarchies are traversed, when cheding two BVs, we com-
pute the minimal distance betweenthem, and proceeddown
that path only if the distance is smaller than the minimum
found so far. This use of BVHs was suggestedby Quinlan
[22], and later by Larsen et al [18], who also suggestRSS as



a better BV for this application. We believe our algorithm
would work well with RSS for both self-collision detection
and answering minimal distance queries.

7. CONCLUSIONS

We preserted a novel represertation for kinematic chains,
allowing for e cien t maintenance of the relative positions
of the links, as well as fast detection of self-collision, as
the chain undergoes changes at its joints. We update the
chain structure of N links in O(log N) time per change, with
an upper bound of O(N) for as many as N simultaneous
changes. We build an OBB hierarchy over the chain, and
useit to detect self-collisions with a proven worst-case com-

plexity of O(N 3‘). However we found that in practice we
can expect a much better performance in most cases. The
benchmarks we performed clearly show the superiority of
our method in maintaining chains of 1000 to 10000 links,
with better than 30 time speedup over all other algorithms
for chains of 10000links. Our approach has immediate ap-
plications in the elds of robotics and molecular biology. It
can be extended to dealing with chains having links with
complex geometry, as well as short side-chains.
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