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Abstract

Many algorithmsrely critically on beinggivena goodmetricover their
inputs. For instance,datacan often be clusteredin many “plausible”
ways,andif aclusteringalgorithmsuchasK-meansinitially fails to �nd
onethatis meaningfulto a user, theonly recoursemaybefor theuserto
manuallytweakthemetricuntil suf�ciently goodclustersarefound.For
theseandotherapplicationsrequiringgoodmetrics,it is desirablethat
we provide a moresystematicway for usersto indicatewhat they con-
sider“similar.” For instance,we mayaskthemto provide examples.In
this paper, we presentanalgorithmthat,givenexamplesof similar (and,
if desired,dissimilar)pairsof pointsin ��� , learnsa distancemetricover

��� thatrespectstheserelationships.Ourmethodis basedonposingmet-
ric learningasa convex optimizationproblem,which allows us to give
ef�cient, local-optima-freealgorithms.We alsodemonstrateempirically
that the learnedmetricscanbe usedto signi�cantly improve clustering
performance.

1 Intr oduction

The performanceof many learninganddataminingalgorithmsdependcritically on their
beinggivena goodmetricover theinput space.For instance,K-means,nearest-neighbors
classi�ersandkernelalgorithmssuchasSVMsall needto begivengoodmetricsthatre�ect
reasonablywell theimportantrelationshipsbetweenthedata.This problemis particularly
acutein unsupervisedsettingssuchasclustering,andis relatedto theperennialproblemof
thereoftenbeingno “right” answerfor clustering:If threealgorithmsareusedto clustera
setof documents,andoneclustersaccordingto theauthorship,anotherclustersaccording
to topic, anda third clustersaccordingto writing style,who is to saywhich is the“right”
answer?Worse,if analgorithmwereto haveclusteredby topic,andif we insteadwantedit
to clusterby writing style,therearerelatively few systematicmechanismsfor usto convey
this to a clusteringalgorithm,andweareoftenleft tweakingdistancemetricsby hand.

In this paper, we are interestedin the following problem: Supposea userindicatesthat
certainpointsin an input space(say, ��� ) areconsideredby themto be“similar.” Canwe
automaticallylearnadistancemetricover ��� thatrespectstheserelationships,i.e.,onethat
assignssmalldistancesbetweenthesimilarpairs?For instance,in thedocumentsexample,
we might hopethat,by giving it pairsof documentsjudgedto bewritten in similar styles,
it would learnto recognizethecritical featuresfor determiningstyle.



One importantfamily of algorithmsthat (implicitly) learn metricsare the unsupervised
onesthat take aninput dataset,and�nd anembeddingof it in somespace.This includes
algorithmssuchasMultidimensionalScaling(MDS) [2], andLocally LinearEmbedding
(LLE) [9]. Onefeaturedistinguishingourwork from theseis thatwewill learnafull metric

���

����� ���

��� �

� over the input space,ratherthanfocusingonly on (�nding anembed-
ding for) thepointsin thetrainingset. Our learnedmetric thusgeneralizesmoreeasilyto
previouslyunseendata.Moreimportantly, methodssuchasLLE andMDS alsosuffer from
the“no right answer”problem:For example,if MDS �nds anembeddingthatfails to cap-
turethestructureimportantto auser, it is unclearwhatsystematiccorrectiveactionswould
beavailable.(Similar commentsalsoapplyto PrincipalComponentsAnalysis(PCA) [7].)
As in our motivating clusteringexample,the methodswe proposecanalsobe usedin a
pre-processingstepto helpany of theseunsupervisedalgorithmsto �nd bettersolutions.

In the supervisedlearningsetting,for instancenearestneighborclassi�cation,numerous
attemptshavebeenmadeto de�ne or learneitherlocal or globalmetricsfor classi�cation.
In theseproblems,a clear-cut, supervisedcriterion—classi�cationerror—is availableand
canbe optimizedfor. (Seealso[11], for a differentway of supervisingclustering.)This
literature is too wide to survey here,but somerelevant examplesinclude [10, 5, 3, 6],
and [1] also gives a good overview of someof this work. While thesemethodsoften
learn good metrics for classi�cation, it is lessclear whetherthey can be usedto learn
good,generalmetricsfor otheralgorithmssuchasK-means,particularlyif theinformation
available is lessstructuredthan the traditional, homogeneoustraining setsexpectedby
them.

In the context of clustering,a promisingapproachwasrecentlyproposedby Wagstaff et
al. [12] for clusteringwith similarity information.If told thatcertainpairsare“similar” or
“dissimilar,” they searchfor a clusteringthatputsthesimilar pairsinto thesame,anddis-
similar pairsinto different,clusters.This givesa way of usingsimilarity side-information
to �nd clustersthatre�ect a user'snotionof meaningfulclusters.But similar to MDS and
LLE, the(“instance-level”) constraintsthatthey usedonotgeneralizeto previouslyunseen
datawhosesimilarity/dissimilarityto the trainingsetis not known. We will laterdiscuss
this work in moredetail,andalsoexaminetheeffectsof usingthemethodswe proposein
conjunctionwith thesemethods.

2 Learning DistanceMetrics

Supposewe havesomesetof points
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��� , andaregiveninformationthatcertain
pairsof themare“similar”:�
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How can we learn a distancemetric
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betweenpoints
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that respectsthis;
speci�cally, sothat“similar” pointsendupcloseto eachother?

Considerlearninga distancemetricof theform
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To ensurethat this be a metric—satisfyingnon-negativity and the triangle inequality—
we requirethat

5

be positive semi-de�nite,
5;:=<

.1 Setting
5>$@?

gives Euclidean
distance;if we restrict

5

to be diagonal,this correspondsto learninga metric in which
thedifferentaxesaregivendifferent“weights”; moregenerally,

5

parameterizesa family
of Mahalanobisdistancesover ��� .2 Learningsucha distancemetric is also equivalent
to �nding a rescalingof a datathat replaceseachpoint
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with
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andapplying the

1Technically, thisalsoallows pseudometrics,whereDFEHGJILKNMPO/QSR doesnot imply ITQUM .
2Notethat,but puttingtheoriginal datasetthrougha non-linearbasisfunction V andconsidering
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GXV/GJI!O�Y7VZGJMPONO\[L]^GXV/GJI!O�Y_VZGJMPONO , non-lineardistancemetricscanalsobelearned.



standardEuclideanmetric to the rescaleddata;this will laterbe useful in visualizingthe
learnedmetrics.

A simple way of de�ning a criterion for the desired metric is to demand that
pairs of points

�

� 
 ��� � �

in
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have, say, small squared distance between them:
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useful,andwe addtheconstraint


 ������� ���������

*,* ��
�-S�!�!*�*

&�� �

to ensurethat
5

doesnot
collapsethedatasetinto a singlepoint. Here, ! canbea setof pairsof pointsknown to be
“dissimilar” if suchinformationis explicitly available;otherwise,we maytake it to beall
pairsnot in
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. This givestheoptimizationproblem:
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Thechoiceof theconstant1 in theright handsideof (4) is arbitrarybut not important,and
changingit to any otherpositiveconstant% resultsonly in

5

beingreplacedby %

B

5

. Also,
this problemhasanobjective thatis linearin theparameters

5

, andbothof theconstraints
are also easily veri�ed to be convex. Thus, the optimizationproblemis convex, which
enablesusto deriveef�cient, local-minima-freealgorithmsto solve it.

We alsonotethat,while onemightconsidervariousalternativesto (4), “
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” would not be a goodchoicedespiteits giving a simple linear constraint. It
would resultin

5

alwaysbeingrank1 (i.e., thedataarealwaysprojectedontoa line).3

2.1 The caseof diagonal
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In thecasethatwe wantto learna diagonal
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It is straightforward to show that minimizing - (subjectto
5 : <

) is equivalent,up to a
multiplicationof

5

by a positive constant,to solving theoriginal problem(3–5). We can
thususeNewton-Raphsonto ef�ciently optimize - .4

2.2 The caseof full
5

In thecaseof learninga full matrix
5

, theconstraintthat
5 : <

becomesslightly trickier
to enforce,andNewton'smethodoftenbecomesprohibitively expensive(requiring 8

�:9<;

�

time to invert the Hessianover
9

B

parameters).Using gradientdescentand the ideaof
iterativeprojections(e.g.,[8]) we derivea differentalgorithmfor this setting.

3Theproof is reminiscentof thederivationof Fisher's lineardiscriminant.Brie�y , considermax-
imizing G>=@?BA

��C

A

��DFE�GIHBH

IKJ"Y I�L

HBH M

E

O�NO=@?BA

��C

A

�PD:E�QRHBH

IKJ"Y I�L

HBH M

E

Q
S�T�U	VXW�]ZY

G

N[S�T�U�VXWL]ZY

Q

, where

Y]\ Q'=^?_A

��C

A

��DFE

\

GJIKJHYSI�L OCGJI`J YSI�L O

[ . Decomposing] as ] Qa=cb

J�dfehg

J

g

[

J

(always pos-

sible since ]ai R ), this gives =

J�g

[

J

Y

G

g

J:NO=

Jjg

[

J

Y

Q

g

J , which we recognizeas a Rayleigh-
quotientlike quantitywhosesolutionis givenby (say)solving thegeneralizedeigenvectorproblem

Y

G

g

e
Q#kKY

Q

g

e for theprincipaleigenvector, andsetting
g

M

Q@lXlXl Q

g

b

QSR .
4To ensurethat ]mi�R , which is true iff thediagonalelements]

J�J arenon-negative, we actually
replacetheNewton updatenpo

e�qsr by tun]o

e�qsr , where t is a step-sizeparameteroptimizedvia a
line-searchto give thelargestdownhill stepsubjectto ]ZJ�Juv.R .



Iterate
Iterate

5

�

$

*��P+ �����

&��

�!*�* 5�� -25 *�* �

�

5��"��� �

�

5

�

$

*��P+ �����

&

�

�!*�* 5 � -25 *�* �

�

5 � ��� B

�

until
5

converges
5

�

$ 5
	��

��
 &

-

�

5 �����������

until convergence
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We will usea gradientascentstepon -
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to optimize (6), followed by the methodof
iterative projectionsto ensurethat the constraints(7) and(8) hold. Speci�cally, we will
repeatedlytake a gradientstep
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Themotivationfor thespeci�c choiceof theproblemformulation(6–8) is thatprojecting
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3 Experiments and Examples

We begin by giving someexamplesof distancemetricslearnedon arti�cial data,andthen
show how ourmethodscanbeusedto improveclusteringperformance.

3.1 Examplesof learneddistancemetrics

Considerthe datashown in Figure2(a),which is divided into two classes(shown by the
differentsymbolsand,whereavailable,colors).Supposethatpointsin eachclassare“sim-
ilar” to eachother, andwe aregiven

�

re�ecting this.6 Dependingon whetherwe learna
diagonalor a full

5

, we obtain:
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3.286 3.327 0.082
0.081 0.082 0.002
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To visualizethis, we canusethe fact discussedearlier that learning
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is equivalent
to �nding a rescalingof the data
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, that hopefully “moves” the similar pairs
5Thealgorithmshown in the�gure includesa smallre�nementthatthegradientstepis takenthe

directionof theprojectionof q

E

r ontotheorthogonalsubspaceof q

E'D , sothatit will “minimally”
disrupttheconstraintE e . Empirically, this modi�cation oftensigni�cantly speedsupconvergence.

6In the experimentswith syntheticdata, F wasa randomlysampled1% of all pairsof similar
points.
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together. Figure2(b,c)shows the resultof plotting
5

��ACB

�

. As we see,the algorithmhas
successfullybroughttogetherthesimilarpoints,while keepingdissimilaronesapart.

Figure 3 shows a similar result for a caseof threeclusterswhosecentroidsdiffer only
in thex andy directions.As we seein Figure3(b), the learneddiagonalmetriccorrectly
ignoresthez direction.Interestingly, in thecaseof afull

5

, thealgorithm�nds asurprising
projectionof thedataontoa line thatstill maintainstheseparationof theclusterswell.

3.2 Application to clustering

Oneapplicationof our methodsis “clusteringwith sideinformation,” in which we learn
a distancemetricusingsimilarity information,andclusterdatausingthatmetric. Speci�-
cally, supposewearegiven
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, andtold thateachpair
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�L


and
���

belong
to thesamecluster. We will considerfour algorithmsfor clustering:
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2. ConstrainedK-means:K-meansbut subjectto points
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alwaysbeing
assignedto thesamecluster[12].7

3. K-means+ metric: K-meansbut with distortionde�ned usingthedistancemetric
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4. ConstrainedK-means+ metric: ConstrainedK-meansusingthe distancemetric
learnedfrom
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.

7This is implementedastheusualK-means,exceptif GJI
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drawn randomlyfrom thedataset,our clustering
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% agreeswith the “true” clustering % on whether
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and
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belongto sameor different
clusters.8

As a simpleexample,considerFigure4, which shows a clusteringproblemin which the
“true clusters”(indicatedby thedifferentsymbols/colorsin theplot) aredistinguishedby
their

�

-coordinate,but wherethe datain its original spaceseemsto clustermuchbetter
accordingto their

#

-coordinate.As shown by theaccuracy scoresgivenin the�gure, both
K-meansandconstrainedK-meansfailed to �nd goodclusterings.But by �rst learning
a distancemetric andthenclusteringaccordingto that metric, we easily �nd the correct
clusteringseparatingthe true clustersfrom eachother. Figure5 givesanotherexample
showing similar results.

We alsoappliedour methodsto 9 datasetsfrom theUC Irvine repository. Here,the “true
clustering”is givenby thedata's classlabels. In each,we ranoneexperimentusing“lit-
tle” side-information

�

, andonewith “much” side-information.The resultsaregiven in
Figure6.9

We seethat, in almostevery problem,using a learneddiagonalor full metric leadsto
signi�cantly improvedperformanceover naive K-means.In mostof theproblems,using
a learnedmetricwith constrainedK-means(the5th barfor diagonal

5

, 6th bar for full
5

)
alsooutperformsusingconstrainedK-meansalone(4th bar), sometimesby a very large

8In the caseof many ( ��� ) clusters,this evaluationmetric tendsto give in�ated scoressince
almostany clusteringwill correctlypredictthat mostpairsarein differentclusters.In this setting,
we thereforemodi�ed themeasureaveragingnot only I J , I L drawn uniformly at random,but from
thesamecluster(asdeterminedby  

! ) with chance0.5,andfrom differentclusterswith chance0.5,so
that“matches”and“mis-matches”aregiventhesameweight.All resultsreportedhereusedK-means
with multiple restarts,andareaveragesover at least20 trials (exceptfor wine,10 trials).

9
F wasgeneratedby picking a randomsubsetof all pairsof pointssharingthesameclass!

J . In
thecaseof “little” side-information,thesizeof thesubsetwaschosensothattheresultingnumberof
resultingconnectedcomponents"$# (seefootnote7) would bevery roughly 90%of thesizeof the
originaldataset.In thecaseof “much” side-information,this waschangedto 70%.
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Figure7: Plotsof accuracy vs. amountof side-information.Here,the I -axisgivesthefractionof all
pairsof pointsin thesameclassthatarerandomlysampledto beincludedin F .

margin. Not surprisingly, we alsoseethat having moreside-informationin
�

typically
leadsto metricsgiving betterclusterings.

Figure7 alsoshows two typical examplesof how thequality of theclusteringsfound in-
creaseswith the amountof side-information.For someproblems(e.g.,wine), our algo-
rithm learnsgood diagonaland full metricsquickly with only a very small amountof
side-information;for someothers(e.g.,protein),thedistancemetric,particularlythe full
metric,appearsharderto learnandprovideslessbene�t overconstrainedK-means.

4 Conclusions

Wehavepresentedanalgorithmthat,givenexamplesof similarpairsof pointsin � � , learns
a distancemetric that respectstheserelationships.Our methodis basedon posingmetric
learningas a convex optimizationproblem,which allowed us to derive ef�cient, local-
optima free algorithms. We alsoshowed examplesof diagonaland full metricslearned
from simplearti�cial examples,anddemonstratedon arti�cial andon UCI datasetshow
ourmethodscanbeusedto improveclusteringperformance.
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