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Abstract

A central problem in analysis of gene expression data is clustering of genes with similar expression
profiles. In this paper, I describe an hierarchical clustering procedure that is based on simple probabilistic
model. This procedure clusters genes with respect to a target classification of conditions, so that genes
that are expressed similarly in each group of conditions are clustered together.

1 Introduction

In recent years, technical breakthroughs in spotting hybridization probes and advances in genome sequenc-
ing efforts lead to development of DNA microarrays, which consist of many species of probes, either
oligonucleotides or cDNA, that are immobilized in a predefined organization to a solid phase. By using
DNA microarrays researchers are now able to measure the abundance of thousands of mRNA targets simul-
taneously [3, 8, 13]. Unlike classical experiments, where the expression levels of only a few genes were
reported, DNA microarray experiments can measure all the genes of an organism, providing a “genomic”
viewpoint on gene expression. As a consequence, this technology facilitates new experimental approaches
for understanding gene expression and regulation [7, 11].

A central method in analysis of gene expression data is clustering; e.g., [1, 5, 9]. The goal of clustering is
identify groups of genes with “similar” expression patterns. Clustering algorithm differ in their definition of
similarity (e.g., Pearson correlation, Euclidean distance, etc.) and in how they use these measures. Another
dimension is whether the algorithm returns one partition of genes, or a hierarchical partition that describes
similarities at different scales.

In this note, I describe a simple clustering procedure that is based on probabilistic considerations. An
important feature of this procedure is that it uses a likelihood function to determine clusters rather than a
measure of similarity. Intuitively, a group of genes are clustered together if their measured expression values
could have been sampled from the same stochastic source with a high probability.

A particular feature of the procedure is that the user specifies in advance a partition of the experimental
conditions. Conditions within the same partition are viewed as indistinguishable by the algorithm. As such,
a gene is described in terms of the distribution of values (mean and variance) it attains in each group of
conditions. The ability to specify groups allows the clustering procedure to focus on the differences that are
considered important by the user.
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2 Scoring Method

We assume we receive a matrix of gene expression measurement D = {eg,c : g ∈ Genes, c ∈ Conds}
where Genes is a set genes and Conds is a set of conditions. For simplicity, we assume that there are no
missing values in the matrix, although the analysis below can be easily extended to deal with missing values.

Suppose we have a partition C = {C1, . . . , Cm} of conditions in Conds and a partition G = {G1, . . . , Gn}
of genes in Genes. We want to score the combined partition. For this purpose, we consider a generative
probabilistic model that could have generated the data. The assumption of the model is if g and g ′ are in the
same gene cluster, and c and c′ in the same condition cluster, then the expression value eg,c and eg′,c′ are
sampled from the same distribution.

Formally, we assume we assume that the likelihood function has the form:

L(G, C, θ : D) = P (D | G, C, θ)

=
∏
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where θi,k are the parameters that describe the expression of genes in Gi in conditions in Ck.
Note that the likelihood is invariant to reshuffling of the expression values within each cell, since it is the

product of the probability of each one of them, regardless of its exact position in the cell. Thus, suppose take
D and create a new data set D′ by reshuffling expression values of conditions in the same group according
to C for each gene. It is easy to see that L(G, C, θ : D) = L(G, C, θ : D ′) for any choice of G and θ.
In other words, the likelihood term (and hence all scores that use it) is insensitive to differences between
conditions that are in the same group according to C. This feature allows the clustering to focus on genes
whose expression patterns relates to the partition in C.

A simple choice of parameterization for expression is using a Gaussian distribution. Thus, for each
cell (i, k), we need to estimate a mean µi,k and a variance σ2

i,k. Using the Gaussian parameterization, the
likelihood has the form

L(G, C, θ : D) =
∏
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To score a given partition, we can consider the maximum likelihood that we can achieve for it. Thus, we
define

scoreML(G, C : D) = max
θ

L(G, C, θ : D)

We compute this score by plugging the maximum likelihood estimates for the mean and variance in each
cell:

µi,k =
1

|Gi||Ck|

∑

g∈Gi

∑

c∈Ck

eg,c

σ2
i,k =

1

|Gi||Ck|

∑

g∈Gi

∑

c∈Ck

(eg,c − µi,k)
2

The maximum likelihood score measures how likely can we make the clustering seem if we optimize
the parameters. This might be an overestimate of the likelihood of the clustering, since for each data we
choose the best parameter sets.

There are many approaches to compensate for this overestimate. A simple one is the Bayesian approach.
In this variant, we consider all possible parameterizations, and average the likelihood over all of them.

scoreB(G, C : D) =

∫

P (D | G, C, θ)P (θ | G, C)dθ
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where P (θ | G, C) is the prior probability of the parameters for the given cluster conformation.
Although the integral required by the Bayesian score seems forbidding, when we make the proper as-

sumptions, it can be computed in closed form. In our case, assume that

P (θ | G, C) =
∏

i

∏

k

P (µi,k, σ
2
i,k)

where P (µi,k, σ
2
i,k) is a normal-gamma prior [2]. Under this assumption, the integral can be rewritten as a

product of smaller integrals

scoreB(G, C : D) =
∏

i

∏

k

∫ ∫

∏

g∈Gi





∏

c∈Ck

P (eg,c | µi,k, σ
2
i,g)



 P (µi,k, σ
2
i,g)dµi,kdσ2

i,g

Each of the double integrals is a marginal likelihood of a Gaussian distribution, and can be computed using
a closed form formula [2].

In summary, I described two methods for scoring putative clusterings of the data, the maximum likeli-
hood score, and the Bayesian score. A putative clustering receives a high score if the partitions of genes and
conditions define cells with coherent distribution. If there is high within-cell variance, the clustering will be
assigned a low score.

Both scores have additional attractive properties that will be crucial for the algorithmic section. First, as
we can easily verify, both scores decompose into a product of cell-specific terms, each one measuring the
“coherence” of the expression values in the cell Gi vs. Ck. Thus, for both scores, we can write

score(C,G : D) =
∏

i

∏

k

LocalScore(Gi, Ck : D)

where LocalScore(Gi, Ck : D) is the local score of a particular cell. For the maximum likelihood score

LocalScoreML(Gi, Ck : D) = maxµi,k ,σ2

i,k
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and for the Bayesian score, the local score is

LocalScoreB(Gi, Ck : D) =

∫ ∫

∏

g∈Gi





∏

c∈Ck

P (eg,c | µi,k, σ
2
i,g)



 P (µi,k, σ
2
i,g)dµi,kdσ2

i,g

Second, each of these cell-specific terms can be written as a function of a vector of sufficient statistics.
Let s(x) = 〈1, x, x2〉 be a vector valued function. Define

Si,k =
∑

g∈Gi

∑

c∈Ck

s(eg,c)

to be the sufficient statistics of the cell (i, k). We can write the likelihood and the Bayesian marginal
likelihood scores as functions of these statistics [2]. Thus, to evaluate the local score of a particular cell, we
need to accumulate these statistics, and then plug them in into a predefined analytical function.
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3 Agglomerative Clustering

Assume that we receive as input a partition C = {C1, . . . , Cm} of conditions. We want to learn a clustering
of genes. One approach to do this is using an agglomerative procedure. This procedure is a variant of classic
clustering methods [4], and is motivated by agglomerative methods for probabilistic models [12, 6] and
related models [10].

The basic algorithm is simple. We initialize the algorithm with maximal partition of genes, G (1) =
{G1, . . . , G|Genes|} where each Gi is a singleton.

At the t’th stage of the algorithm, we compute for each pair i, j of gene clusters

∆
(t)
i,j = score((G(t) − {Gi, Ck}) ∪ (Gi ∪ Gj) : D) − score(G(t), C : D)

=
∏

k

LocalScore(Gi ∪ Gj , Ck : D)

LocalScore(Gi, Ck : D) · LocalScore(Gj , Ck : D)

That is, ∆
(t)
i,j is the change in the score that results from merging the clusters Gi and Gj into one cluster.

After computing this quantity for all pairs i, j, we choose (it, jt) to be the pair of clusters whose merger
is the most beneficial according to the score:

(it, jt) = arg max
i,j

∆
(t)
i,j .

We then define
G(t+1) = G ∪ {Git ∪ Gjt} − {Gi, Gj}

to be the partition resulting from merging Gi, and Gj .
We repeat these iterations until t = |Genes| and G (t) contains a single cluster. The procedure returns the

cluster tree that correspond the to sequence of cluster mergers. Each branch is annotated by the associated
improvement in the score.

Several notes on the above algorithm. First, The actual computation is done using the logarithm of the
score, which is much more numerically stable. Second, we note the sufficient statistics vector of a merged
cluster is the sum of the sufficient statistics of the two individual clusters. Thus, once we have the sufficient
statistics of each of the cells, the the cost of computing LocalScore(Gi ∪ Gj , Gk : D) is a constant. Third,
each step of the agglomerative clustering is in theory quadratic in the size of C (t). However, in practice it
is only linear in the size C(t), since for most cluster pairs, ∆

(t)
i,j does not change. The only values we need

to compute are these that involve the new cluster created in the last step of the algorithm. Putting these last
two observations together, we conclude that that the overall cost of the algorithm is O(|Genes||Conds| +
|Genes|2|C|). The first term is the cost of computing the sufficient statistics for the initial clustering, and
second term is the cost of computing the initial pairwise merger costs. Finally, the cost of all additional
iterations is is also O(|Genes|2|C|).

A final note on regularization. When estimating parameters from few examples, the estimate can be
highly non-robust. This is particularly true for estimate of the variance. To avoid this problem, we use
the maximum a posteriori estimate for the mean and variance (using a normal-gamma prior) instead of the
maximum likelihood one. This estimator results in almost identical parameter values for a large sample
sizes. However, for small ones it serves to regularize the estimate.

4 Double Clustering

The procedure I describe above builds a full agglomeration tree starting with the richest partition into single-
tons and ending with the poorest partition that contains a single set. In practice, we often want the procedure
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to select for us the “best” partition. One possible way of doing so is to track the sequence of partitions

G(1), . . . ,G|Genes|, and select the partition with the highest score. Note that although in theory the max-
imum likelihood score should select G(1), in practice, due to the regularization, it selects a partition in a
much later stage. The intuition is that the best scoring partition strikes a tradeoff between finding groups of
genes, so that each is homogeneous, and there distinct differences between them.

Using this stopping criteria, we can start with a condition partition C, and find a new gene partition G
that maximizes score(G, C : D) among the partitions examined during the agglomeration of genes .

It is easy to consider a symmetric procedure that agglomerates conditions. Using this procedure, we can
start with a gene partition G, and perform agglomeration of conditions to find a condition partition C that
maximizes score(G, C : D) among the partitions examined during the agglomeration of conditions.

This suggests a simple iterative procedure to cluster both genes and conditions at the same time (using
a variant of ideas presented in [?]). We start with some partition of the conditions (say the one where each
is a singleton). We then perform gene agglomeration and select the “best” scoring gene partition. We fix
this gene partition, and perform agglomeration on conditions (starting again from the richest partition on
conditions) to find the best scoring condition partitions. We repeat these iterations until we reach a fixed
point. Intuitively, each step improves the score, and thus this procedure should converge. Although this is
true in practice, this is necessarily true in theory, since the agglomeration step is not guaranteed to find the
best partition (among all possible ones). Thus, it is conceivable that some of the iterations reduce the score,
and that this process will result in an infinite cycle. In practice, however, the procedure always converges.

The result of this iterative process is two hierarchies. One over genes, and the other over conditions.
Each of these hierarchies is “tuned” to the best partition of the second one. Thus, the structure of the two
hierarchies is strongly geared toward the cells defined by the gene and condition partitions we selected in
the final iterations.

5 Summary

I presented a simple agglomerative approach to construct hierarchical clustering. This procedure is efficient
and straightforward to implement. The main advantage of this procedure is that it can take as input the
“relevant” distinctions among the conditions. It then uses these so that differences between genes are based
on their distribution of values in each set of conditions. Since the procedure uses an adaptive probabilistic
models, it can zoom in on the “interesting” distinctions by learns different variances for different cells.
Finally, I described an iterative approach for constructing joint clustering of both genes and conditions at
the same time.

Both strategies are implemented in the PCluster and DoublePCluster program of the ScoreGenes
package, see compbio.cs.huji.ac.il/scoregenes.
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