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Abstract

Wedescribealgorithmsfor computingNashequilibriain
structuredgamerepresentations,including both graphi-
cal gamesandmulti-agentin�uence diagrams(MAIDs).
The algorithmsarederived from a continuationmethod
for normal-formandextensive-formgamesduetoGovin-
dan and Wilson; they follow a trajectory through the
spaceof perturbedgamesandtheir equilibria. Our algo-
rithms exploit gamestructurethroughfastcomputation
of theJacobianof thegame's payoff function. They are
guaranteedto �nd at leastoneequilibrium of the game
andmay�nd more.Ourapproachprovidesthe�rst exact
algorithmfor computinganexactequilibriumin graphi-
calgameswith arbitrarytopology, andthe�rst algorithm
to exploit �ne-grain structuralpropertiesof MAIDs. We
presentexperimentalresultsfor ouralgorithms.Therun-
ning time for our graphicalgamealgorithmis similar to,
andoften betterthan, the running time of previous ap-
proximatealgorithms.Ouralgorithmfor MAIDs canef-
fectively solvegamesthataremuchlargerthanthosethat
couldbesolvedusingpreviousmethods.

1 Intr oduction

Gametheoryis a mathematicalframework thatdescribesin-
teractionsbetweenmultiple rational agentsand allows for
reasoningabout their outcomes. However, the complexity
of standardgamedescriptionsgrows exponentiallywith the
numberof agentsinvolved. For many multi-agentsituations,
this blowup presentsa seriousproblem. Recentwork in
arti�cial intelligence[La Mura, 2000; Kearnset al., 2001;
Koller andMilch, 2001] proposestheuseof structuredgame
representationsthatutilize a notionof locality of interaction;
theserepresentationsallow a wide rangeof complex games
to berepresentedcompactly.

In thispaperweconsiderthetaskof computingNashequi-
libria for structuredgames.A Nashequilibriumis a strategy
pro�le suchthatit is noagent'sinterestto deviateunilaterally.
A naive approachto �nding Nashequilibria is to convert the
structuredgameinto a standardgamerepresentation,andap-
ply a standardgame-theoreticsolutionalgorithm[McKelvey
andMcLennan,1996]. This approachis, in general,infea-
sible for all but thesimplestgames.We would like analgo-
rithm thatexploitsthestructurein thesegamerepresentations
for ef�cient computation.

In this paper, we describea setof algorithmsthatusecon-
tinuationmethodsfor solvingstructuredgames.Thesealgo-
rithms follow a trajectoryof equilibria of perturbedgames
until anequilibriumof theoriginal gameis found. Our algo-
rithms are basedon the recentwork of GovindanandWil-
son [2002; 2003a;2003b] (GW hereafter),which apply to
standardgamerepresentations(normal-formandextensive-
form). We show how the structureof the gamescanbe ex-
ploited to perform the key computationalstepof the algo-
rithmsof GW.

Our methodsaddressbothgraphicalgames[Kearnset al.,
2001] and multi-agent in�uence diagrams(MAIDs) [Koller
andMilch, 2001]. We presentthe �rst algorithmfor �nding
exactequilibriain graphicalgamesof arbitrarystructure.We
alsoprovidethe�rst algorithmthatcantakeadvantageof the
�ne-grained structureof MAIDs, and thereforecan handle
MAIDs which aresigni�cantly outsidethescopeof previous
methods.We provideexperimentalresultsdemonstratingthe
ef�ciency of ourapproachrelative to previousmethods.

2 GameRepresentationsand Equilibria
2.1 GameTheory
We begin by brie�y reviewing conceptsfrom gametheory
usedin this paper, referringto Owen[1995] for a goodintro-
duction. A gamede�nes an interactionbetweena set

�

of
agents.Eachagent ���

�

hasa setof availablestrategies
���

, wherea strategy determinesthe agent's behavior in the
game. The precisede�nition of the set

���

dependson the
gamerepresentation,aswe discussbelow. A strategy pro-
�le � de�nes a strategy �

�

�

���

for each�	�

�

. Givena
strategy pro�le � , thegamede�nesa payoff 


���

��
 for each
agent���

�

. We use ���

�

to denotethestrategy pro�les of
theagents�����

�����

��� . Similarly, we use
�

�

�

to referto
thesetof all strategy pro�les of agentsin

�����

��� .
A solutionto a gameis a prescriptionof a strategy pro�le

for the agents. The agent's goal is to maximizeits payoff.
Thus, a basicdesideratumfor a solution pro�le is stability
— it shouldnot be in any agent's intereststo deviate from
it. More precisely, thefundamentalnotionof a Nashequilib-
rium [Nash,1951] is de�ned to be a strategy pro�le � such
that, for all ���

�

, 


���

�

���

���

�


���


���

���

�

�

���

�


 , for all
otherstrategies ���

�

�

���

. Thus,if anagentknew thattheoth-
erswereplayingaccordingto anequilibriumpro�le, it would
haveno incentive to deviate.



An � -equilibriumis astrategypro�le suchthatnoagentcan
improve its expectedpayoff by more than � by unilaterally
changingits strategy. Unfortunately, �nding an � -equilibrium
is not necessarilya steptoward�nding anexactequilibrium:
thefactthat � is an � -equilibriumdoesnot guaranteetheex-
istenceof anexactequilibriumin theneighborhoodof � .

Normal-Form Games
A general-sumnormal-form gamede�nes a simultaneous-
movemultiagentscenarioin whicheachagentindependently
selectsan actionandthenreceivesa payoff that dependson
theactionsselectedby all of theagents.More precisely, let


 beanormal-formgamewith aset
�

of agents.Eachagent
� �

�

hasa discreteactionset
�

�

anda payoff array 


�

with entriesfor everyactionpro�le in �

�����

�

�

.
Equilibrium strategiesoftenrequirethatagentsrandomize

their choiceof action. A mixedstrategy �

�

is a probability
distributionover

�

�

. Theset
� �

is thesetof all mixedstrate-
gies. Thesupportof a mixedstrategy is thesetof actionsin

�

�

thathave non-zeroprobability. A strategy �

�

for agent�

is saidto bea purestrategy if it hasonly asingleactionin its
support. The set

�

of mixed strategy pro�les is
�

�����

�
�

.
A mixed strategy pro�le � �

�

is thusan � -vector, where
�
	��

������


�

�


 . Every gameis guaranteedto have at least
onemixed-strategy equilibrium,andthenumberof equilibria
maybeexponentialin thenumberof agents.

Extensive-Form Games
An extensive-form gameis representedby a tree in which
eachnoderepresentsa choiceeitherof anagentor of nature.
Eachof nature'schoicenodesis associatedwith aprobability
distribution over its outgoingbranches.Eachleaf � ��� of
the tree is associatedwith a vectorof payoffs 


�

� 
 , where



�
�

� 
 denotesthe payoff to agent � at leaf � . The choices
of theagentsandnaturedictatewhich pathof thetreeis fol-
lowedandthereforethepayoffs to theagents.

Thedecisionnodesbelongingto eachagentarepartitioned
into informationsets,whereeachinformationset is a setof
statesamongwhich the agentcannotdistinguish. Thus,an
agent's strategy musttake thesameactionat all nodesin the
sameinformationset.Wede�ne anagenthistory �

�����


 for a
node

�

in thetreeandanagent� to bea sequencecontaining
the informationsetstraversedin thepathfrom theroot to

�

,
and the actionselectedat eachone. Thus, two nodeshave
thesameagent-� history if thepathsusedto reachthemare
indistinguishableto � . (Thepathsmaydiffer in otherways,
suchasnature's decisionsor the decisionsof otheragents.)
We make thecommonassumptionof perfectrecall: anagent
doesnot forget informationknown nor the choicesmadeat
previousdecisions.More precisely, if two nodes

� ���

� arein
thesameinformationsetfor agent� , then �

�����


�	��

�����

� 
 .
We needa representationof a strategy for an extensive-

form game;unlike thecaseof normal-formgames,thereare
several quite differentchoices. For our purposes,the most
appropriaterepresentationis the sequenceform [Koller and
Megiddo,1992;vonStengel,1996]. Here,thestrategy �

�

for
anagent� is representedasavectorof realvaluesof size �

�

,
one for eachdistinct history �

���

� 
 for a leaf � in the tree.
Thenumber�

���

�

���

� 
 
 , abbreviated �

���

� 
 , is theproductof
theprobabilitiescontrolledby agent� alongthehistory �

�

.

Fromthis representation,wecaneasilyderivetheprobability
of takinganactionat aparticularinformationset.

Thesetof sequenceform strategiesfor agent� is therefore
a subsetof � ����� , where �

�

is at most the numberof leaves
in the tree. The set of legal sequenceform strategies

���

for agent � is de�ned by a setof linear constraintson vec-
tors in � ����� . The set of sequenceform strategy pro�les is
thende�ned as

�

	

�

�����

� �

. Thepayoff to agent� in an
extensive-formgamecanbeshown to be
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���

�
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�

� 
)( (1)

Thus,thepayoffs areasum,over theleavesin thetree,of the
payoff ataleaftimestheproductof thesequenceform param-
etersfor that leaf.1 Importantly, this expressionhasa similar
multi-linearformto thepayoff in anormal-formgame,but us-
ing sequenceform strategiesratherthanmixedstrategies. In
an extensive form gamesatisfyingperfectrecall, any mixed
strategy equilibrium canbe representedusingan essentially
equivalentsequenceform strategy pro�le.

2.2 Structured Representations

Graphical Games
The sizeof thepayoff arraysrequiredto describea normal-
form gamegrows exponentiallywith the numberof agents.
Kearnset al. [2001] introducedthe framework of graphical
games, whichprovideamorestructuredrepresentationbased
on probabilisticgraphicalmodels. Graphicalgamescapture
local structurein multi-agentinteractions,allowing a com-
pactrepresentationfor scenarioswhereeachagent'spayoff is
only affectedby a smallsubsetof otheragents.Examplesof
interactionswherethisstructureoccursincludeagentsthatin-
teractalongorganizationhierarchiesandagentsthat interact
accordingto geographicproximity.

A graphicalgameis describedlike a normal-formgame.
The basicrepresentation(slightly generalized)is a directed
graphwith onenodefor eachagent.An edgefrom agent� �

to agent� in thegraphindicatesthatagent� 'spayoffsdepend
on theactionof agent��� . More precisely, we de�ne Fam

�

to
bethesetof agentsconsistingof � itself andits parentsin the
graph.Theagent'spayoff 


�

is anarrayindexedonly by the
actionsof the agentsin Fam

�

. Thus, the descriptionof the
gameis exponentialin the in-degreeof thegraphandnot in
thetotalnumberof agents.In thiscase,weuse

�

�

�

and
�

�

�

to referto strategy pro�les of theagentin Fam
� ���

��� .

Multi-agent In�uence Diagrams
The descriptionlength of extensive-form gamesoften also
grows exponentiallywith the numberof agents. In many
situations this large tree can be representedmore com-
pactly. Multi-agentin�uencediagrams(MAIDs) [Koller and
Milch, 2001] allow a structuredrepresentationof gamesin-
volving time and information by extending in�uence dia-
grams[HowardandMatheson,1984] to themulti-agentcase.

A MAID is representedas a directedacyclic graphover
nodesof threetypes: chance,decision,andutility. (Utility

1For notationalsimplicity, *,+.-�/10 includesnature'sprobabilities.



nodesareassumedto havenochildren.)Chancenodesrepre-
sentnature's actions,anda conditionalprobability distribu-
tion (CPD) is associatedwith eachsuchnode,describingthe
distributionoveroutcomesof thatvariableconditionedonthe
valuesof its parents.Eachdecisionnodeis associatedwith
a singleagent.The parentsof a decisionnoderepresentthe
variableswhosevaluesare known to the agentwhen mak-
ing that decision. Thus,an agent's decisionrule for a node
canspecifya differentstrategy for eachassignmentof values
to thenode's parents.In effect, eachsuchassignmentcorre-
spondsto aninformationset.A randomizingdecisionrulefor
adecisionnodeis simplyaCPD:adistributionoverits values
for eachinstantiationof its parents.

Eachutility nodeis associatedwith an agent,and repre-
sentsa componentin that agent's payoff. The utility node
takes real valuesas a deterministicfunction of its parents.
Thus,thatcomponentof theagent'spayoff dependsonly ona
subsetof thevariablesin theMAID. Theagent'soverallutil-
ity is the sumof the utilities obtainedat its differentutility
nodes.It is easyto show thata MAID de�nes anextensive-
form game.If we useCPDsanddecisionrulesthataretree-
structured,then the MAID representationis no larger than
thecorrespondingextensive-formrepresentation,andisexpo-
nentiallysmallerin many cases.Notethatagraphicalgameis
simply a MAID whereeachagenthasa singledecisionnode
anda singleutility node,andwherethe parentsof an agent

� 'sutility nodearethedecisionnodesfor theagentsin Fam
�

.

3 Continuation Methods
We begin with a high-level overview of continuationmeth-
ods,referringthereaderto [Watson,2000] for amoredetailed
discussion.Continuationmethodswork by solvinga simpler
perturbedproblemandthentracingthesolutionasthemag-
nitudeof theperturbationdecreases,convergingto asolution
to theoriginalproblem.

More precisely, let � be a scalarparameterizinga contin-
uumof perturbedproblems.When � 	�� , theperturbedprob-
lem is theoriginal one;when � 	�� , theperturbedproblem
is onefor which thesolutionis known. Let � representthe
vectorof realvaluesof thesolution.For any perturbedprob-
lem de�ned by � , we characterizesolutionsby theequation

� �

�

�

� 
 	�� , where
�

is a real-valuedvectorfunction (so
that � is a vectorof zeros). The function

�

is suchthat if
� �

�

�

� 
�		� holdsthen � is a solutionto theproblemper-
turbedby � .

Thecontinuationmethodtracessolutionsalongthemani-
fold of solutionpairs

�

�

�

� 
 satisfying
� �

�

�

� 
 	�� . Specif-
ically, if we have a solution pair

�

�

�

� 
 , we would like to
tracethatsolutionto adjacentsolutions.Differentialchanges
to � and � must cancelout so that

�

remainsequalto � .
Thus,locally, changes
�� and 
�� alongthepathmustobey


���� �

�

�

� 
�
��
	

�


��


���� �

�

�

� 
 , which is equivalentto
thematrix equation

�


���� 
��������


��


����

	�� ( (2)

If thematrix
�


�����
����

�

hasanull-spaceof rank1every-
where,thecurveis uniquelyde�ned. If properlyconstructed,
thecurve startingat � 	�� is guaranteedto cross ��	�� , at

whichpoint thecorrespondingvalueof � is asolutionto the
originalproblem.A continuationmethodbeginsat theknown
solutionfor � 	�� . Thenull-spaceof theJacobian


��

at a
currentsolution

�

�

�

� 
 de�nes a direction,alongwhich the
solutionis moved by a small amount. The processthenre-
peats,tracingthecurve until � 	 � . Thecostof eachstepin
this computation,given the Jacobian,is cubic in the sizeof
theJacobian,dueto therequiredmatrixoperations.

Continuationmethodsinvolve the tracingof a dynamical
systemthroughthecontinuousvariationof theparameter� .
For computationalpurposes,discretestepsmustbetaken.As
a result, error inevitably accumulatesas the path is traced.
Onecanuseseveraltechniquesto reducetheerror, whichwe
do not describefor lack of space.Unfortunately, thesetech-
niquescanpotentiallysendthealgorithminto a cycle,andin
practicethey occasionallydo. If thealgorithmcycles,random
restartsanda decreasein stepsizecanimproveconvergence.

4 Continuation Methods for Games
We now review the work of Kohlberg and Mertens[1986]
andGW on applyingthe continuationmethodto the taskof
�nding equilibria in games.Thesealgorithmsform the ba-
sis for our extensionto structuredgames,describedin the
next section.Thecontinuationmethodperturbsthegameby
adding � timesa �x ed bonusto eachagent's payoffs, such
thatanagent'sbonusdependsonly on its own actions.If the
bonusesarelargeenough(andunique),thebonusesdominate
theoriginal gamestructure,andtheagentsneednot consider
their opponents'plays. Thus,for � 	!� , theperturbedgame
hasonlyoneequilibrium:eachagentplaystheactionwith the
largestbonus.Wethenusethecontinuationmethodto follow
a path in the spaceof � andequilibrium pro�les for the re-
sulting perturbedgame,decreasing� until it is zero; at this
point, thecorrespondingstrategy pro�le is anequilibriumof
theoriginalgame.We now make this intuition moreprecise.

4.1 Normal Form Games
In order to apply Eq. (2), we needto characterizethe equi-
libria of perturbedgamesas the zerosof a function

�

. We
�rst de�ne anauxiliary functionmeasuringthebene�t of de-
viating from a givenstrategy pro�le. Speci�cally, "

�

��
 is a
vectorpayoff functionof thepayoff to agent� for deviating
from themixedstrategy pro�le � by playingeachaction # :

"%$

�

��
 	
!

&

��'�(

�




�
�

#

�*)



&

'

���

�,+

��-

�

&/.

(

We now de�ne a retraction operator 021�� ��354

�

to
be an operatorthatmapsarbitrary � -vectors� to thepoint
in the space

�

of mixed strategies which is nearestto �

in Euclideandistance. As outlined in the structuretheo-
rem of Kohlberg and Mertens[1986], an equilibrium � is
recoverablefrom �76	"

�

��
 by the retractionoperator 0 :
0

�

�869"

�

��
 
 	�� . In fact, this conditionis a full charac-
terizationof equilibria. Thus,we cande�ne an equilibrium
asa solutionto theequation� 	:0

�

�;6<"

�

��
 
 . Conversely,
if ��	=0

�

� 
 and � 	 �>69"

�

��
 we have the equivalent
conditionthat � 	90

�

� 
?6<"

�

0

�

� 
 
 . Thus,we cansearch
for a point � ��� �

3 which satis�es this equality, in which
case0

�

� 
 is guaranteedto beanequilibrium.



We now de�ne thegameperturbationandassociatedcon-
tinuationmethod.For a targetgame
 with payoff function

" , we createaneasilysolubleperturbedgameby addingan
� -vector � of uniquebonusesthat agentsreceive for play-
ing certainactions,independentlyof what all other agents
do. In perturbingthegame
 by � , we arrive at a new game


	6�� in which for each #	�

�

�

, and for any
)

�

�

�

�

,
�


 6�� 


� �

#

�*)


 	 


� �

#

� )


�6���$ . If we make � suf�ciently
large, then 
 6�� hasa uniqueequilibrium, in which each
agentplaysthepurestrategy # for which � $ is maximal.

Now, let " be the payoff function for the targetgame 
 .
The inducedpayoff function " 6���� is alsoperturbedfrom

" by ��� . Thus,theform of our continuationequationis:
� �

�

�

� 
 	 �

�

0

�

� 


���

"

�

0

�

� 
 
?67��� 
)( (3)

We have that "�67��� is thepayoff functionfor theperturbed
game
 6 ��� , so

� �

�

�

� 
 is zeroif andonly if 0

�

� 
 is an
equilibriumof 
 6 ��� . At � 	�� thegameis unperturbed,so

� �

�

�

� 
 	:� if f 0

�

��
 is anequilibriumof 
 .
The expensive stepin the continuationmethodis the cal-

culationof theJacobian

 � �

, requiredfor thecomputation
that maintainsthe constraintof Eq. (2). Here,we have that


����

	��

� �

�,6




" 





0 , where� is the ��	,� identityma-
trix. Thehardpart is thecalculationof




" . For purestrate-
gies #�
 �

�

�
�

and #�� �

�

���

, the valueat location
�

#�


�

#�� 


in



"

�

��
 is equalto theexpectedpayoff to agent��
 when
it playsthepurestrategy #�
 , agent��� playsthepurestrategy

#�� , andall otheragentsactaccordingto thestrategy pro�le � :
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( (4)

Computing Eq. (4) requires a number of multiplications
which is exponentialin the gamesize; the sum is over the
exponentiallylargespace

�

�

���
�

�

���

	
�

�����

� +

�
���

�
�

-

�

' .

4.2 Extensive Form Games
Thesamemethodappliesto extensive-formgames,usingthe
sequenceform parameterizationof strategies. We �rst need
to de�ne thebonusvector, andtheretractionoperatorwhich
allowsusto characterizeequilibria.

The bonusvector in the extensive-form addsa bonusfor
eachsequenceof eachagent. GW show that a suf�ciently
largebonusguaranteesauniqueequilibriumfor theperturbed
game. The retractionoperator0 takesa generalvectorand
projectsit ontothevalid region of sequenceforms. As all of
theconstraintsarelinear, theprojectionamountsto a decom-
posablequadraticprogram(QP) that canbe solved quickly.
Weemploy standardQPmethods.TheJacobianof theretrac-
tion is easilycomputablefrom thesetof activeconstraints.

The solution for the sequenceform is now surprisingly
similar to that of the normal-form. The key propertyof the
sequenceform strategy representationis thatthepayoff func-
tion is a multi-linear functionof theextensive-formparame-
ters,asshown in Eq. (1). Theelementsof theJacobian




"

alsohavethesamegeneralstructure.In particulartheelement
correspondingto sequence#


 for agent�

 andsequence#

�

for agent�
� is
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L3R2L2R1

(a) (b)

Figure1: (a) An abstractdiagramof thepath. Thehorizontalaxis
represents� and the vertical axis representsthe spaceof strategy
pro�les (actually multidimensional). The algorithm startson the
right at ���! and follows the dynamicalsystemuntil �"�$# at
point 1, whereit hasfoundanequilibrium of theoriginal game.It
cancontinueto tracethepathand�nd theequilibrialabeled2 and3.
(b) Two-stageroadbuilding MAID for threeagents.

where � $

� �

$

�

is thesetof leavesthatareconsistentwith the
sequences#�
 (for agent �%
 ) and #�� (for agent ��� ). We take

� $

� �

$

�

to betheemptyset(andhence



" 	 � ) if #�
 and #��

areincompatible.Eq.(5) is preciselyanalogousto Eq.(4) for
normal-formgames.We have a sum,over outcomes,of the
utility of theoutcomemultipliedby thestrategy probabilities
for all otheragents.Note that this sumis over the leavesof
thetree,whichmaybeexponentialin thenumberof agents.

Zero-probabilityactionsin extensive-formgamesgiverise
to an additionalsubtlety. Suchactionsinducea probability
of zerofor entiretrajectoriesin the tree,possiblyleadingto
equilibriabasedonunrealizablethreatsandotherundesirable
phenomena.For us, they canalsoleadto bifurcationsin the
continuationpath, preventing convergence. Thus, we con-
strainall sequenceform parametersto begreaterthanorequal
to � for somesmall � . This constraintensuresthatthecontin-
uationpathis a � -manifold.Thealgorithmthus�nds anequi-
librium to aperturbedgame,whereagentshaveasmallprob-
ability of choosinganunintendedaction. As � tendsto zero,
theseequilibriaconvergeto perfectequilibria of theoriginal
game[Owen, 1995], a (nonempty)subsetof all equilibria.
For � small enough,continuity implies that thereis always
an exact perfectequilibrium in the vicinity of the perturbed
equilibrium,whichcaneasilybefoundusinglocal search.

4.3 Path Properties
In the caseof normal-formgames,the structuretheoremof
Kohlberg andMertens[1986] implies that, with probability
oneoverall choicesfor � , thepathof thealgorithmis a one-
manifoldwithoutboundary. GW provideananalogousstruc-
turetheoremthatguaranteesthesamepropertyfor extensive-
form games.Figure1(a)shows anabstractrepresentationof
the pathfollowed by the continuationmethod. The equilib-
rium for largepositive � is unique,sotheone-manifoldcan-
not doubleback to the side of � 	'& . Furthermore,the
perturbedgamesalongthepathcanhaveonly a �nite number
of discreteequilibria,sothepathcannottravel backandforth
inde�nitely. Therefore,it mustcrossthe � 	 � hyperplane
at leastonce,yielding an equilibrium. In fact, thepathmay
crossmultiple times,yieldingmany equilibriain asinglerun.
As thepathmusteventuallycontinueto the � 	

�

& side,it
will �nd anoddnumberof equilibriawhenrunto completion.

In both normal-formandextensive-form games,the path
is piece-wisepolynomial,with eachpiececorrespondingto a



differentsupportsetof thestrategy pro�le. Thesepiecesare
calledsupportcells. The path is not smoothat cell bound-
aries, due to discontinuitiesin the Jacobianof the retrac-
tion operator, andhencein


����

, whenthesupportchanges.
Thus,in following thepath,caremustbetakento stepup to
theseboundariesexactly.

In thecaseof two agents,thepathis piece-wiselinearand,
ratherthantakingsteps,thealgorithmcanjumpfrom“elbow”
to “elbow” alongthispath.Whenthis algorithmis appliedto
a two-agentgameanda particularbonusvectoris used,the
stepsfrom supportcell to supportcell thatthealgorithmtakes
areexactlyequalto thepivotsof theLemke-Howsonsolution
algorithm[Lemke andHowson,1964] for two-agentgames,
and the two algorithms�nd preciselythe samesetof solu-
tions.Thus,thecontinuationmethodis astrictgeneralization
of theLemke-Howsonalgorithmthatallowsdifferentpertur-
bationraysandgamesof morethantwo agents.

4.4 Iterated Polymatrix Approximation
Becauseperturbedgamesmaythemselveshave anexponen-
tial numberof equilibria, and the path may wind backand
forth throughany numberof them,thecontinuationalgorithm
cantakeawhile to traceits waybackto asolutionto theorig-
inal game.Wecanspeedup thealgorithmusinganinitializa-
tion procedurebasedon the iteratedpolymatrixapproxima-
tion (IPA) algorithmof GW. A polymatrixgameis a normal-
form gamewherethepayoffs to aagent� areequalto thesum
of thepayoffs from a setof two-agentgames,eachinvolving

� andanotheragent.Polymatrixgamescanbesolvedquickly
usingtheLemke-Howsonalgorithm[1964].

Givena normal-formgame
 anda strategy pro�le � , we
canconstructa polymatrixgame��� whoseJacobianat � is
thesameastheJacobianof 
 's payoff function " at � . The
game ��� is a linearizedapproximationto 
 around � , and
canbecomputedef�ciently from theJacobianof 
 . GW pro-
videaniterativealgorithmthat,in eachstep,takesapro�le �

andimprovesit usingthesolutionof thepolymatrixapprox-
imation �

� . This algorithm is not guaranteedto converge,
but in practice,it quickly moves“near” a goodsolution. We
thenconstructaperturbedgamecloseto theoriginalgamefor
which this approximateequilibrium is an exact equilibrium.
Thecontinuationmethodis thenrun from this startingpoint
to �nd anexactequilibriumof theoriginalgame.

5 Exploiting Structure
Asmentionedabove,thecalculationof




" ateachstepof the
algorithmconsumesmostof the time. Both in normal-form
and(in the worst case)in extensive-formgames,it requires
time that is exponentialin the numberof agents.However,
aswe show in this section,whenusingastructuredrepresen-
tation suchas a graphicalgameor a MAID, we can effec-
tively exploit thestructureof the gameto drasticallyreduce
thecomputationaltimerequired.

5.1 Graphical Games
Considerthe computationof the normal-form Jacobianin
Eq. (4). The key insight is that thechoiceof strategy for an
agentoutsidethefamily of �%
 doesnot affect 


�
�

. This ob-
servationallowsusto computethe ��
 entriesin theJacobian

locally, consideringonly �%
 's family. Moreprecisely, wecan
considertwo cases.If ����� � Fam

���

, then
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Recallingthat
�

�

���

is a vectorof actionsonly of Fam
��� �

�

��� , we seethat this computationis exponentialonly in the
family sizeof �%
 . Furthermore,thisvaluedoesnotdependon

#�� or � � , andcanthereforebecalculatedonceandcopiedfor
all agents� ��� � Fam

���

andfor all choicesof their strategies.
If � � � Fam
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, thenwe simplyhave:



" $

� �

$

� �

��
 	 !

&

��' (

�

� �

(

�

�




��� �

#�


�

#��

�*)


 &

'

�

Fam
�

�

�,+

� ��� � � -

�

& .

( (7)

Letting � be themaximalfamily size,and 
 themaximal
numberof actionsperagent,wehavethatthecomputationof
theJacobianrequirestime 	

�
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5.2 MAIDs
The Jacobianfor MAIDs
To �nd equilibria in MAIDs, we extend the sequenceform
continuationmethodof Section4.2.As above,ourkey taskis
computingtheJacobianof Eq.(5). TheJacobianhasanentry
for eachpair of sequencesin thegame(onefor eachagent).
We thereforebegin by noting that the sequenceform repre-
sentationfor MAIDs with perfectrecall is no larger thanthe
agent's decisionrules for that MAID. Due to perfectrecall,
the last decisionnode(in topologicalorder) must have in-
comingedgesfrom all of its previousactionsandall parents
of previous actions. Moreover, it musthave an information
setfor any distinctagenthistory. Thus,theagent's decision
rule for that �nal decisionhasthesamesizeasthesequence
form. Hence,thedimension� of the � 	 � Jacobianma-
trix is linear in the sizeof the MAID (wheresize,asusual,
includesthesizeof theparameterization).

We next turn to the computationof the Jacobianentries.
Eq.(5) canberewrittenas
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A leaf node � in the extensive-form gameis simply an as-
signment� to all of thevariablesin theMAID, and 


��� �

� 


is � 
 's utility given � . The sequenceprobability �

���

� 
 is
the product of the probabilitiesfor the decisionsof agent

� in the assignment� . Thus, Eq. (8) is an expectationof



��� �

� 

�

�

�

�
� �

� 
 �

��� �

� 


�

. Theexpectationis overthedistribu-
tion de�ned by theBayesiannetwork ��� whosestructureis
thesameastheMAID, andwheretheagents'decisionnodes
haveCPDsdeterminedby � .

The agent's utility 


�
� �

� 
 is the sumof its utility nodes.
Dueto linearityof expectation,wecanperformthecomputa-
tion separatelyfor eachof theagent's utility nodes,andthen
simply addup the separatecontributions. Thus,we assume
from hereon, without lossof generality, that ��
 hasonly a
singleutility node � .

Thevalueof �

�

.

�

� 
 ( � 		�

���

) dependsonly on thevalues
of thesetof nodes�

�

. consistingof �

' 'sdecisionnodesand



theirparents.Thus,insteadof computingtheprobabilitiesfor
all assignmentsto all variables,we needonly to computethe
marginal joint distribution over � , �

���

, and �

���

Fromthis
distribution,wecancomputetheexpectationin Eq.(5).

Using BayesianNetwork Infer ence
Our analysisabove reducesthe requiredcomputationssig-
ni�cantly. We needonly computeonejoint distribution for
every pair of agents� 


�

� � . This joint distribution is theone
de�ned by the Bayesiannetwork � � . Naively, this compu-
tation requiresthat we executeBayesiannetwork inference




�




� times:oncefor eachorderedpair of agents��


�

� � . For-
tunately, wecanexploit thestructureof theMAID to perform
this computationmuchmoreef�ciently .

The basis for our method is the clique tree algorithm
of Lauritzenand Spiegelhalter[1998]. A clique tree for a
Bayesiannetwork � is a datastructurede�ned over anundi-
rectedtreeoverasetof nodes� . Eachnode�

'

��� is asubset
of thenodesin � calledaclique. Thecliquetreesatis�escer-
tain importantproperties.It mustbe family preserving: for
eachnode � in � , thereexistsa clique �

'

��� suchthat �

andits parentsareasubsetof �

' . It alsosatis�esaseparation
requirement:if � � blocksthepathfrom � 
 to ��� , then,in the
distributionde�nedby � , wehavethatthevariablesin � 
 are
conditionallyindependentof thosein �

� giventhosein �
� .

Eachclique maintainsa datastructure,calleda potential,
which is an unnormalizeddistribution over the variablesin

�

' . Thesizeof thepotentialfor �

' is thereforeexponentialin



�

'


 . Thecliquetreeinferencealgorithmproceedsby passing
messagesfrom oneclique to anotherin the tree. The mes-
sagesareusedto updatethepotentialin thereceiving clique.
After a processin which messageshave beensent in both
directionsover eachedgein the tree, the tree is said to be
calibrated; at this point, thepotentialof everyclique �

' con-
tainspreciselythe joint distribution over the variablesin �

'

accordingto � .
We canusethecliquetreealgorithmto performinference

over �
� . Now, considerthe �nal decisionnodefor agent�

' .
Dueto theperfectrecallassumption,all of �

' 's previousde-
cisionsandall of theirparentsarealsoparentsof thisdecision
node.Thefamily preservationpropertythereforeimpliesthat

�

�

. is fully containedin someclique. Thus,theexpectation
of Eq. (8) requiresthe computationof the joint distribution
over threecliquesin the tree: theonecontaining � , theone
containing �

�
�

, and the onecontaining �

�
�

. We needto
computethis joint distributionfor everypairof agents� 


�

� � .
The �rst key insight is that we can reducethis problem

to one of computingthe joint marginal distribution for all
pairs of cliques in the tree. Assumewe have computed

���

�

�

'

�

�
	 
 for every pair of cliques �

'

�

�
	 . Now, consider
any triple of cliques �




�

�
�

�

�
� . Thereare two cases:ei-

ther one of thesecliques is on the path betweenthe other
two, or not. In the �rst case,assumewithout loss of gen-
erality that � � is on thepathfrom � 
 to ��� . In this case,by
theseparationrequirement,we have that �

�

�
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� �

�

��� 
 	

�
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 ( In the secondcase,there
existsauniqueclique �
� whichblocksthepathsbetweenany
pair of thesecliques. Again, by the separationproperty, ���

rendersthesecliquesconditionally independent,so we can
usea similarmethodto compute�

�

�

� 


�

� �

�

��� 
 .

Thus,we have reducedthe problemto oneof computing
themarginalsover all pairsof cliquesin a calibratedclique-
tree. We canusedynamicprogrammingto executethis pro-
cessef�ciently . Weconstructatablethatcontains� �

�

�

'

�

� 	 


for eachpair of cliques �

'

�

� 	 . We constructthetablein or-
derof lengthof thepathfrom �

' to � 	 . Thebasecaseis when
�

' and � 	 areadjacentin thetree. In this case,we have that
���

�

�

'

�

�
	 
�	 ���
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�

'
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� ���
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 ( Theprobability
expressionsin thenumeratoraresimply thecliquepotentials
in the calibratedtree. The denominatorcanbe obtainedby
marginalizing eitherof the two cliques. For cliques �

' and
� 	 that arenot adjacent,we let ��� be the nodeadjacentto
� 	 on the path from �

' to � 	 . The clique ��� is one step
closerto �

' , so,by construction,we have alreadycomputed
�

�

�

'

�

��� 
 . We cannow applytheseparationpropertyagain:
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Let � be the numberof cliquesin the tree,and 
 be size
of the largestclique (the numberof entriesin its potential).
The costof calibratingtheclique treefor ��� is 	

�

� 
 
 . The
costof computingEq. (9) for all pairsof cliquesis 	

�

�

�




�


 .
Finally, thecostof computingthe #

'

�

#�	 entryof theJacobian
is 	

�


�� 
 . In gameswhereinteractionsbetweenthe agents
arehighly structured,thesize 
 of thelargestcliquecanbea
constanteven as the numberof agentsgrows. In this case,
the complexity grows only quadraticallyin the numberof
cliques,andhencealsoin thenumberof agents.

6 Results
6.1 Graphical Games
We comparedtwo versionsof our algorithm: cont, thesim-
ple continuationmethod, and IPA+cont, the continuation
methodwith theIPA initialization. We comparedour results
to the publishedresultsof the the algorithmof Vickrey and
Koller [2002] (VK hereafter).The VK methodonly returns

� -equilibria, but their approachis the only one that applies
to graphicalgameswhoseinteractionstructureis not a (bi-
connected)tree and for which timing resultsare available.
TheVK papercontainsseveraldifferentalgorithms.Wecom-
paredagainstthealgorithmwhich hadthesmallestapproxi-
mationerrorfor a givenproblem.

Following VK, our algorithmswererun on two classesof
games,of varying size. The Roadgame,denotinga situa-
tion whereagentsmust build in land plots alonga road, is
playedon a 2-by-� grid; eachagenthasthreeactions,and
its payoffs dependonly on theactionsof its (grid) neighbors.
Following VK, we constructeda gamewherethe payoff for
anagentis simply thesumof payoffs of gamesplayedsepa-
ratelywith its neighbors,andwhereeachsuchsubgamehas
thepayoff structureof rock-paper-scissors.This gameis, in
fact,a polymatrixgame,andhenceis very easyto solve us-
ing our methods. We also experimentedwith a ring graph
with threeactionsperagentandrandompayoffs.

Foreachclassof games,wechoseasetof gamesizesto run
on. For each,we selected,randomlyin caseswherethepay-
offs wererandom,asetof at leastten(andup to onehundred
for MAIDs) testgamesto solve. We thensolvedeachgame
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Figure2: Resultsfor graphicalgames:(a)Runningtimefor roadgamewith rock-paper-scissorspayoffs. Resultsfor ring gamewith random
payoffs: (b) runningtime; (c) numberof iterationsof cont; (d) averagetime periterationof cont.

with a differentrandomperturbationvector, � , andrecorded
thetime andnumberof iterationsnecessaryto reachthe�rst
equilibrium. We then averagedover test cases. The error
barsshow thevariancedueto thechoiceof perturbationvec-
tor and,for randomgames,thechoiceof game.For smaller
games,thealgorithmsalwaysconvergedto anequilibrium.In
about40%of thelargergames(morethan20 agents),theal-
gorithmsdid not convergeon the�rst trial; in thesecases,we
restartedthesamegamewith adifferentrandomperturbation
vector. On average,about2 restartsweresuf�cient for these
dif�cult games.In a few large graphicalgames(e.g. 9% of
gameswith 45agents),IPA did notconvergeafter10restarts;
in thesecaseswe did not recordresultsfor IPA+cont. In the
otherrestartedcases,werecordedthetimefor theconverging
run. Our resultsareshown in Figures2(a,b).

In all cases,our algorithmfoundanequilibriumwith error
at most � �

� 
 � , essentiallymachineprecision. In the Road
games,wecomparedagainstthetimesfor VK usingtheirhill
climbingmethodwhichfound � -equilibriawith errorof � �

�

� .
In thesegames,thecont methodis moreef�cient for smaller
games,but thenbecomesmorecostly. Dueto thepolymatrix
natureof thisgame,theIPA+cont solvesit immediatelywith
the Lemke-Howsonalgorithm,andis thereforesigni�cantly
lessexpensivethanVK.

In the random-payoff ring games,VK hadan equilibrium
errorof about�.( � � usingtheircostminimizationmethodwith
agrid discretizationof � ��� . Here,ouralgorithmsaremoreef-
�cient thanVK for smallergames(up to 20–30agents),with
IPA+cont performingconsiderablybetterthancont. How-
ever, the runningtime of our algorithmsgrows morerapidly
thanthatof VK, sothatfor largergames,they becomeimprac-
tical. Nevertheless,our algorithmsperformedwell in games
with up to � � agentsand � actionsper agent,gameswhich
werepreviously intractablefor exactalgorithms.

Here, we also plotted the numberof iterationsand time
periterationfor cont in Figures2(c,d).Thenumberof itera-
tionsvariesbasedbothonthegameandperturbationraycho-
sen.However, thetimeperiterationis almostexactlycubicas
predicted.We notethat,whenIPA is used,thecontinuation
methodconvergesalmostimmediately(within asecond).

6.2 MAIDs
Koller andMilch [2001] de�ne a relevancegraph over the
decisionnodesin aMAID, wherethereis anedgefrom � 
 to

� � if thedecisionrule at � 
 impactsthechoiceof decision
ruleat � � . They show thatthetaskof �nding equilibriafor a
MAID canbedecomposed,in thatonly decisionnodesin the

samestronglyconnectedcomponentin the relevancegraph
mustbeconsideredtogether. However, their approachis un-
ableto dealwith structurewithin a stronglyconnectedcom-
ponent,andthey resortedto convertingthegameto extensive
form, andusinga standardequilibriumsolver. Our approach
addressesthe complementaryproblem,dealingspeci�cally
with this �ner -grainedstructure.Thus,wefocusedourexper-
imentsonMAIDs with cyclic relevancegraphs.

We ranouralgorithmson two classesof games,with vary-
ing sizes.The �rst, a simplechain,alternatesbetweendeci-
sionandchancenodeswith eachdecisionnodebelongingto
adifferentagent.Eachagenthastwo utility nodes,eachcon-
nectedto its decisionnodeandto aneighbor's(exceptfor the
endagentswho have oneutility nodefor their singleneigh-
bor). All probability tablesandpayoff matricesarerandom.
Our secondexampleis shown in Figure1(b). It is anexten-
sionof thegraphicalroadgamefrom above. Eachagentmust
submitplanssimultaneously( �


 –�

�

) for thetypeof building
(homeor store)that they will build alonga road. However,
building ( � 
 –�

�

) proceedsfrom left to right andso before
committingto a build, an agentcanseea noisy estimateof
theplansof theagentto its left ( � 
 - �

�

). Agentswould pre-
fer to be the �rst oneto starta new typeof building (i.e., be
differentthantheir left neighbors,but thesameastheir right
neighbors).They alsotakeapenaltyif theirbuilding andplan
decisionsdiffer. Carefullychosenpayoffs ensurenon-trivial
mixedstrategies.

Figures3(a,b)show the running times for computingan
equilibrium as the numberof agentsis increasedfor both
typesof games.We comparedour resultsto thoseachieved
by convertingthegameto extensive-formandrunningGam-
bit, a standardequilibriumcomputationpackage.Our timing
resultsfor Gambit donot includethetime for theconversion
to extensive-form.

Figures3(c,d)show the numberof iterationsandrunning
time per iteration for the caseof the two-stageroad game.
Therunningtime per iterationis onceagainwell �t by a cu-
bic. Thevarianceis mainlydueto theexecutionof theretrac-
tion operatorwhoserunningtime dependson thenumberof
strategiesin thesupport.

7 Discussionand Conclusions

In the last few years,several papershave addressedthe is-
sueof �nding equilibria in structuredgames.For graphical
games,theexactalgorithmsproposedsofarapplyonly to the
very restrictedclassof gameswheretheinteractionstructure
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Figure3: Resultsfor MAIDs: (a) Runningtimesfor thechainMAID. Resultsfor two-stageRoadMAID: (b) runningtime; (c) numberof
iterations;(d) time periteration.

is an undirectedtree,andwhereeachhasonly two possible
actions[Kearnset al., 2001;Littmanetal., 2002].

Therehave beenseveralalgorithmsproposedfor thecom-
putationof � -equilibria in generalgraphicalgames,mostof
which (implicitly or explicitly) de�ne an equilibrium as a
set of constraintsover a discretizedspaceof mixed strate-
gies,and thenusesomeconstraintsolving method: Kearns
et al. [2001] usea tree-propagationalgorithm; Vickrey and
Koller [2002] usevariableeliminationmethods(VK1); and
Ortiz andKearns[2003] usearc-consistency constraintprop-
agationfollowed by search.Vickrey andKoller [2002] also
proposea gradientascentalgorithm (VK2). The running
timesof KLS andVK1 bothdependon thetree-widthof the
graph,whereastherunningtimesof ouralgorithm,VK2, and
OK dependon thedegreeof thegraph.However, theselatter
threealgorithmsall requiremultiple iterationsandnobounds
arecurrentlyknown on thenumberof iterationsrequired.

For MAIDs, Koller andMilch [2001] (KM) de�ne a no-
tion of independencebetweenagents'decision,andprovide
analgorithmthatcandecomposetheproblembasedon fairly
coarseindependencestructure.Our algorithmis ableto ex-
ploit a much�ner -grainedstructure,resolvinganopenprob-
lem left by KM. La Mura [2000] (LM) proposesa continu-
ation methodfor �nding oneor all equilibria in a G net, a
representationwhich is very similar to MAIDs. This pro-
posalonly exploits a very limited set of structuralproper-
ties (a strict subsetof KM andof our algorithm). The pro-
posalwasalsonever implemented,andseveralissuesregard-
ing non-convergingpathsseemunresolved.

We havepresentedanalgorithmfor computingexactequi-
libria in structuredgames. Our algorithm is basedon the
methodsof GW, but shows how thekey computationalsteps
in their approachcanbeperformedmuchmoreef�ciently by
exploiting thegamestructure.Our methodallows us to pro-
videthe�rst exactalgorithmfor generalgraphicalgames,and
the �rst algorithmthat takes full advantageof the indepen-
dencestructureof aMAID. Ourmethodscan�nd exactequi-
libria in gameswith large numbersof agents,gameswhich
werepreviously intractablefor exactmethods.
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