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Abstract

Thetraditionalrepresentationsof gamesusingtheextensive
form or the strategic (normal) form obscuremuch of the
structurethat is presentin real-world games.In this paper,
weproposea new representationlanguagefor generalmulti-
player games— multi-agent in�uence diagrams (MAIDs).
This representationextendsgraphicalmodelsfor probabil-
ity distributions to a multi-agentdecision-makingcontext.
MAIDs explicitly encodestructureinvolving thedependence
relationshipsamongvariables.As aconsequence,wecande-
�ne anotionof strategic relevanceof onedecisionvariableto
another:

���
is strategically relevant to

�
if, to optimizethe

decisionruleat
�

, thedecisionmakerneedsto take into con-
siderationthe decisionrule at

� �
. We provide a soundand

completegraphicalcriterion for determiningstrategic rele-
vance.We thenshow how strategic relevancecanbeusedto
detectstructurein games,allowing a large gameto be bro-
kenup into a setof interactingsmallergames,which canbe
solved in sequence.We show that this decompositioncan
leadto substantialsavingsin thecomputationalcostof �nd-
ing Nashequilibriain thesegames.

1 Intr oduction
Gametheory[FudenbergandTirole,1991] providesamathe-
maticalframework for determiningwhatbehavior is rational
for agentsinteractingwith eachother in a partially observ-
able environment. However, the traditional representations
of gamesareprimarily designedto be amenableto abstract
mathematicalformulationandanalysis. As a consequence,
thestandardgamerepresentations,both the normal(matrix)
form andtheextensive(gametree)form, obscurecertainim-
portantstructurethat is oftenpresentin real-world scenarios
— the decompositionof the situation into chanceand de-
cision variables, and the dependencerelationshipsbetween
thesevariables.In thispaper, weprovidearepresentationthat
capturesthis type of structure.We alsoshow that capturing
this structureexplicitly hasseveral advantages,both in our
ability to analyzethegamein novel ways,andin our ability
to computeNashequilibriaef®ciently.

Ourframeworkof multi-agentin�uencediagrams(MAIDs)
extendsthe formalismsof Bayesiannetworks(BNs) [Pearl,
1988] andin�uencediagrams[HowardandMatheson,1984]
to representdecision problemsinvolving multiple agents.

MAIDs have clearly de®nedsemanticsas noncooperative
games:a MAID canbe reducedto an equivalentgametree,
albeit at the cost of obscuringthe variable-level interaction
structurethat the MAID makes explicit. MAIDs allow us
to describecomplex gamesusing a natural representation,
whosesize is no larger than that of the extensive form, but
whichcanbeexponentiallymorecompact.

JustasBayesiannetworksmake explicit thedependencies
betweenprobabilisticvariables,MAIDs makeexplicit thede-
pendenciesbetweendecisionvariables.They allow usto de-
®ne a qualitative notion of strategic relevance: a decision
variable � strategically relies on anotherdecisionvariable
��� when, to optimize the decisionrule at � , the decision-
making agentneedsto take into considerationthe decision
rule at ��� . This notion providesnew insight aboutthe rela-
tionshipsbetweentheagents'decisionsin astrategic interac-
tion. We provide a graph-basedcriterion, which we call s-
reachability, for determiningstrategic relevancebasedpurely
onthegraphstructure,andshow thatit is soundandcomplete
in thesamesensethatd-separationis soundandcompletefor
probabilisticdependence.Wealsoprovideapolynomialtime
algorithmfor computings-reachability.

Thenotionof strategic relevanceallowsusto de®nea data
structurethatwecall therelevancegraph— adirectedgraph
that indicateswhen one decisionvariablein the MAID re-
lies on another. We show thatthis datastructurecanbeused
to provide a naturaldecompositionof a complex gameinto
interactingfragments,and provide an algorithm that ®nds
equilibria for thesesmallergamesin a way that is guaran-
teed to producea global equilibrium for the entire game.
We show thatour algorithmcanbe exponentiallymoreef®-
cient thananapplicationof standardgame-theoreticsolution
algorithms,including the moreef®cient solutionalgorithms
of [Romanovskii, 1962;Koller etal., 1994] thatwork directly
on thegametree.

2 Multi-Agent In�uence Diagrams(MAIDs)
Wewill introduceMAIDs usingasimpletwo-agentscenario:
Example1 Alice is consideringbuilding a patio behindher
house, and the patio would be more valuableto her if she
could get a clear view of the ocean. Unfortunately, there is
a treein her neighborBob's yard that blocks her view. Be-
ing somewhatunscrupulous,AliceconsiderspoisoningBob's
tree, which might causeit to becomesick. Bob cannottell



whetherAlicehaspoisonedhis tree, but hecantell if thetree
is gettingsick, andhehastheoptionof calling in a treedoc-
tor (at somecost).Theattentionof a treedoctorreducesthe
chancethat thetreewill dieduringthecomingwinter. Mean-
while, Alice mustmake a decisionaboutbuilding her patio
before the weathergets too cold. Whenshemakes this de-
cision, sheknowswhethera tree doctor has come, but she
cannotobservethe healthof the tree directly. A MAID for
this scenariois shownin Fig. 1.
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Figure1: A MAID for theTree Killer example;Alice'sdeci-
sion andutility variablesarein darkgrayandBob's in light
gray.

To de®nea MAID, we begin with a set � of agents.The
world in which theagentsact is representedby theset � of
chancevariables, andaset ��� of decisionvariablesfor each
agent ����� . Chancevariablescorrespondto decisionsof
nature,asin Bayesiannetworks[Pearl,1988]. They arerep-
resentedin thediagramasovals. The decisionvariablesfor
agent� arevariableswhosevalues� getsto choose,andare
representedasrectanglesin thediagram.We use� to denote	 ��

� � � . The agents'utility functionsarespeci®edusing
utility variables: For eachagent ����� , we have a set � �
of utility variables,representedasdiamondsin thediagram.
Eachvariable � hasa ®nite setdom����� of possiblevalues,
calledits domain. Thedomainof a utility variableis always
a®nite setof realnumbers(achanceor decisionvariablecan
have any ®nite domain).We use� to denote

	 ��

� ��� . and�
to denote��������� .
Like a BN, a MAID de®nesa directedacyclic graphwith

its variablesasthe nodes,whereeachvariable � is associ-
atedwith a setof parents�����! "�$#%�&�'� . Note that util-
ity variablescannotbe parentsof othervariables. For each
chancevariable �(��� , the MAID speci®esa conditional
probability distribution (CPD): a distribution )+*,��� - pa�
for eachinstantiationpa of ���.�/ "� . For a decisionvariable
�0�1� � , ���.�/23� is the setof variableswhosevaluesagent� knows whenhe choosesa valuefor � . Thus, the choice
agent � makes for � canbe contingentonly on thesevari-
ables.(SeeDe®nition1 below.) For a utility variable 4 , the
MAID alsospeci®esa CPD )5*,�647- pa� for eachinstantia-
tion pa of ���.�/ "� . However, we requirethat the valueof a
utility variablebea deterministicfunctionof thevaluesof its
parents:for eachpa � dom�!�8���:9;�<� , thereis onevalueof

4 thathasprobability1, andall othervaluesof 4 haveprob-
ability 0. We use 4�� pa� to denotethevalueof node 4 that
hasprobability 1 when ���.�=9>��? pa. The total utility that
an agent � derivesfrom an instantiationof

�
is the sumof

thevaluesof ��� in this instantiation;thus,wearede®ningan
additivedecompositionof theagent'sutility function.

Theagentsget to selecttheir behavior at eachof their de-
cisionnodes.An agent'sdecisionat avariable� candepend
on thevariablesthattheagentobservesprior to making � —
� 's parents.Theagent's choiceof strategy is speci®edvia a
setof decisionrules.

De�nition 1 A decisionrule for a decisionvariable � is a
functionthatmapseach instantiationpaof �����!23� to a prob-
ability distribution over dom� ��� . An assignmentof decision
rulesto everydecision�@�A� � for a particular agent �B�"�
is calleda strategy.
An assignmentC of decisionrulesto every decision�D�E�
is calleda strategy pro�le . A partial strategy pro�le CGF is an
assignmentof decisionrulesto a subsetH of � . We will also
use C F to denotetherestrictionof C to H , and CJI F to denote
therestrictionof C to variablesnot in H .

Note that a decisionrule hasexactly the sameform asa
CPD. Thus, if we have a MAID K , thena partial strategy
pro®le C F that assignsdecisionrules to a set H of decision
variablesinducesa new MAID K(L C.FNM wherethe elements
of H have becomechancevariables. That is, each �O�PH
correspondsto a chancevariablein K(L C F M with C F � ��� as
its CPD. When C assignsa decisionrule to every decision
variablein K , the inducedMAID is simply a BN: it hasno
moredecisionvariables.This BN de®nesa joint probability
distribution QSRUT V�W overall thevariablesin K .
De�nition 2 If K is a MAID and C is a strategy pro�le forK , thenthe joint distribution for K inducedby C , denotedQSRXT V�W , is the joint distribution over

�
de�ned by the Bayes

netwhere:Y thesetof variablesis
�

;Y for �[Z]\^� � , there is anedge �`_a\ iff �b�"�8���
cd� ;Y for all �e�[���$� , theCPD for � is )+*,�f�g� ;Y for all �h�A� , theCPDfor � is Ci� �B� .
We cannow write an equationfor the utility that agent �

expectsto receive in a MAID K if the agentsplay a given
strategy pro®le C . Suppose� � ?kj:4+l�Z,mnm,moZp45qsr . Then:

EU�t�!Co�+? uvxw=y{z}|}|}|~z w��i� 
 dom
v}���{� Q�RUT V�W6��� l Znm,mnmoZ�� q �

qu �x� l �
�
(1)

wheredom�����=� is thejoint domainof ��� .
Becausetheexpectationof asumof randomvariablesis the

sameasthesumof theexpectationsof theindividual random
variables,we canalsowrite thisequationas:

EU�t��Co�+?�u� 
 � � uw 
 dom
v � � Q�RUT V�W6�64�?����S�n� (2)

Having de®nedthe notion of an expectedutility, we can
now de®newhatit meansfor anagentto optimizehisdecision
at oneor moreof his decisionrules,relative to a givensetof
decisionrulesfor theothervariables.



De�nition 3 Let H bea subsetof ��� , andlet C bea strategy
pro�le . We saythat C��F is optimal for the strategy pro®le C
if, in the inducedMAID K(L CoI F M , where theonly remaining
decisionsare thosein H , thestrategy C��F is optimal, i.e., for
all strategies C �F :

EU� �<�/C�I F Z�C �F �<� � EU� �<��CoI F Z]C �F �<�
Notethat, in this de®nition,it doesnot matterwhatdecision
rules C assignsto thevariablesin H .

In thegame-theoreticframework, we typically considera
strategy pro®le to representrationalbehavior if it is a Nash
equilibrium [Nash,1950]. Intuitively, a strategy pro®le is a
Nashequilibriumif noagenthasanincentiveto deviatefrom
the strategy speci®edfor him by the pro®le, as long as the
otheragentsdonotdeviatefrom their speci®edstrategies.
De�nition 4 A strategy pro�le C is a Nashequilibrium for
a MAID K if for all agents � ��� , C�� � is optimal for the
strategypro�le C .

3 MAIDs and Games
A MAID providesacompactrepresentationof ascenariothat
can also be representedas a gamein strategic or extensive
form. In this section,we discusshow to convert a MAID
into an extensive-form game. We alsoshow how, oncewe
have found an equilibrium strategy pro®le for a MAID, we
canconvertit into abehavior strategy pro®lefor theextensive
form game.Theword“node” in thissectionreferssolelyto a
nodein thetree,asdistinguishedfromthenodesin theMAID.

We use a straightforward extension of a construction
of [Pearl,1988] for converting an in�uence diagraminto a
decisiontree.Thebasicideais to constructa treewith splits
for decisionandchancenodesin theMAID. However, to re-
ducetheexponentialblowup,weobservethatwedonotneed
to split oneverychancevariablein theMAID. A chancevari-
ablethatis neverobservedby any decisioncanbeeliminated
by summingit out in the probability and utility computa-
tions.We presenttheconstructionbelow, referringthereader
to [Pearl,1988] for a completediscussion.

The set of variablesincluded in our gametree is � ?��� 	�� 
	� ���.�/2�� . We de®nea total ordering 
 over � that
is consistentwith thetopologicalorderof theMAID: if there
is a directedpath from � to \ , then ��
@\ . Our tree �
is a symmetrictree,with eachpathcontainingsplitsover all
thevariablesin � in theorderde®nedby 
 . Eachnodeis la-
beledwith apartialinstantiationinst ��
�� of � , in theobvious
way. For eachagent� , thenodescorrespondingto variables
� �%� � are decisionnodesfor � ; the other nodesare all
chancenodes. To de®nethe informationsets,considertwo
decisionnodes� and � � that correspondto a variable � .
Weplace� and � � into thesameinformationsetif andonly
if inst ����� andinst ��� � � assignthesamevaluesto ���.�/23� .

Our next taskis to determinethe split probabilitiesat the
chancenodes.Considera chancenode 
 correspondingto
a chancevariable � . For eachvalue �U� dom���s� , let 
��
be the child of 
 correspondingto the choice �e?�� . We
wantto computetheprobabilityof goingfrom 
 to 
 � . The
problem,of course,is thataMAID doesnotde®neafull joint
probabilitydistribution until decisionrulesfor theagentsare
selected. It turnsout that we can choosean arbitrary fully

mixed strategy pro®le C for our MAID K (one whereno
decisionhasprobability zero), and do inferencein the BNK(L CGM inducedby this strategy pro®le,by computingQSRUT V�W � inst ��
��p��- inst ��
 ��� (3)
The valueof this expressiondoesnot dependon our choice
of C . To seewhy this is true, notethat if we split on a de-
cision variable � before � , thenthe decisionrule C � does
not affect the computationof Q RXT V�W~� inst ��
��]�U- inst ��
 �<� ,
becauseinst ��
 � includesvaluesfor � andall its parents.If
we split on � after � , then � cannotbeanancestorof � in
theMAID. Also, by thetopologicalorderingof thenodesin
the tree,we know that inst ��
 � cannotspecifyevidenceon
� or any of its descendants.Therefore,C � cannotaffect the
computation.Hence,theprobabilitiesof thechancenodesare
well-de®ned.

We de®nethepayoffs at the leavesby computinga distri-
bution over theutility nodes,givenaninstantiationof � . For
a leaf 
 , thepayoff for agent� is:

u� 
 ��� uw 
 dom
v � � QSRXT V�W~�!4k?���- inst ��
 ��� � � (4)

Wecanalsoshow thatthevalueof (4) doesnotdependonour
choiceof C . Thebasicideahereis that inst ��
 � determines
the valuesof � and �����!23� for eachdecisionvariable � .
Hence,theagents'movesandinformationareall fully deter-
mined,andtheprobabilitieswith which differentactionsare
chosenin C areirrelevant.We omit details.

The mappingbetweenMAIDs and treesalso inducesan
obvious mappingbetweenstrategy pro®les in the different
representations.A MAID strategy pro®le speci®esa proba-
bility distribution over dom� ��� for eachpair � �"Z pa� , where
pa is an instantiationof ���.�/2�� . The informationsetsin the
gametreecorrespondone-to-onewith thesepairs,anda be-
havior strategy in the gametree is a mappingfrom infor-
mationsetsto probability distributions. Clearly the two are
equivalent.

Basedonthisconstruction,wecannow statethefollowing
equivalenceproposition:
Proposition1 Let K bea MAID and � beits corresponding
gametree. Thenfor anystrategy pro�le C , thepayoff vector
for C in K is thesameasthepayoff vectorfor C in � .

The numberof nodesin � is exponentialin the number
of decisionvariables,andin thenumberof chancevariables
thatareobservedduring thecourseof the game.While this
blowupis unavoidablein a treerepresentation,it canbequite
signi®cant. In somegames,a MAID can be exponentially
smallerthantheextensivegameit correspondsto.
Example2 Supposea roadis beingbuilt fromnorth to south
throughundevelopedland,and � agentshavepurchasedplots
of landalongtheroad.Astheroadreacheseach agent'splot,
theagentneedsto choosewhatto build onhis land. His util-
ity dependson what he builds, on someprivate information
aboutthesuitability of his land for variouspurposes,andon
what is built north, south,andacrosstheroadfromhis land.
Theagent can observewhathasalreadybeenbuilt immedi-
atelyto thenorthof hisland(onbothsidesof theroad),but he
cannotobservefurther north; nor can he observewhat will
bebuilt acrossfromhis landor southof it.
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Figure2: A MAID for theRoad examplewith �[?�� .

TheMAID representation,shownin Fig. 2 for �k?�� , is
very compact.There are � chancenodes,correspondingto
theprivateinformationabouteach agent's land, and � deci-
sionvariables.Each decisionvariablehasat mostthreepar-
ents: theagent's private information,and the two decisions
regardingthetwoplotsto thenorthof theagent'sland. Thus,
thesizeof theMAID is linear in � . Conversely, anygametree
for thissituationmustsplit oneach of the � chancenodesand
each of the � decisions,leadingto a representationthat is ex-
ponentialin � . Concretely, supposethechanceanddecision
variableseach havethreepossiblevalues,correspondingto
threetypesof buildings.Thenthegametreecorrespondingto
theRoad MAID has ����� leaves.

A MAID representationis notalwaysmorecompact.If the
gametreeis naturallyasymmetric,anaiveMAID representa-
tion canbe exponentiallylarger thanthe tree. We returnto
theproblemof asymmetricscenariosin Section6.

4 StrategicRelevance
To take advantageof the independencestructurein a MAID,
wewould like to ®nd aglobalequilibriumthroughaseriesof
relatively simple local computations.The dif®culty is that,
in order to determinethe optimal decisionrule for a sin-
gle decisionvariable,we usuallyneedto know the decision
rulesfor someothervariables.In Example1, whenAlice is
decidingwhetherto poisonthe tree, sheneedsto compare
the expectedutilities of her two alternatives. However, the
probability of the tree dying dependson the probability of
Bob calling a treedoctorif he observesthat the treeis sick.
Thus,we needto know thedecisionrule for CallTreeDoctor
to determinethe optimal decisionrule for PoisonTree. In
suchsituations,wewill saythatPoisonTree(strategically) re-
lies on CallTreeDoctor, or thatCallTreeDoctoris relevantto
PoisonTree. On theotherhand,CallTreeDoctordoesnot rely
on PoisonTree. Bob getsto observe whetherthe treeis sick,
and TreeDeadis conditionally independentof PoisonTree
givenTreeSick, sothedecisionrule for PoisonTreeis not rel-
evantto Bob'sdecision.

Wewill now formalizethis intuitivediscussionof strategic

relevance.Supposewe havea strategy pro®le,andwe would
like to ®nd a decisionrule for a singledecisionvariable � �� � thatmaximizes� 's expectedutility, assumingtherestof
thestrategy pro®leremains®xed.

According to De®nition 3, to determinewhethera deci-
sion rule � for � is optimal for C , we constructthe induced
MAID where all decisionnodesexcept � are turned into
chancenodes,with their CPDsspeci®edby C . Then � is op-
timal for C if it maximizes� 's expectedutility in this single-
decisionMAID. The key questionthatmotivatesour de®ni-
tion of strategic relevanceis thefollowing: Whatotherdeci-
sionrulesarerelevantfor optimizingthedecisionruleat � ?
De�nition 5 Let � be a decisionnodein a MAID K , � be
a decisionrule for � , and C be a strategy pro�le such that
� is optimal for C . � strategically relieson a decisionnode
��� in K if there is anotherstrategy pro�le C � such that C �
differs from C only at � � , but � is not optimal for C � , and
neitheris anydecisionrule � � thatagreeswith � onall parent
instantiationspa � dom�!�8���!23�<� where Q RXT V�W~� pa�
	�� .

In other words, if a decisionrule � for � is optimal for
a strategy pro®le C , and � doesnot rely on � � , then � is
also optimal for any strategy pro®le C � that differs from C
only at � � . The last clauseof this de®nition is neededto
dealwith a problemthatarisesin many otherplacesin game
theory— theproblemof suboptimaldecisionsin responseto
observationsthathavezeroprobability(suchasobservingan
irrationalmoveby anotheragent).

Relevanceis a numericcriterion that dependson the spe-
ci®c probabilitiesandutilities in theMAID. It is notobvious
how we would checkfor strategic relevancewithout testing
all possiblepairs of strategy pro®les C and C � . We would
liketo ®ndaqualitativecriterionwhichcanhelpusdetermine
strategic relevancepurelyfrom thestructureof thegraph.In
otherwords,wewould like to ®nd acriterionwhich is analo-
gousto thed-separationcriterionfor determiningconditional
independencein Bayesiannetworks.

First, theoptimalityof thedecisionruleat � dependsonly
on the utility nodes � � that are descendantsof � in the
MAID. Theotherutility nodesareirrelevant,becausethede-
cision at � cannotin�uence them. Now, consideranother
decisionvariable � � . The decisionrule at � � is relevant to
� only if it can in�uence the probability distribution over
the utility nodes� � . To determinewhetherthe CPD for a
nodecanaffect theprobabilitydistributionoverasetof other
nodes,we canbuild on a graphicalcriterionalreadyde®ned
for Bayesiannetworks,thatof a requisiteprobabilitynode:
De�nition 6 Let 
 be a BN structure, and let � and �
be setsof variables in the BN. Thena node � is a requi-
site probability nodefor the query Q ��� -��g� if there exist
two Bayesiannetworks� l and � � over 
 , that are identi-
cal exceptin theCPD they assignto � , but Q�� y ��� -��E���?Q���� ����-���� .
As wewill see,thedecisionruleat � � is only relevantto � if
��� (viewedasa chancenode)is a requisiteprobabilitynode
for Q �x� � - �"Z{���.�/23��� .

Geigeretal. [1990] provideagraphicalcriterionfor testing
whethera node � is a requisiteprobabilitynodefor a queryQ ��� -���� . We addto � a new “dummy” parent �� whose



valuescorrespondto CPDsfor � , selectedfrom somesetof
possibleCPDs. Then � is a requisiteprobability nodeforQ ����-��E� if andonly if �� canin�uence � given � .

Based on these considerations, we can de®ne s-
reachability, a graphicalcriterion for detectingstrategic rel-
evance.Note thatunlike d-separationin Bayesiannetworks,
s-reachabilityis notnecessarilya symmetricrelation.

De�nition 7 A node � � is s-reachablefrom a node � in a
MAID K if there is someutility node 4e�U� � such that if
a new parent �� � were addedto � � , there wouldbean active
path in K from �� � to 4 given �����!23� ��j�2Ar , where a path
is activein a MAID if it is activein thesamegraph,viewed
asa BN.

We can show that s-reachabilityis soundand complete
for strategic relevance (almost) in the same sensethat
d-separationis sound and complete for independencein
Bayesiannetworks.As for d-separation,thesoundnessresult
is verystrong:without s-reachability, onedecisioncannotbe
relevantto another.

Theorem1 (Soundness)If � and � � aretwodecisionnodes
in a MAID K and � � is not s-reachablefrom � in K , then
� doesnot relyon � � .

As for BNs, the result is not asstrongin the otherdirec-
tion: s-reachabilitydoesnot imply relevancein everyMAID.
We can choosethe probabilitiesand utilities in the MAID
in sucha way that the in�uence of onedecisionrule on an-
otherdoesnot manifestitself. However, s-reachabilityis the
mostprecisegraphicalcriterionwe canuse:it will not iden-
tify a strategic relevanceunlessthatrelevanceactuallyexists
in someMAID that hasthe given graphstructure. We say
thattwo MAIDs have thesamegraphstructurewhenthetwo
MAIDs havethesamesetsof variablesandagents,eachvari-
ablehasthesameparentsin thetwo MAIDs, andtheassign-
mentof decisionandutility variablesto agentsis thesamein
both MAIDs. The chanceanddecisionvariablesmusthave
the samedomainsin both MAIDs, but we allow the actual
utility valuesof the utility variables(their domains)to vary.
TheCPDsin thetwo MAIDS mayalsobedifferent.

Theorem2 (Completeness)If a node � � is s-reachable
from a node � in a MAID, then there is someMAID with
thesamegraphstructure in which � relieson � � .

Sinces-reachabilityis a binary relation,we canrepresent
it asadirectedgraph.As weshow below, thisgraphturnsout
to beextremelyuseful.
De�nition 8 The relevancegraph for a MAID K is a di-
rectedgraphwhosenodesare thedecisionnodesof K , and
which containsan edge � _ � � if and only if � � is s-
reachablefrom � .
Therelevancegraphfor theTree Killer exampleis shown in
Fig. 4(a). By Theorem1, if � relieson � � , thenthereis an
edgefrom � to � � in therelevancegraph.

To constructthegraphfor agivenMAID, weneedto deter-
mine,for eachdecisionnode � , thesetof nodes� � thatare
s-reachablefrom � . Using an algorithmsuchasShachter's
Bayes-Ball [Shachter, 1998], we can ®nd this set for any
given � in time linear in thenumberof nodesin theMAID.
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Figure 3: Five simple MAIDs (top), and their relevance
graphs(bottom). A two-color diamondrepresentsa pair of
utility nodes,onefor eachagent,with thesameparents.

By repeatingthealgorithmfor each� , wecanderivetherele-
vancegraphin timequadraticin thenumberof MAID nodes.

Recallouroriginalstatementthatadecisionnode� strate-
gically relies on a decisionnode � � if one needsto know
thedecisionrule for � � in orderto evaluatepossibledecision
rulesfor � . Althoughwenow haveagraph-theoreticcharac-
terizationof strategic relevance,it will behelpful to develop
someintuition byexaminingsomesimpleMAIDs, andseeing
whenonedecisionnoderelieson another. In the®ve exam-
plesshown in Fig. 3, thedecisionnode� belongsto agent� ,
and � � belongsto agent

�
. Example(a) representsa perfect-

informationgame.Sinceagent
�

canobserve thevalueof � ,
hedoesnot needto know thedecisionrule for � in orderto
evaluatehis options. Thus, � � doesnot rely on � . On the
otherhand,agent � cannotobserve � � whenshemakesde-
cision � , and � � is relevantto � 's utility, so � relieson � � .
Example(b) representsa gamewheretheagentsdo not have
perfectinformation:agent

�
cannotobserve � whenmaking

decision� � . However, the informationis “perfectenough”:
theutility for

�
doesnotdependon � directly, but only onthe

chancenode,which
�

canobserve. Hence � � doesnot rely
on � . Examples(c) and (d) representscenarioswherethe
agentsmovesimultaneously, andthusneithercanobservethe
other'smove. In (c),eachagent'sutility nodeis in�uencedby
bothdecisions,so � relieson � � and ��� relieson � . Thus,
the relevancegraphis cyclic. In (d), however, the relevance
graphis acyclic despitethe fact that theagentsmove simul-
taneously. Thedifferencehereis thatagent� no longercares
whatagent

�
does,becauseherutility is not in�uencedby

�
's

decision.In graphicalterms,thereis no active pathfrom � �
to � 's utility nodegiven � .

Onemight concludethat a decisionnode � � never relies
onadecisionnode� when � is observedby � � , but thesitu-
ationis moresubtle.Considerexample(e),which represents
a simple card game: agent � observesa card, and decides
whetherto bet ( � ); agent

�
observesonly agent� 's bet,and

decideswhetherto bet ( � � ); the utility of both dependson
their betsand the value of the card. Even thoughagent

�

observestheactualdecisionin � , he needsto know thede-
cision rule for � in orderto know what thevalueof � tells
him aboutthe chancenode. Thus, � � relieson � ; indeed,



when � is observed,thereis anactive pathfrom � thatruns
throughthechancenodeto theutility node.

5 Computing Equilibria
Thecomputationof aNashequilibriumfor agameisarguably
the key computationaltask in gametheory. In this section,
we show how thestructureof theMAID canbeexploitedto
provide ef®cient algorithmsfor ®nding equilibria in certain
games.Thekey insightbehindouralgorithmis theuseof the
relevancegraphto breakupthetaskof ®ndinganequilibrium
into a seriesof subtasks,eachover a much smallergame.
Sincealgorithmsfor ®ndingequilibriain generalgameshave
complexity that is superlinearin thenumberof levels in the
gametree,breakingthegameintosmallergamessigni®cantly
improvesthecomplexity of ®ndingaglobalequilibrium.

Our algorithmis a generalizationof existing backwardin-
ductionalgorithmsfor decisiontreesandperfectinformation
games[Zermelo,1913] and for in�uence diagrams[Jensen
et al., 1994]. The basicideais asfollows: in orderto opti-
mize thedecisionrule for � , we needto know thedecision
rule for all decisions� � thatarerelevantfor � . For example,
the relevancegraphfor the Tree Killer example(Fig. 4(a))
shows that to optimizePoisonTree, we must®rst decideon
the decisionrulesfor BuildPatio andTreeDoctor. However,
we can optimize TreeDoctorwithout knowing the decision
rules for eitherof the other decisionvariables. Having de-
cidedon thedecisionrule for TreeDoctor, we cannow opti-
mizeBuildPatio andthen®nally PoisonTree.

Poison
Tree

Build
Patio

Tree
Doctor

(a) (b)

Figure4: Relevancegraphsfor (a) theTree Killer example;
(b) theRoad examplewith �"?�� .

We can apply this simple backward induction procedure
in any MAID which, like the Tree Killer example,hasan
acyclic relevancegraph.Whentherelevancegraphis acyclic,
wecanconstructatopologicalorderingof thedecisionnodes:
anordering ��l�Z,mnmnmJZ � � suchthat if ����� , then �

�
is not s-

reachablefrom ��� . Wecantheniteratebackwardfrom � � to
� l , deriving anoptimaldecisionrule for eachdecisionnode
in turn. Eachdecision �

�
reliesonly on the decisionsthat

succeedit in theorder, andthesewill havebeencomputedby
thetime wehave to selectthedecisionrule for �

�
.

The relevancegraphis acyclic in all perfect-information
games,and in all single-agentdecisionproblemswith per-
fect recall. Therearealsosomegamesof imperfectinforma-
tion, suchastheTree Killer example,thathave acyclic rele-

vancegraphs.But in mostgameswewill encountercyclesin
therelevancegraph.Consider, for example,any simpletwo-
playersimultaneousmove gamewith two decisions�Bl and
� � , whereboth players'payoffs dependon the decisionsat
both � l and � � , asin Fig. 3(c). In this case,theoptimality
of oneplayer's decisionrule is clearly intertwinedwith the
otherplayer's choiceof decisionrule, andthe two decision
rulesmust“match” in orderto be in equilibrium. Indeed,as
wediscussed,therelevancegraphin suchasituationis cyclic.

However, we canoften utilize relevancestructureeven in
gameswheretherelevancegraphis cyclic.
Example3 Considerthe relevancegraph for the Road ex-
ample, shownin Fig. 4(b) for � ? � agents. We can see
that wehavepairs of interdependentdecisionvariables,cor-
respondingto the two agentswhoselots are acrossthe road
fromeach other. Also,thedecisionfor a givenplot relieson
thedecisionfor theplot directlyto thesouth.However, it does
not relyonthedecisionaboutthelanddirectlynorthof it, be-
causethis decisionis observed.Noneof theotherdecisions
affect this agent's utility directly, and therefore they are not
s-reachable.
Intuitively, althoughthe last pair of nodesin the relevance
graphrely on eachother, they rely on nothingelse. Hence,
we cancomputeanequilibriumfor thepair together, regard-
lessof any otherdecisionrules. Oncewe have computedan
equilibrium for this last pair, the decisionvariablescan be
treatedaschancenodes,andwe canproceedto computean
equilibriumfor thenext pair.

We formalizethis intuition in thefollowing de®nition:
De�nition 9 A set � of nodes in a directed graph is a
strongly connectedcomponent(SCC) if for every pair of
nodes � �? ������� , there exists a directedpath from �
to ��� . A maximalSCCis anSCCthat is nota strict subsetof
anyotherSCC.
The maximal SCCsfor the Road exampleare outlined in
Fig. 4(b).

We can®nd themaximalSCCsof arelevancegraphin lin-
eartime,by constructingacomponentgraphwhosenodesare
themaximalSCCsof thegraph[Cormenet al., 1990]. There
is an edgefrom component	 to component	 � in the com-
ponentgraphif andonly if thereis an edgein the relevance
graphfrom someelementof 	 to someelementof 	 � . The
componentgraphis alwaysacyclic, so we cande®nean or-
dering 	Gl�Znm,mnm�Z
	 q over theSCCs,suchthatwhenever ����� ,
noelementof 	 � is s-reachablefrom any elementof 	
� .

We can now provide a divide-and-conqueralgorithm for
computingNashequilibriain generalMAIDs.
Algorithm 1
Givena MAID K

a topological ordering 	 l Znm,mnm�Z�	 q of thecomponent
graphderivedfromtherelevancegraphfor K

1 Let C�� beanarbitrary fully mixedstrategypro�le
2 For �i? � through ����� :
3 Let � bea partial strategypro�le for 	 v q I � � that is a

Nashequilibriumin K � C � I���� �����! #"
4 Let C �!$ l ?��/C �I%� � �����& Z'���
5 Output C q asanequilibriumof K



The algorithmiteratesbackwardsover theSCC's, ®nding
an equilibrium strategy pro®le for eachSCC in the MAID
inducedby thepreviously selecteddecisionrules(with arbi-
trary decisionrulesfor somedecisionsthat arenot relevant
for this SCC).In this inducedMAID, theonly remainingde-
cisionnodesarethosein thecurrentSCC;all theotherdeci-
sionnodeshavebeenconvertedto chancenodes.Findingthe
equilibriumin this inducedMAID requirestheuseof a sub-
routinefor ®ndingequilibriain games.Wesimplyconvertthe
inducedMAID into a gametree,asdescribedin Section3,
andusea standardgame-solvingalgorithm [McKelvey and
McLennan,1996] asa subroutine.Notethat if therelevance
graphis acyclic, eachSCCconsistsof asingledecisionnode.
Thus,step3 involves®nding a Nashequilbriumin a single-
playergame,which reducesto simply®ndinga decisionrule
thatmaximizesthesingleagent'sexpectedutility.

In proving the correctnessof Algorithm 1, we encounter
a subtletechnicaldif®culty. The de®nitionof strategic rele-
vance(Def. 5) only dealswith theoptimalityof asingledeci-
sionrule for astrategy pro®le. But in Algorithm 1, wederive
not justsingledecisionrules,but acompletestrategy for each
agent. To make the leapfrom the optimality of singledeci-
sion rulesto theoptimality of whole strategiesin our proof,
we mustmake the standardassumptionof perfectrecall —
thatagentsneverforgettheirpreviousactionsor observations.
More formally:

De�nition 10 An agent � hasperfectrecall with respectto
a total order �3l�Z,mnm,m�Z � � over � � if for all �

� Z � � ��� � ,� � � impliesthat �
� �"�8���!2 � � and ���.�/2��~� # �����!2 � � .

We cannow provethecorrectnessof Algorithm 1.

Theorem3 Let K be a MAID where every agent hasper-
fect recall, and let 	Gl�Z,mnm,moZ�	�q be a topological ordering of
the SCCsin the relevancegraph for K . Thenthe strategy
pro�le C q producedby running Algorithm 1 with K and	 l Z,mnmnm�Z
	 q asinputsis a Nashequilibriumfor K .

To demonstratethepotentialsavingsresultingfrom oural-
gorithm,we tried it on theRoad example,for differentnum-
bersof agents� . Notethatthemodelweuseddiffersslightly
from that shown in Fig. 2: In our experiments,eachagent
hadnot just oneutility node,but a separateutility nodefor
eachneighboringplot of land,andanadditionalnodethatde-
pendsonthesuitabilityof theplot for differentpurposes.The
agent's decisionnodeis a parentof all theseutility nodes.
Theideais thatanagentgetssomebasepayoff for thebuild-
ing hebuilds,andthentheneighboringplotsandthesuitabil-
ity nodeapply additive bonusesandpenaltiesto his payoff.
Thus,insteadof having oneutility nodewith � � ?������ par-
entinstantiations,we have4 utility nodeswith ��� ?
	 parent
instantiationseach.Thischangehasnoeffectonthestructure
of therelevancegraph,whichis shown for �[? � in Fig.4(b).
The SCCsin the relevancegraphall have size2; aswe dis-
cussed,they correspondto pairsof decisionsaboutplotsthat
areacrosstheroadfrom eachother.

Even for small valuesof � , it is infeasibleto solve the
Road examplewith standardgame-solvingalgorithms. As
we discussed,the gametree for the MAID has ��� � leaves,
whereastheMAID representationis linear in � . Thenormal

form addsanotherexponentialfactor. Sinceeachagent(ex-
ceptthe®rst two) canobserve threeternaryvariables,hehas
27 informationsets.Hence,thenumberof possiblepure(de-
terministic)strategiesfor eachagentis ����� , andthenumber
of purestrategy pro®lesfor all � playersis ��������� v � I � � �{����
,� � .
In the simplestinterestingcase,where ��?�� , we obtaina
gametree with 6561 terminalnodes,and standardsolution
algorithms,thatvery oftenusethenormalform, would need
to operateon a gamematrix with about ��m���� � ����� entries
(onefor eachpurestrategy pro®le).
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Figure5: Performanceresultsfor theRoad example.

Solving the Road gameeither in its extensive form or in
thenormalform is infeasibleevenfor �[?�� . By contrast,our
divide-and-conqueralgorithmendsupgeneratinga sequence
of small games,eachwith two decisionvariables. Fig. 5
shows the computationalcost of the algorithmas � grows.
We convertedeachof the inducedMAIDs constructeddur-
ing thealgorithminto a small gametree,andusedthegame
solver GAMBIT [2000] to solve it. As expected,thetime re-
quired by our algorithmgrows approximatelylinearly with
� . Thus,for example,we cansolve a Road MAID with 40
agents(correspondingto agametreewith ��� � terminalnodes)
in 8 minutes40seconds.

6 Discussionand Future Work
We have introduceda new formalism,multi-agentin�uence
diagrams(MAIDs), for modelingmulti-agentscenarioswith
imperfect information. MAIDs usea representationwhere
variablesarethe basicunit, andallow the dependenciesbe-
tweenthesevariablesto berepresentedexplicitly, in agraph-
ical form. They thereforereveal importantqualitative struc-
ture in a game,which canbe usefulboth for understanding
the gameandasthe basisfor algorithmsthat ®nd equilibria
ef®ciently. In particular, we have shown thatour divide-and-
conqueralgorithmfor ®ndingequilibriaprovidesexponential
savingsoverexistingsolutionalgorithmsin somecases,such
astheRoad example,wherethemaximalsizeof anSCCin
the relevancegraphis much smallerthan the total number
of decisionvariables.In theworstcase,the relevancegraph
forms a single large SCC,andour algorithmsimply solves
thegamein its entirety, with nocomputationalbene®ts.

Although the possibility of extendingin�uence diagrams
to multi-agentscenarioswasrecognizedat least®fteenyears
ago[Shachter, 1986], the ideaseemsto have beendormant



for sometime. SuryadiandGmytrasiewicz [1999] have used
in�uencediagramsasaframework for learningin multi-agent
systems.Milch andKoller [2000] usemulti-agentin�uence
diagramsasarepresentationalframework for reasoningabout
agents'beliefs and decisions. However, the focus of both
thesepapersis very different,and they do not considerthe
structuralpropertiesof the in�uence diagramrepresentation,
nor the computationalbene®tsderived from it. Nilssonand
Lauritzen[2000] have donerelatedwork on limited memory
in�uence diagrams,but they focus on the task of speeding
up inferencein single-agentsettings.MAIDs arealsorelated
to La Mura's [2000] gamenetworks,which incorporateboth
probabilisticandutility independence.La Murade®nesano-
tion of strategic independence,andalsousesit to breakup
the gameinto separatecomponents.However, his notion of
strategic independenceis an undirectedone, and thus does
notallow as®ne-graineda decompositionasthedirectedrel-
evancegraphusedin this paper, nor the useof a backward
inductionprocessfor interactingdecisions.

This work opensthe door to a variety of possibleexten-
sions. On the representationalfront, it is important to ex-
tend MAIDs to deal with asymmetricsituations,wherethe
decisionsto be madeand the information availabledepend
on previous decisionsor chancemoves. Gametreesrepre-
sentsuchasymmetryin anaturalway, whereasin MAIDs (as
in in�uence diagramsandBNs),a naive representationof an
asymmetricsituationleadsto unnecessaryblowup. We be-
lieve we canavoid thesedif®culties in MAIDs by explicitly
representingcontext-speci®city, asin [Boutilier et al., 1996;
Smithet al., 1993], integratingthebestof thegametreeand
MAID representations.

Anotherdirectionrelatesto additionalstructurethat is re-
vealedby thenotionof strategic relevance.In particular, even
if a groupof nodesforms an SCCin the relevancegraph,it
might not be a fully connectedsubgraph;for example,we
mighthaveasituationwhere� l relieson � � , whichrelieson
� 
 , whichrelieson � l . Clearly, this typeof structuretellsus
somethingabouttheinteractionbetweenthedecisionsin the
game.An importantopenquestionis to analyzethemeaning
of thesetypesof structures,andto seewhetherthey canbe
exploited for computationalgain. (See[Kearnset al., 2001]
for resultsin oneclassof MAIDs.)

Finally, the notion of strategic relevanceis not the only
typeof insight thatwe canobtainfrom theMAID represen-
tation. We canusea similar type of path-basedanalysisin
theMAID graphto determinewhich of thevariablesthatan
agentcanobserve beforemakinga decisionactuallyprovide
relevantinformationfor thatdecision.In complex scenarios,
especiallythosethat areextendedover time, agentstendto
accumulatea greatmany observations.Theamountof space
neededto specify a decisionrule for the current decision
increasesexponentiallywith the numberof observed vari-
ables. Thus, therehasbeenconsiderablework on identify-
ing irrelevantparentsof decisionnodesin single-agentin�u-
encediagrams[HowardandMatheson,1984;Shachter, 1990;
1998]. However, themulti-agentcaseraisessubtletiesthatare
absentin the single-agentcase.This is anotherproblemwe
planto addressin futurework.
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