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Abstract

In typical classi�cationtasks,we seeka functionwhich assignsa label to a sin-
gle object. Kernel-basedapproaches,suchassupportvectormachines(SVMs),
which maximizethe margin of con�denceof the classi�er, are the methodof
choice for many suchtasks. Their popularity stemsboth from the ability to
usehigh-dimensionalfeaturespaces,and from their strongtheoreticalguaran-
tees. However, many real-world tasksinvolve sequential,spatial,or structured
data,wheremultiple labelsmustbeassigned.Existingkernel-basedmethodsig-
norestructurein theproblem,assigninglabelsindependentlyto eachobject,los-
ing muchuseful information. Conversely, probabilisticgraphicalmodels,such
as Markov networks, can representcorrelationsbetweenlabels,by exploiting
problemstructure,but cannothandlehigh-dimensionalfeaturespaces,andlack
strong theoreticalgeneralizationguarantees.In this paper, we presenta new
framework that combinesthe advantagesof both approaches:Maximummar-
gin Markov (M3) networksincorporatebothkernels,which ef�ciently dealwith
high-dimensionalfeatures,and the ability to capturecorrelationsin structured
data. We presentan ef�cient algorithm for learningM3 networks basedon a
compactquadraticprogramformulation. We provide a new theoreticalbound
for generalizationin structureddomains.Experimentson the taskof handwrit-
tencharacterrecognitionandcollectivehypertext classi�cationdemonstratevery
signi�cant gainsover previousapproaches.

1 Intr oduction
In supervisedclassi®cation,our goal is to classifyinstancesinto somesetof discretecat-
egories. Recently, supportvectormachines(SVMs) have demonstratedimpressive suc-
cessesonabroadrangeof tasks,includingdocumentcategorization,characterrecognition,
imageclassi®cation,and many more. SVMs owe a greatpart of their successto their
ability to usekernels,allowing theclassi®erto exploit a very high-dimensional(possibly
evenin®nite-dimensional)featurespace.In additionto their empiricalsuccess,SVMs are
alsoappealingdueto the existenceof stronggeneralizationguarantees,derived from the
margin-maximizingpropertiesof thelearningalgorithm.

However, many supervisedlearningtasksexhibit muchricherstructurethanasimplecat-
egorizationof instancesinto oneof a small numberof classes.In somecases,we might
needto label a setof inter-relatedinstances.For example: optical characterrecognition
(OCR)or part-of-speechtaggingbothinvolve labelinganentiresequenceof elementsinto
somenumberof classes;imagesegmentationinvolveslabelingall of thepixels in an im-
age; and collective webpageclassi®cationinvolves labeling an entire set of interlinked
webpages.In othercases,we might want to label an instance(e.g.,a news article) with
multiple non-exclusivelabels.In bothof thesecases,we needto assignmultiple labelssi-
multaneously, leadingto aclassi®cationproblemthathasanexponentiallylargesetof joint



labels.A commonsolutionis to treatsuchproblemsasa setof independentclassi®cation
tasks,dealingwith eachinstancein isolation.However, it is well-known thatthisapproach
fails to exploit signi®cantamountsof correlationinformation[7].

An alternative approachis offeredby the probabilisticframework, andspeci®callyby
probabilisticgraphicalmodels. In this case,we cande®neandlearna joint probabilistic
modelover thesetof labelvariables.For example,we canlearna hiddenMarkov model,
or a conditionalrandom®eld (CRF) [7] over the labelsandfeaturesof a sequence,and
thenuseaprobabilisticinferencealgorithm(suchastheViterbi algorithm)to classifythese
instancescollectively, ®ndingthemostlikely joint assignmentto all of thelabelssimultane-
ously. Thisapproachhastheadvantageof exploiting thecorrelationsbetweenthedifferent
labels,oftenresultingin signi®cantimprovementsin accuracy overapproachesthatclassify
instancesindependently[7, 10]. Theuseof graphicalmodelsalsoallowsproblemstructure
to beexploitedveryeffectively. Unfortunately, evenprobabilisticgraphicalmodelsthatare
traineddiscriminatively do not usuallyachieve thesamelevel of generalizationaccuracy
asSVMs,especiallywhenkernelfeaturesareused.Moreover, they arenot (yet)associated
with generalizationboundscomparableto thoseof margin-basedclassi®ers.

Clearly, the frameworks of kernel-basedandprobabilisticclassi®ersoffer complemen-
tary strengthsandweaknesses.In this paper, we presentmaximummargin Markov (M3)
networks, which unify thetwo frameworks,andcombinetheadvantagesof both. Our ap-
proachde®nesa log-linearMarkov network over a setof label variables(e.g.,the labels
of thelettersin anOCRproblem);this network allows usto representthecorrelationsbe-
tweentheselabel variables.We thende®nea margin-basedoptimizationproblemfor the
parametersof this model. For Markov networksthatcanbe triangulatedtractably, the re-
sultingquadraticprogram(QP)hasanequivalentpolynomial-sizeformulation(e.g.,linear
for sequences)that allows a very effective solution. By contrast,previous margin-based
formulationsfor sequencelabeling[3, 1] requireanexponentialnumberof constraints.For
non-triangulatednetworks,we provide an approximatereformulationbasedon the relax-
ationusedby belief propagationalgorithms[8, 12]. Importantly, theresultingQPsupports
the samekernel trick asdo SVMs, allowing probabilisticgraphicalmodelsto inherit the
importantbene®tsof kernels.We alsoshow a generalizationboundfor suchmargin-based
classi®ers.Unlike previous results[3], our boundgrows logarithmicallyratherthanlin-
earlywith thenumberof labelvariables.Ourexperimentalresultsoncharacterrecognition
andonhypertext classi®cation,demonstratedramaticimprovementsin accuracy overboth
kernel-basedinstance-by-instanceclassi®cationandprobabilisticmodels.

2 Structure in classi�cation problems

In supervisedclassi®cation,thetaskis to learna functionh : X 7! Y from asetof m i.i.d.
instancesS = f (x ( i ) ; y ( i ) = t (x ( i ) ))gm

i =1 , drawn from a ®xed distribution DX �Y . The
classi®cationfunctionh is typically selectedfrom someparametricfamily H . A common
choiceis the linear family: Given n real-valuedbasisfunctionsf j : X � Y 7! IR, a
hypothesishw 2 H is de®nedby asetof n coef®cientswj suchthat:

hw (x) = argmax
y

nX

i =1

wj f j (x; y ) = argmax
y

w > f (x; y ) ; (1)

wherethef (x; y) arefeaturesor basisfunctions.
The most commonclassi®cationsetting — single-labelclassi®cation— takes Y =

f y1; : : : ; yk g. In this paper, we considerthe much more generalsettingof multi-label
classi®cation,whereY = Y1 � : : : � Yl with Yi = f y1; : : : ; yk g. In an OCR task,for
example,eachYi is a character, while Y is a full word. In a webpagecollectiveclassi®ca-
tion task[10], eachYi is a webpagelabel,whereasY is a joint label for anentirewebsite.
In thesecases,the numberof possibleassignmentsto Y is exponentialin the numberof
labelsl . Thus,both representingthe basisfunctionsf j (x; y ) in (1) andcomputingthe
maximizationargmaxy areinfeasible.



An alternativeapproachis basedon theframework of probabilisticgraphicalmodels.In
thiscase,themodelde®nes(directlyor indirectly)aconditionaldistributionP(Y j X ). We
canthenselectthelabelargmaxy P(y j x). Theadvantageof theprobabilisticframework
is that it canexploit sparsenessin thecorrelationsbetweenlabelsYi . For example,in the
OCRtask,wemightuseaMarkov model,whereYi is conditionallyindependentof therest
of thelabelsgivenYi � 1; Yi +1 .

We can encodethis structureusing a Markov network. In this paper, purely for sim-
plicity of presentation,we focuson thecaseof pairwiseinteractionsbetweenlabels. We
emphasizethatour resultsextendeasilyto thegeneralcase.A pairwiseMarkov network
is de®nedasa graphG = (Y; E), whereeachedge(i; j ) is associatedwith a potential
function ij (x; yi ; yj ). Thenetwork encodesa joint conditionalprobabilitydistributionas
P(y j x) /

Q
( i;j )2 E  ij (x; yi ; yj ). Thesenetworks exploit the interactionstructureto

parameterizea classi®ervery compactly. In many cases(e.g., tree-structurednetworks),
we canuseeffective dynamicprogrammingalgorithms(suchastheViterbi algorithm)to
®ndthehighestprobabilitylabely ; in others,wecanuseapproximateinferencealgorithms
thatalsoexploit thestructure[12].

TheMarkov network distributionis simplyalog-linearmodel,with thepairwisepotential
 ij (x; yi ; yj ) representing(in log-space)a sumof basisfunctionsover x; yi ; yj . We can
thereforeparameterizesuchamodelusingasetof pairwisebasisfunctionsf (x; yi ; yj ) for
(i; j ) 2 E . Weassumefor simplicity of notationthatall edgesin thegraphdenotethesame
typeof interaction,sothatwe cande®nea setof features

f k (x; y ) =
X

( i;j )2 E

f k (x; yi ; yj ): (2)

The network potentials are then  ij (x; yi ; yj ) = exp[
P n

k=1 wk f k (x; yi ; yj )] =
exp

�
w > f (x; yi ; yj )

�
:

Theparametersw in a log-linearmodelcanbetrainedto ®t thedata,typically by maxi-
mizing thelikelihoodor conditionallikelihood(e.g.,[7, 10]). This paperpresentsanalgo-
rithm for selectingw thatmaximizethemargin, gainingall of theadvantagesof SVMs.

3 Mar gin-basedstructured classi�cation
For asingle-labelbinaryclassi®cationproblem,supportvectormachines(SVMs)[11] pro-
vide an effective methodof learninga maximum-margin decisionboundary. For single-
labelmulti-classclassi®cation,CrammerandSinger[5] providea naturalextensionof this
framework by maximizingthemargin 
 subjectto constraints:

maximize 
 s:t : jjw jj � 1; w > � fx (y ) � 
 ; 8 x 2 S; 8y 6= t (x); (3)

where� fx (y ) = f (x; t (x)) � f (x; y ). The constraintsin this formulation ensurethat
argmaxy w > f (x; y ) = t (x). Maximizing 
 magni®esthedifferencebetweenthevalue
of thetruelabelandthebestrunner-up, increasingthe“con®dence”of theclassi®cation.

In structuredproblems,wherewe arepredictingmultiple labels,thelossfunctionis usu-
ally not simple 0-1 loss I (arg maxy w > fx (y ) = t (x)) , but per-label loss, suchas the
proportionof incorrectlabelspredicted. In order to extendthe margin-basedframework
to the multi-label setting,we mustgeneralizethe notion of margin to take into account
the numberof labelsin y that aremisclassi®ed.In particular, we would like the margin
betweent (x) andy to scalelinearly with thenumberof wronglabelsin y , � t x (y ):

maximize 
 s:t : jjw jj � 1; w > � fx (y ) � 
 � t x (y ); 8x 2 S; 8 y; (4)

where� t x (y ) =
P l

i =1 � t x (yi ) and� t x (yi ) � I (yi 6= (t (x)) i ). Now, usinga standard
transformationto eliminate
 , wegetaquadraticprogram(QP):

minimize
1
2

jjw jj2 s:t : w > � fx (y ) � � t x (y ); 8x 2 S; 8 y: (5)

Unfortunately, thedatais oftennot separableby a hyperplanede®nedover thespaceof
thegivensetof features.In suchcases,we needto introduceslackvariables� x to allow



someconstraintsto beviolated.Wecannow presentthecompleteform of ouroptimization
problem,aswell astheequivalentdualproblem[2]:

Primal form ulation (6)

min
1
2

jjw jj 2 + C
X

x

� x ;

s:t : w > � fx (y ) � � t x (y ) � � x ; 8x ; y :

Dual form ulation (7)

max
X

x ;y

� x (y )� t x (y ) �
1
2

�
�
�
�
�

�
�
�
�
�

X

x ;y

� x (y )� fx (y )

�
�
�
�
�

�
�
�
�
�

2

;

s:t :
X

y

� x (y ) = C; 8x ; � x (y ) � 0 ; 8x ; y :

(Note: for eachx, weaddanextradualvariable� x (t (x)) , with noeffectonthesolution.)

4 Exploiting structure in M 3 networks
Unfortunately, both thenumberof constraintsin theprimal QPin (6), andthenumberof
variablesin thedualQPin (7) areexponentialin thenumberof labelsl . In thissection,we
presentanequivalent,polynomially-sized,formulation.

Ourmaininsightis thatthevariables� x (y ) in thedualformulation(7) canbeinterpreted
asadensityfunctionovery conditionalonx, as

P
y � x (y ) = C and� x (y ) � 0. Thedual

objectiveis afunctionof expectationsof � t x (y ) and� fx (y ) with respectto � x (y ). Since
both� t x (y ) =

P
i � t x (yi ) and� fx (y ) =

P
( i;j ) � fx (yi ; yj ) aresumsof functionsover

nodesandedges,weonly neednodeandedgemarginalsof themeasure� x (y ) to compute
their expectations.We de®nethemarginaldualvariablesasfollows:

� x (yi ; yj ) =
P

y � [y i ;y j ] � x (y ); 8 (i; j ) 2 E ; 8yi ; yj ; 8 x;
� x (yi ) =

P
y � [y i ] � x (y ); 8 i; 8yi ; 8 x; (8)

wherey � [yi ; yj ] denotesa full assignmenty consistentwith partialassignmentyi ; yj .
Now we canreformulateour entireQP(7) in termsof thesedualvariables.Consider, for

example,the®rst termin theobjective function:
X

y

� x (y )� t x (y ) =
X

y

X

i

� x (y )� t x (yi ) =
X

i;y i

� t x (yi )
X

y � [y i ]

� x (y ) =
X

i;y i

� x (yi )� t x (yi ):

Thedecompositionof thesecondtermin theobjectiveusesedgemarginals� x (yi ; yj ).
In orderto produceanequivalentQP, however, wemustalsoensurethatthedualvariables

� x (yi ; yj ); � x (yi ) arethemarginalsresultingfrom a legal density� (y ); that is, that they
belongto themarginal polytope[4]. In particular, we mustenforceconsistency between
thepairwiseandsingletonmarginals(andhencebetweenoverlappingpairwisemarginals):X

y i

� x (yi ; yj ) = � x (yj ); 8yj ; 8(i; j ) 2 E ; 8x: (9)

If the Markov network for our basisfunctionsis a forest (singly connected),thesecon-
straintsareequivalentto therequirementthat the � variablesarisefrom a density. There-
fore, thefollowing factoreddualQPis equivalentto theoriginaldualQP:

max
X

x

X

i;y i

� x (yi )� t x (yi ) �
1
2

X

x ; x̂

X

( i;j )
y i ;y j

X

( r ;s )
y r ;y s

� x (yi ; yj )� x̂ (yr ; ys )� fx (yi ; yj )> � f x̂ (yr ; ys );

s:t :
X

y i

� x (yi ; yj ) = � x (yj );
X

y i

� x (yi ) = C; � x (yi ; yj ) � 0: (10)

Similarly, theoriginalprimal canbefactoredasfollows:

min
1
2

jjw jj 2 + C
X

x

X

i

� x ;i + C
X

x

X

( i;j )

� x ;ij ;

s:t : w > � fx (yi ; yj ) +
X

( i 0;j ): i 06= i

mx ;i 0(yj ) +
X

( j 0;i ): j 06= j

mx ;j 0(yi ) � � � x ;ij ;

X

( i;j )

mx ;j (yi ) � � t x (yi ) � � x ;i ; � x ;ij � 0; � x ;i � 0: (11)



Thesolutionto thefactoreddualgivesus:w =
P

x

P
( i;j )

P
y i ;y j

� x (yi ; yj )� fx (yi ; yj ).

Theorem4.1 If for each x the edges E form a forest, then a set of weightsw will be
optimalfor theQP in (6) if andonly if it is optimalfor thefactoredQP in (11).

If theunderlyingMarkov netis nota forest,thentheconstraintsin (9) arenotsuf®cientto
enforcethefact that the� 's arein themarginalpolytope.We canaddressthis problemby
triangulatingthegraph,andintroducingnew � LP variablesthatnow spanlargersubsetsof
Yi 's. For example,if our graphis a 4-cycle Y1—Y2—Y3—Y4—Y1, we might triangulate
thegraphby addinganarcY1—Y3, andintroducing� variablesover joint instantiationsof
the cliquesY1; Y2; Y3 andY1; Y3; Y4. Thesenew � variablesareusedin linear equalities
thatconstraintheoriginal� variablesto beconsistentwith adensity. The� variablesappear
only in theconstraints;they do not addany new basisfunctionsnor changetheobjective
function. Thenumberof constraintsintroducedis exponentialin thenumberof variables
in thenew cliques.Nevertheless,in many classi®cationproblems,suchassequencesand
othergraphswith low tree-width[4], theextendedQPcanbesolvedef®ciently.

Unfortunately, triangulationis not feasiblein highly connectedproblems.However, we
canstill solve theQPin (10)de®nedby anuntriangulatedgraphwith loops.Sucha proce-
dure,whichenforcesonly localconsistency of marginals,optimizesourobjectiveonly over
a relaxationof themarginal polytope. In this way, our approximationis analogousto the
approximatebelief propagation(BP) algorithmfor inferencein graphicalmodels[8]. In
fact,BP makesanadditionalapproximation,usingnot only therelaxedmarginalpolytope
but alsoanapproximateobjective (Bethefree-energy) [12]. AlthoughtheapproximateQP
doesnot offer thetheoreticalguaranteein Theorem4.1, thesolutionsareoftenvery accu-
ratein practice,aswedemonstratebelow.

As with SVMs[11], thefactoreddualformulationin (10)usesonly dotproductsbetween
basisfunctions.Thisallowsusto useakernelto de®nevery large(andevenin®nite) setof
features.In particular, we de®neour basisfunctionsby fx (yi ; yj ) = � (yi ; yj )� ij (x), i.e.,
the productof a selectorfunction � (yi ; yj ) with a possiblyin®nite featurevector� ij (x).
For example,in the OCR task,� (yi ; yj ) could be an indicatorfunction over the classof
two adjacentcharactersi andj , and� ij (x) couldbeanRBF kernelon theimagesof these
two characters.The operationfx (yi ; yj )> f x̂ (yr ; ys) usedin the objective function of the
factoreddualQP is now � (yi ; yj )� (yr ; ys)K � (x; i; j; x̂ ; r ; s), whereK � (x; i; j; x̂ ; r ; s) =
� ij (x) � � r s(x) is the kernel function for the feature� . Even for somevery complex
functions� , thedot-productrequiredto computeK � canbeexecutedef®ciently [11].

5 SMO learning of M 3 networks

Althoughthenumberof variablesandconstraintsin thefactoreddualin (10) is polynomial
in thesizeof thedata,thenumberof coef®cientsin thequadraticterm(kernelmatrix)in the
objective is quadraticin thenumberof examplesandedgesin thenetwork. Unfortunately,
this matrix is oftentoo largefor standardQPsolvers.Instead,we usea coordinatedescent
methodanalogousto thesequentialminimal optimization(SMO)usedfor SVMs [9].

Let us begin by consideringthe original dual problem(7). The SMO approachsolves
thisQPby analyticallyoptimizingtwo-variablesubproblems.Recallthat

P
y � x (y ) = C.

We canthereforetake any two variables� x (y1), � x (y2) and“move weight” from oneto
theother, keepingthevaluesof all othervariables®xed. More precisely, we optimizefor
� 0

x (y1); � 0
x (y2) suchthat� 0

x (y1) + � 0
x (y2) = � x (y1) + � x (y2).

Clearly, however, wecannotperformthisoptimizationin termsof theoriginaldual,which
is exponentiallylarge. Fortunately, we can perform preciselythe sameoptimizationin
termsof the marginal dual variables.Let � = � 0

x (y1) � � x (y1) = � x (y2) � � 0
x (y2).

Consideradualvariable� x (yi ; yj ). It is easyto seethatachangefrom � x (y1); � x (y2) to
� 0

x (y1); � 0
x (y2) hasthefollowing effecton � x (yi ; yj ):

� 0
x (yi ; yj ) = � x (yi ; yj ) + �I (yi = y1

i ; yj = y1
j ) � �I (yi = y2

i ; yj = y2
j ): (12)



We cansolve theone-variablequadraticsubproblemin � analyticallyandupdatetheap-
propriate� variables.We useinferencein thenetwork to testfor optimality of thecurrent
solution(theKKT conditions[2]) anduseviolationsfrom optimalityasaheuristicto select
thenext pair y 1; y2. We omit detailsfor lackof space.

6 Generalizationbound
In this section,we show a generalizationboundfor the taskof multi-label classi®cation
thatallows usto relatetheerror rateon thetrainingsetto thegeneralizationerror. As we
shallsee,this boundis signi®cantlystrongerthanpreviousboundsfor this problem.

Our goal in multi-label classi®cationis to maximize the numberof correctly classi-
®ed labels. Thusan appropriateerror function is the average per-label lossL (w; x) =
1
l � t x (arg maxy w > fx (y )) . As in othergeneralizationboundsfor margin-basedclassi-
®ers,we relatethegeneralizationerror to themargin of theclassi®er. In Sec.3, we de®ne
thenotionof per-labelmargin, whichgrowswith thenumberof mistakesbetweenthecor-
rect assignmentand the bestrunner-up. We can now de®nea 
 -margin per-label loss:

L 
 (w ; x) = supv : j v (y ) � w > f x (y ) j� 
 � t x (y ); 8y
1
l � t x (arg maxy v(y)) :

This lossfunctionmeasurestheworstper-labellossonx madeby any classi®erz which
is perturbedfrom w > fx by at mosta 
 -margin per-label. We cannow prove thatthegen-
eralizationaccuracy of any classi®eris boundedby its expected
 -margin per-labellosson
thetrainingdata,plusa termthatgrowsinverselywith themargin.Intuitively, the®rst term
correspondsto the“bias”, asmargin 
 decreasesthecomplexity of ourhypothesisclassby
consideringa 
 -per-labelmargin ball aroundw > fx andselectingone(theworst)classi®er
within this ball. As 
 shrinks,our hypothesisclassbecomesmorecomplex, andthe®rst
termbecomessmaller, but at thecostof increasingthesecondterm,which intuitively cor-
respondsto the “variance”. Thus,the resultprovidesa boundto the generalizationerror
thattradesoff theeffectivecomplexity of thehypothesisspacewith thetrainingerror.

Theorem6.1 If the edge features havebounded2-norm, max( i;j ) ;y i ;y j kfx (yi ; yj )k2 �
Redge, thenfor a family of hyperplanesparameterizedby w, andany� > 0, there existsa
constantK such that for any 
 > 0 per-label margin, andm > 1 samples,theper-label
lossis boundedby:
Ex L (w ; x ) � ES L 
 (w ; x ) +

vu
u
t K

m

"
R2

edg e kw k2
2 q2


 2
[ln m + ln l + ln q + ln k] + ln

1
�

#

;

with probabilityat least1� � , whereq = maxi jf (i; j ) 2 Egj is themaximumedgedegree
in thenetwork,k is thenumberof classesin a label,andl is thenumberof labels.
Proof: SeeAppendix.

Theproofusesacoveringnumberargumentanalogousto previousresultsin SVMs [13].
However we proposea novel methodfor coveringstructuredproblemsby constructinga
cover to the loss function from a cover of the individual edgebasisfunction differences
� fx (yi ; yj ). This new type of cover is polynomial in thenumberof edges,yielding sig-
ni®cantimprovementsin thebound.Speci®cally, our boundhasa logarithmicdependence
on thenumberof labels(ln l ) anddependsonly on the2-normof thebasisfunctionsper-
edge(Redge). This is a signi®cantgain over theprevious resultof Collins [3] which has
linear dependenceon thenumberof labels(l ), anddependson the joint 2-normof all of
the features(which is � lRedge, unlesseachsequenceis normalizedseparately, which is
oftenineffective in practice).Finally, notethat if l

m = O(1) (for example,in OCR,if the
numberof instancesis at leasta constanttimesthe lengthof a word), thenour boundis
independentof thenumberof labelsl . Sucha resultwas,until now, anopenproblemfor
margin-basedsequenceclassi®cation[3].

7 Experiments
We evaluateour approachon two very differenttasks:a sequencemodelfor handwriting
recognitionandanarbitrarytopologyMarkov network for hypertext classi®cation.
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Figure1: (a)3 examplewordsfrom theOCRdataset;(b) OCR:Averageper-charactertesterrorfor
logistic regression,CRFs,multiclassSVMs, andM3Ns, usinglinear, quadratic,andcubic kernels;
(c) Hypertext: Testerrorfor multiclassSVMs,RMNs andM3Ns,by schoolandaverage.

Handwriting Recognition. We selecteda subsetof � 6100handwrittenwords,with av-
eragelengthof � 8 characters,from 150 humansubjects,from the datasetcollectedby
Kassel[6]. Eachword wasdivided into characters,eachcharacterwasrasterizedinto an
imageof 16by 8 binarypixels.(SeeFig. 1(a).) In our framework, theimagefor eachword
correspondsto x, a label of an individual characterto Yi , anda labelingfor a complete
word to Y. EachlabelYi takesvaluesfrom oneof 26classesf a; : : : ; zg.

The dataset is divided into 10 folds of � 600 training and � 5500 testingexamples.
The accuracy results,summarizedin Fig. 1(b), areaveragesover the 10 folds. We im-
plementeda selectionof state-of-the-artclassi®cationalgorithms: independentlabel ap-
proaches, whichdonotconsiderthecorrelationbetweenneighboringcharacters— logistic
regression,multi-classSVMsasdescribedin (3), andone-against-allSVMs(whoseperfor-
mancewasslightly lower thanmulti-classSVMs);andsequenceapproaches— CRFs,and
our proposedM3 networks. Logistic regressionandCRFsareboth trainedby maximiz-
ing theconditionallikelihoodof the labelsgiventhefeatures,usinga zero-meandiagonal
Gaussianprior overtheparameters,with astandarddeviationbetween0.1and1. Theother
methodsaretrainedby margin maximization.Our featuresfor eachlabelYi arethecorre-
spondingimageof i th character. For thesequenceapproaches(CRFsandM3), we usedan
indicatorbasisfunctionto representthecorrelationbetweenYi andYi +1 . Formargin-based
methods(SVMsandM3), wewereableto usekernels(bothquadraticandcubicwereeval-
uated)to increasethedimensionalityof the featurespace.Using thesehigh-dimensional
featurespacesin CRFsis not feasiblebecauseof theenormousnumberof parameters.

Fig. 1(b) shows two typesof gainsin accuracy: First, by usingkernels,margin-based
methodsachieveaverysigni®cantgainovertherespectivelikelihoodmaximizingmethods.
Second,by usingsequences,we obtainanothersigni®cantgain in accuracy. Interestingly,
the error rate of our methodusing linear featuresis 16% lower than that of CRFs,and
aboutthe sameasmulti-classSVMs with cubic kernels. Oncewe usecubic kernelsour
error rateis 45%lower thanCRFsandabout33%lower thanthebestpreviousapproach.
For comparison,thepreviously publishedresults,althoughusinga differentsetup(e.g.,a
largertrainingset),areaboutcomparableto thoseof multiclassSVMs.

Hypertext. We alsotestedour approachon collective hypertext classi®cation,usingthe
datasetin [10], which containswebpagesfrom four differentComputerSciencedepart-
ments.Eachpageis labeledasoneof course, faculty, student, project, other. In all of our
experiments,we learna modelfrom threeschools,andteston theremainingschool.The
text contentof theweb pageandanchortext of incominglinks is representedusinga set
of binaryattributesthat indicatethepresenceof differentwords. Thebaselinemodelis a
simplelinearmulti-classSVM thatusesonly wordsto predictthecategoryof thepage.The
secondmodelis a relationalMarkov network (RMN) of Taskaret al. [10], which in addi-
tion to word-labeldependence,hasan edgewith a potentialover the labelsof two pages
thatarehyper-linkedto eachother. This modelde®nesa Markov network over eachweb
sitethatwastrainedto maximizetheconditionalprobabilityof the labelsgiventhewords



andthelinks. Thethird modelis aM3 netwith thesamefeaturesbut trainedby maximizing
themargin usingtherelaxeddualformulationandloopy BPfor inference.

Fig.1(c)showsagainin accuracy fromSVMsto RMNsbyusingthecorrelationsbetween
labelsof linkedwebpages,andaverysigni®cantadditionalgainbyusingmaximummargin
training. The error rateof M3Ns is 40% lower thanthat of RMNs, and51% lower than
multi-classSVMs.

8 Discussion
We presenta discriminative framework for labelingandsegmentationof structureddata
suchassequences,images,etc. Our approachseamlesslyintegratesstate-of-the-artkernel
methodsdevelopedfor classi®cationof independentinstanceswith the rich languageof
graphicalmodelsthat canexploit thestructureof complex data. In our experimentswith
theOCRtask,for example,oursequencemodelsigni®cantlyoutperformsotherapproaches
by incorporatinghigh-dimensionaldecisionboundariesof polynomialkernelsovercharac-
ter imageswhile capturingcorrelationsbetweenconsecutive characters.We constructour
modelsby solvinga convex quadraticprogramthatmaximizestheper-label margin. Al-
thoughthenumberof variablesandconstraintsof our QPformulationis polynomialin the
examplesize(e.g.,sequencelength),we alsoaddressits quadraticgrowth usinganeffec-
tive optimizationprocedureinspiredby SMO. We provide theoreticalguaranteeson the
averageper-label generalizationerror of our modelsin termsof the training setmargin.
Ourgeneralizationboundsigni®cantlytightenspreviousresultsof Collins [3] andsuggests
possibilitiesfor analyzingper-labelgeneralizationpropertiesof graphicalmodels.

For brevity, we simpli®edour presentationof graphicalmodelsto only pairwiseMarkov
networks. Our formulationandgeneralizationboundeasilyextendto interactionpatterns
involving morethantwo labels(e.g.,higher-orderMarkov models). Overall, we believe
thatM3 networkswill signi®cantlyfurthertheapplicabilityof highaccuracy margin-based
methodsto real-world structureddata.
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A Proof of Theorem 6.1

The proof of Theorem6.1 usesthe coveringnumberboundsof Zhang[13] (in the Data-
DependentStructuralRisk Minimization framework.)1 Zhang provides generalization
guaranteesfor linear binary classi®ersof the form hw (x) = sgn(w > x). His analysis
is basedon the upperboundson the covering numberfor the classof linear functions
FL (w ; z) = w > z wherethenormsof thevectorsw andz arebounded.We reproducethe
relevantde®nitionsandtheoremsfrom [13] hereto highlight thenecessaryextensionsfor
structuredclassi®cation.

Thecoveringnumberis a key quantityin measuringfunctioncomplexity. Intuitively, the
coveringnumberof anin®niteclassof functions(e.g.parameterizedby asetof weightsw)
is thenumberof vectorsnecessaryto approximatethevaluesof any function in theclass
on a sample.Margin-basedanalysisof generalizationerrorusesthemargin achievedby a
classi®eron the trainingsetto approximatetheoriginal functionclassof theclassi®erby
a ®nite coveringwith precisionthatdependson themargin. Here,we will only de®nethe
1 -normcoveringnumber.

A.1 Binary classi®cation

In binary classi®cation,we are given a sampleS = f x( i ) ; t(x ( i ) )gm
i =1 , where x 2

IRn ; t(x) = � 1, sowecanfold x andt(x) into z = x � t(x).

De®nition A.1 (Covering Number) Let V = f v(1) ; : : : ; v ( r ) g, where v ( j ) 2 IRm , be a
coveringof a functionclassF (w; S) with � -precisionunderthemetric� , if for all w there
existsa v ( j ) such that that for each datasamplez( i ) 2 S:

� (v ( j )
i ; F (w; z( i ) ) � �:

Thecoveringnumberof a sampleS is thesizeof thesmallestcovering: N 1 (F ; �; �; S) =
inf jV j s.t. V is a coveringof F (w; S). We alsode�ne thecoveringnumberfor any sample
of sizem: N1 (F ; �; �; m) = supS: jSj= m N1 (F ; �; �; S).

Whenthe normsof w andz arebounded,we have the following upperboundon the
coveringnumberof linearfunctionsunderthelinearmetric� L (v; v0) = jv � v0j.

TheoremA.2 (Theorem4 fr om [13]) If kwk2 � a andkzk2 � b, then8 � > 0,

log2 N1 (FL ; � L ; �; m) � 36
a2b2

� 2 log2 (2 d4ab=�+ 2em + 1) :

In orderto usethetheclassi®er'smargin to boundits expectedloss,theboundsbelow use
a stricter, margin-basedlosson the trainingsamplethatmeasurestheworst lossachieved
by theapproximatecoveringbasedon this margin. Let f : IR 7! [0; 1] bea lossfunction.
In binaryclassi®cation,we let f (z) = I (v � 0) be thestepfunction,so that0-1 lossof
sgn(w > x) is f (FL (w ; z)) . Thenext theoremboundstheexpectedf lossin termsof the

 -margin loss,f 
 (z) = sup� (z;z 0)< 2
 f (z0), onthetrainingsample.For 0-1 lossandlinear
metric� L , thecorresponding
 -margin lossis f 
 (z) = I (z � 2
 ).

TheoremA.3 (Corollary 1 fr om [13]) Let f : IR 7! [0; 1] bea lossfunctionandf 
 (z) =
sup� (z;z 0)< 2
 f (z0) bethe
 -margin lossfor a metric� . Let 
 1 > 
 2 > : : : bea decreasing
sequenceof parameters,andpi bea sequenceof positivenumberssuch that

P 1
i =1 pi = 1,

thenfor all � > 0, with probabilityof at least1 � � overdata:

Ez f (F (w; z)) � ES f 
 (F (w; z)) +

s
32
m

�
ln 4N1 (F ; �; 
 i ; S) + ln

1
pi �

�

for all w and
 , where for each �xed 
 , weusei to denotethesmallestindex s.t. 
 i � 
 .
1J.Shawe-Taylor, P. L. Bartlett,R. C. Williamson,andM. Anthony. Structuralrisk minimization

over data-dependenthierarchies.IEEE Trans.on InformationTheory, 44(5):1926–1940,1998.



A.2 Structur edclassi®cation

Wewill extendthis framework to boundtheaverageper-labellossfor structuredclassi®ca-
tion byde®ninganappropriatelossf andafunctionclassF (aswell asametric� ) suchthat
f (F ) computesaverageper-label lossandf 
 (F ) providesa suitable
 -margin loss. We
will boundthecorrespondingcoveringnumberby building on theboundin TheoremA.2.

We canno longersimply fold x andt (x), sincet (x) is avector, sowe let z = (x; t (x)) .
In orderfor ourlossfunctionto computeaverageper-labelloss,it is convenientto makeour
functionclassvector-valued(insteadof scalar-valuedasabove). We de®nea new function
classFM (w ; z), which is a vectorof minimumvaluesof w > � fx (y ) for eacherror level
� t x (y ) from 1 to l asdescribedbelow.

De®nition A.4 (dth-err or-level function) Thedth-error-level functionMd(w ; z) for d 2
f 1; : : : ; lg is givenby:

M d(w ; z) = min
y :� t x (y )= d

w > � fx (y ):

De®nition A.5 (Multi-err or-level function class) The multi-error-level function class
FM (w ; z) is givenby:

FM (w ; z) = (M 1(w ; z); : : : ; M d(w ; z); : : : ; M l (w ; z)) :

Wecannow computetheaverageper-labellossfrom F M (w ; z) by de®ninganappropriate
lossfunctionf .

De®nition A.6 (Averageper-label loss) The averageper-label loss f : IRl 7! [0; 1] is
givenby:

f (z) =
1
l

arg min
d:zd � 0

zd;

where in case8d; zd > 0, wede�ne argmind:zd � 0 zd � 0.

With theabovede®nitions,theaverageper-labelloss

f (FM (w ; z)) =
1
l

arg min
d;M d (w ;z) � 0

M d(w ; z) =
1
l
� t x

�
argmin

y
w > � fx (y )

�
;

asdesired.Notethatthecase8d; M d(w ; z) > 0 correspondsto theclassi®ermakingno
mistakes:argmaxy w > fx (y ) = t (x).

We now needto de®nean appropriatemetric � that in turn de®nes
 -margin loss for
structuredclassi®cation.Sinceour margin in (4) grows with thenumberof mistakes,our
metriccanbecome“looser” with thenumberof mistakes,asthereis moreroomfor error.

De®nition A.7 (Multi-err or-level metric) Let the multi-error-level metric �M : IRl �
IRl 7! IR for a vectorin IR l begivenby:

� M (z; z0) = max
d

jzd � z0
d j

d
:

We now de®nethecorresponding
 -margin lossusingthenew metric:

De®nition A.8 (
 -margin averageper-label loss) The 
 -margin averageper-label loss
f 
 : IR l 7! [0; 1] is givenby:

f 
 (z) = sup
� M (z;z0) � 2


f (z0):

Combiningthetwo de®nitions,we get:

f 
 (FM (w ; z)) = sup
z:j zd � M d (w ;z) j� 2d


1
l

arg min
d:zd � 0

zd:

We alsode®nethecorrespondingcoveringnumberfor ourvector-valuedfunctionclass:



De®nition A.9 (Multi-err or-level covering number) Let V = f V(1) ; : : : ; V ( r ) g, where
V ( j ) = (V ( j )

1 ; : : : ; V ( j )
i ; : : : ; V ( j )

m ) and V ( j )
i 2 IRl , be a covering of F M (w ; S), with

� -precisionunderthe metric � M , if for all w there existsa V ( j ) such that for each data
samplez( i ) 2 S:

� M (V ( j )
i ; FM (w ; z( i ) )) � �:

The covering number of a sample S is the size of the smallest covering:
N1 (FM ; � M ; �; S) = inf jVj s.t. V is a covering of F M (w ; S). We also de�ne
N1 (FM ; � M ; �; m) = supS: jSj= m N1 (FM ; � M ; �; S).

We provide a boundon the covering numberof our new function classin termsof a
coveringnumberfor thelinearfunctionclass.

Lemma A.10 (Bound on multi-err or-level covering number)

N1 (FM ; � M ; �q; m) � N1 (FL ; � L ; �; ml q(k2 � 1));

whereq = maxi jf (i; j ) 2 Egj is themaximumedgedegreein anysample, k is thenumber
of classesin a label.

Proof: We will show that N1 (FM ; � M ; �q; S) � N1 (FL ; � L ; �; S0) for any
sample S of size m, where we construct the sample S0 of size ml q(k2 � 1) in
order to cover the edge potentials as described below. Note that this is suf�-
cient since N1 (FL ; � L ; �; S0) � N1 (FL ; � L ; �; ml q(k2 � 1)), by de�nition, so
N1 (FM ; � M ; �q; m) = supS:jSj= m N1 (FM ; � M ; �q; S) � N1 (FL ; � L ; �; ml q(k2 � 1)).

Theconstructionof S0 belowis inspiredby theproof techniquein Collins [3], but thekey
differenceis thatour constructionis linear in thenumberof labelsandedgedegreelqwhile
his is exponentialin thenumberof labels.Thisreductionin sizecomesaboutbecauseour
covering approximatesthe valuesof edge potentialsw > � fx (yr ; ys) for each edge (r; s)
andedgeassignment(yr ; ys) asopposedto thevaluesof entireassignmentsw > � fx (y ).

For each samplez 2 S, we createlq(k2 � 1) samples� fx (yr ; ys), onefor each edge
(r; s) and each assignment(yr ; ys) 6= (( t (x)) r ; (t (x)) s). We constructa setof vectors
V = f v (1) ; : : : ; v ( r ) g, where v ( j ) 2 IRmlq (k 2 � 1) . Thecomponentof v ( j ) correspondingto
thesamplez( i ) andtheassignment(yr ; ys) to thelabelsof theedge (r; s) will bedenoted
by v ( j )

i (yr ; ys). For convenience, we de�ne v ( j )
i (( t (x ( i ) )) r ; (t (x ( i ) ))s) = 0 for correct

label assignments,as� fx ( i ) (( t (x ( i ) )) r ; (t (x ( i ) ))s) = 0. To make V an 1 -normcovering
of FL (w ; S0) under� L , werequirethat for anyw thereexistsa v ( j ) 2 V such thatfor each
samplez( i ) :

jv ( j )
i (yr ; ys) � w > � fx ( i ) (yr ; ys)) j � � ; 8(r; s); 8(yr ; ys): (13)

ByDe�nition A.1,thenumberof vectors in V is givenbyr = N 1 (FL ; � L ; �; ml q(k2 � 1)).

We can now use V to constructa covering V = f V (1) ; : : : ; V ( r ) g, where V ( j ) =
(V ( j )

1 ; : : : ; V ( j )
i ; : : : ; V ( j )

m ) and V ( j )
i 2 IRl , for our multi-error-level functionF M . Let

v ( j )
i (y ) =

P
( r ;s) v ( j )

i (yr ; ys), andM d(v ( j )
i ; z( i ) ) = miny :� t

x ( i ) (y )= d v ( j )
i (y ), then

V ( j )
i = (M 1(v ( j ) ; z( i ) ); : : : ; M d(v ( j ) ; z( i ) ); : : : ; M l (v ( j ) ; z( i ) )) : (14)

Notethat v ( j )
i (yr ; ys) is zero for all edges(r; s) for which theassignmentto (yr ; ys) =

(t (x ( i ) )) r ; (t (x ( i ) ))s) is correct. Thusfor an assignmentto y with k mistakes,at mostdq
v ( j )

i (yr ; ys) will benon-zero, aseach label canappearin at mostq edges. By combining
this factwith Eq.(13),weobtain:

8x ( i ) 8y : � t x ( i ) (y ) = d;
�
�
�v

( j )
i (y ) � w > � fx ( i ) (y )

�
�
� � dq� : (15)



We concludetheproof by showingthat V is a coveringof F M under� M : For each w,
pick V ( j ) 2 V such that thecorrespondingv ( j ) 2 V satis�estheconditionin Eq.(13). We
mustnowbound:

� M (V ( j )
i ; FM (w ; z( i ) )) = max

d

j miny :� t
x ( i ) (y )= d v ( j )

i (y ) � miny :� t
x ( i ) (y )= d w > � fx ( i ) (y )j

d
:

Let y v
d = argminy :� t

x ( i ) (y )= d v ( j )
i (y ) and yw

d = argminy :� t
x ( i ) (y )= d w > � fx ( i ) (y ).

Considerthecasewhere v ( j )
i (y v

d ) � w > � fx ( i ) (yw
d ) (the reversecaseis analogous),we

mustprovethat:

v ( j )
i (y v

d ) � w > � fx ( i ) (yw
d ) � v ( j )

i (yw
d ) � w > � fx ( i ) (yw

d ) � dq� ; (16)

where the�r ststepfollowsfromde�nition of y v
d , sincev ( j )

i (y v
d ) � v ( j )

i (yw
d ): Thelaststep

is a directconsequenceof Eq.(15). Hence� M (V ( j )
i ; FM (w ; z( i ) )) � q� .

Lemma A.11 (Numeric bound on multi-err or-level covering number)

log2 N1 (FM ; � M ; �; m) � 36
R2

edge kwk2
2 q2

� 2 log2

�
1 + 2

�
4

Redge kwk2 q
�

+ 2
�

ml q(k2 � 1)
�

;

where Redge = max( r ;s) maxy r ;y s kfx (yr ; ys)k2.
Proof: SubstituteTheoremA.2into LemmaA.10.

TheoremA.12 (Multi-label analogof TheoremA.3) Let f and f 
 (z) be as de�ned
above. Let 
 1 > 
 2 > : : : bea decreasingsequenceof parameters,andpi bea sequence
of positivenumberssuch that

P 1
i =1 pi = 1, thenfor all � > 0, with probability of at least

1 � � overdata:

Ez f (FM (w ; z)) � ES f 
 (FM (w ; z)) +

s
32
m

�
ln 4N1 (FM ; � M ; 
 i ; S) + ln

1
pi �

�

for all w and
 , where for each �xed 
 , weusei to denotethesmallestindex s.t. 
 i � 
 .
Proof: Similar to theproof of Zhang's Theorem2 andCorollary 1 [13] where in Step3
(derandomization)wesubstitutethevector-valuedF M andthemetric� M .

Theorem6.1 follows from above theoremwith 
 i = Redge kwk2 =2i andpi = 1=2i using
anargumentidenticalto theproofof Theorem6 in Zhang[13].


