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Abstract

In typical classi cationtasks,we seeka functionwhich assignsa labelto a sin-

gle object. Kernel-base@dpproachessuchassupportvectormachineSVMs),

which maximizethe magin of con dence of the classi er, are the methodof

choicefor mary suchtasks. Their popularity stemsboth from the ability to

use high-dimensionafeaturespacesand from their strongtheoreticalguaran-
tees. However, mary real-world tasksinvolve sequentialspatial,or structured
data,wheremultiple labelsmustbe assignedExisting kernel-baseanethodsg-

norestructurein the problem,assignindabelsindependentlyo eachobject,los-

ing muchusefulinformation. Cornversely probabilisticgraphicalmodels,such
as Markov networks, can representorrelationsbetweenlabels, by exploiting

problemstructure but cannothandlehigh-dimensionafeaturespacesandlack
strongtheoreticalgeneralizationguarantees.In this paper we presenta nev

frameawork that combinesthe adwantagesof both approachesMaximummar-

gin Markov (M?) networksincorporateboth kernels,which ef ciently dealwith

high-dimensionafeatures,and the ability to capturecorrelationsin structured
data. We presentan efcient algorithmfor learningM® networks basedon a
compactquadraticprogramformulation. We provide a new theoreticalbound
for generalizatiorin structureddomains. Experimentson the task of handwrit-
tencharacterecognitionandcollective hypertet classi cationdemonstratgery

signi cant gainsover previousapproaches.

1 Intr oduction

In supervisectlassi®cationpur goalis to classifyinstancesnto somesetof discretecat-
egories. Recently supportvector machinegSVMs) have demonstratedmpressve suc-
cesse®nabroadrangeof tasks,includingdocumentateyorization,characterecognition,
image classi®cation,and mary more. SVMs owe a greatpart of their succesdo their
ability to usekernels,allowing the classi®erto exploit a very high-dimensiona(possibly
evenin®nite-dimensionalfeaturespace.ln additionto their empiricalsuccessSVMs are
alsoappealingdueto the existenceof stronggeneralizatiorguaranteesjerived from the
maigin-maximizingpropertieof thelearningalgorithm.

However, mary supervisedearningtasksexhibit muchricherstructurethana simplecat-
egorizationof instancesnto oneof a small numberof classes.In somecaseswe might
needto label a setof interrelatedinstances.For example: optical characterecognition
(OCR) or part-of-speeclaggingbothinvolve labelingan entiresequencef elementsnto
somenumberof classesjmagesegmentationinvolveslabelingall of the pixelsin anim-
age; and collective webpageclassi®cationinvolves labeling an entire set of interlinked
webpages.In othercaseswe might wantto label an instance(e.g., a news article) with
multiple non-exclusive labels.In both of thesecaseswe needto assignmultiple labelssi-
multaneouslyleadingto a classi®catiorproblemthathasanexponentiallylarge setof joint



labels. A commonsolutionis to treatsuchproblemsasa setof independentlassi®cation
tasks,dealingwith eachinstancen isolation.However, it is well-known thatthis approach
fails to exploit signi®cantamountsof correlationinformation[7].

An alternatve approachis offered by the probabilisticframework, and speci®callyby
probabilisticgraphicalmodels. In this case we cande®neandlearna joint probabilistic
modelover the setof labelvariables.For example,we canlearna hiddenMarkov model,
or a conditionalrandom®eld (CRF) [7] over the labelsand featuresof a sequenceand
thenusea probabilisticinferencealgorithm(suchasthe Viterbi algorithm)to classifythese
instancegollectively ®ndingthemostlik ely joint assignmento all of thelabelssimultane-
ously Thisapproachastheadwantageof exploiting the correlationshetweerthe different
labels oftenresultingin signi®canimprovementsn accurag overapproachethatclassify
instancesndependently7, 10]. Theuseof graphicaimodelsalsoallows problemstructure
to be exploitedvery effectively. Unfortunately evenprobabilisticgraphicaimodelsthatare
traineddiscriminatively do not usually achieve the samelevel of generalizatioraccuray
asSVMs, especiallywhenkernelfeaturesareused.Moreover, they arenot (yet) associated
with generalizatioboundscomparabldo thoseof mamgin-basedlassi®ers.

Clearly, the frameworks of kernel-basedind probabilisticclassi®ersoffer complemen-
tary strengthsand weaknessesln this paper we presentmaximummargin Markov (M3)
networks which unify the two frameworks, andcombinethe advantage®f both. Our ap-
proachde®nesa log-linear Markov network over a setof label variables(e.g.,the labels
of thelettersin an OCR problem);this network allows usto representhe correlationsbe-
tweentheselabel variables.We thende®nea mamgin-basecdptimizationproblemfor the
parametersf this model. For Markov networksthat canbe triangulatedractably the re-
sulting quadraticprogram(QP) hasan equivalentpolynomiatsizeformulation(e.g.,linear
for sequencesthat allows a very effective solution. By contrast,previous mamgin-based
formulationsfor sequencéabeling[3, 1] requireanexponentiaihumberof constraintsFor
non-triangulatedhetworks, we provide an approximatereformulationbasedon the relax-
ationusedby belief propagatioralgorithms[8, 12]. Importantly theresultingQP supports
the samekerneltrick asdo SVMs, allowing probabilisticgraphicalmodelsto inherit the
importantbene®tof kernels.We alsoshav a generalizatioboundfor suchmamgin-based
classi®ers.Unlike previous results[3], our boundgrows logarithmically ratherthanlin-
earlywith thenumberof labelvariables.Our experimentakesultson characterecognition
andon hypertet classi®cationdemonstratélramaticimprovementsn accurag over both
kernel-baseihstance-by-instanadassi®catiorandprobabilisticmodels.

2 Structurein classi cation problems

In supervisedlassi®cationthetaskis to learnafunctionh : X 7! Y from asetof mi.i.d.
instancess = f(x(;y(® = t(x())gn, , dravn from a ®@xed distribution Dy v . The
classi®catiorfunctionh is typically selectedrom someparametridamily H. A common
choiceis the linear family. Givenn real-valuedbasisfunctionsf; : X Y 7! IR, a
hypothesid,, 2 H is de®nedby a setof n coef®cientsw suchthat:

X0
hw (X) = argmyax w;fj(x;y) = arg m;’:1xw>f(x;y) : 1)
i=1

wherethef (x;y) arefeatuesor basisfunctions
The most common classi®cationsetting — single-labelclassi®cation— takes Y =

classi®cationwhereY = Yy ::: Yy withY; = fyg;:::;ykg. In an OCR task,for
example,eachy; is acharacterwhile Y is afull word. In awebpagecollective classi®ca-
tion task[10], eachY; is awebpagdabel,whereasy is ajoint labelfor anentirewebsite.
In thesecasesthe numberof possibleassignment$o Y is exponentialin the numberof
labels|. Thus, both representinghe basisfunctionsf; (x;y) in (1) and computingthe
maximizationarg maxy areinfeasible.



An alternatve approachs basedon the framework of probabilisticgraphicalmodels.In
thiscasethemodelde®negdirectly or indirectly) aconditionaldistribution P (Y j X). We
canthenselectthelabelargmaxy P (y j x). Theadwantageof the probabilisticframenork
is thatit canexploit sparsenesis the correlationsbetweerlabelsY;. For example,in the
OCRtask,we mightusea Markov model,whereY; is conditionallyindependentf therest
of thelabelsgivenY; 1;Yi+1 .

We can encodethis structureusing a Markov network In this paper purely for sim-
plicity of presentationywe focuson the caseof pairwiseinteractionsbetweenabels. We
emphasizeahat our resultsextendeasilyto the generalcase. A pairwise Markov network
is de®nedasa graphG = (Y;E), whereeachedge(i; j) is associatedvith a potential
function j; (@yi 1¥i ). Thenetwork encodes joint conditionalprobability distribution as
Py jx)/ (i )2E i (x;vi;Y;). Thesenetworks exploit the interactionstructureto
parameterize classi®ervery compactly In mary caseqe.g., tree-structurechetworks),
we canuseeffective dynamicprogrammingalgorithms(suchasthe Viterbi algorithm)to
®ndthehighestprobabilitylabely ; in otherswe canuseapproximaténferencealgorithms
thatalsoexploit the structure[12].

TheMarkov network distributionis simply alog-linearmodel,with thepairwisepotential

i (X;vi;Yyj) representingin log-space) sumof basisfunctionsover x;y;;y;. We can
thereforgparameterizeuchamodelusinga setof pairwisebasisfunctionsf (x;yi;y; ) for
(i; ) 2 E. Weassumédor simplicity of notationthatall edgesn thegraphdenotehesame
typeof interaction,sothatwe cande®neagetof features

f(x;y) = f (X yisy): (2)
(i )2E
P

The network potentials are then jj (X;yi;y)) = exp[ pop Wkfk (YY)l =
exp w”f(X;yiryj) :

The parametersv in alog-linearmodelcanbetrainedto ®t the data,typically by maxi-

mizing thelikelihoodor conditionallikelihood(e.g.,[7, 10]). This papermpresentanalgo-
rithm for selectingw thatmaximizethe margin, gainingall of the advantage®f SVMs.

3 Margin-basedstructured classi cation

For asingle-labebinaryclassi®catiorproblem,supportvectormachinegSVMs)[11] pro-
vide an effective methodof learninga maximum-magin decisionboundary For single-
labelmulti-classclassi®cationCrammerandSinger[5] provide a naturalextensionof this
framawvork by maximizingthemargin subjectto constraints:

maximize st:ojiwji 1w fy(y) ; 8x2S; 8y6t(x); (3

where fy(y) = f(x;t(x)) f(x;y). Theconstraintsn this formulation ensurethat
argmaxy w” f(x;y) = t(x). Maximizing magni®esthe differencebetweerthe value
of thetruelabelandthebestrunnerup,increasinghe “con®dence”of the classi®cation.

In structuredproblemswherewe arepredictingmultiple labels,thelossfunctionis usu-
ally not simple 0-1 loss| (arg maxy w” fx (y) = t(x)), but perlabelloss, suchas the
proportionof incorrectlabelspredicted. In orderto extendthe mamgin-basedramework
to the multi-label setting, we mustgeneralizethe notion of maigin to take into account
the numberof labelsin y thatare misclassi®ed.In particular we would like the mamgin
betweert (x) andy to scalelinearly with thenumberof wronglabelsiny, ty(y):

maximize st: jiwji 1, w” fy(y) tx(y); 8x2S; 8y; (4

P
where ty(y) = i|=1 tx(yi) and tyx(y;) 1(yi & (t(x))i). Now, usinga standard
transformatiorto eliminate , we geta quadraticprogram(QP):
minimize zjjwjj2 st: w” Ty (y) tx(y); 8x2S;8y: (5)
Unfortunately the datais often not separabldy a hyperplanede®nedover the spaceof
the given setof features.In suchcaseswe needto introduceslackvariables 4 to allow



someconstraintgo beviolated. We cannow presenthecompleteform of our optimization
problem,aswell asthe equivalentdual problem([2]:

Primal form ulation (6) Dual form ulation @)
1 X X 1 X 2
min Ejjwjjz+c < max () ty) 3 x(y) fx(y)
X )x(;y X5y
st:w” fx(y)  tx(y) o« 8Xiy: st x(Y) = Ci8x;  x(y) 0;8x;y:

y
(Note: for eachx, we addanextradualvariable 4 (t(x)), with noeffectonthesolution.)

4 Exploiting structurein M3 networks

Unfortunately both the numberof constraintdn the primal QP in (6), andthe numberof
variablesn thedual QPin (7) areexponentialin thenumberof labelsl. In this sectionwe
present@anequialent,polynomially-sizedformulation.

Ourmaininsightis thatthevariables « (y) in fhedualformulation(7) canbeinterpreted
asadensityfunctionovery conditionalonx,as , x(y) = Cand x(y) 0. Thedual
objectiveis afunstionof expectationsof  tyby) and fy (y) with respecto «(y). Since
both tx(y)= ; tx(yi)and fx(y)= i) fx (yi;y;) aresumsof functionsover
nodesandedgeswe only neednodeandedgemaminalsof themeasure 4 (y) to compute
their expectationsWe de®nethe maiginal dual variablesasfollows:

xYi) = py oy x(Y) 8(i)) 2 E;8yily;; 8x @)
x (Y1) = v il x(¥); 81i; 8yi; 8Xx;
wherey [yi;y;j] denotesafull assignmeny consistentvith partialassignmeny;; y; .

Now we canreformulateour entireQP (7) in termsof thesedualvariables.Considerfor
g-{ample,the®rst tegn iQ the object'vefunctign:

X X
x(Y) tx(y) = (YY) tx(yi) = ti(yi) x(y) = x(Yi) tx(yi):

y y i By i y lyil iy i
Thedecompositiorof thesecondermin theobjectve usesedgemaminals  (Yi; ;).

In orderto produceanequivalentQP, however, we mustalsoensurghatthedualvariables
x(Yi;Y¥j); x(yi) arethemamginalsresultingfrom a legal density (y); thatis, thatthey
belongto the marginal polytope[4]. In particular we mustenforceconsisteng between
the pairwiseandsingletonmaiginals(andhencebetweeroverlappingpairwisemamginals):

x(Yiiyi) = x(y): 8yj; 8(i;j) 2 E; 8x: 9)
Yi
If the Markov network for our basisfunctionsis a forest (singly connected)thesecon-
straintsareequivalentto therequirementhatthe variablesarisefrom a density There-
fore, thfQIIowing factoreoUuzlleQP;§ eqkli/alentto theoriginal dual QP:

max x(Yi) tx(yi) 2 x(YirYi) 2(yriys) fX(yiQYj)> fa(yriys)
Xy X3RO (i ) (ris)
X YiiYj Yri¥s
st: x(Yisyi) = x(%); x(Y)=C;  x(yiyy)) O (10)
Yi Yi
Similarly, the original primal canbe factoredasfollows:
. 1. ., X X X X
min - Siwjj® + Cc xi + C xiij
x x (i)
st: w” fx(yisy;) + myio(yj) + myo(Yi) xiij 3
(1% )% (1%):j 0%

My (yi) W) xis xi O xi O (11)
(ii )



P P P
Thesolutionto thefactoreddualgivesus:w = @) vy (i) (i)
Theorem4.1 If for each x the edgesE form a forest, thena setof weightsw will be
optimalfor the QP in (6) if andonly f it is optimalfor thefactoredQPin (11). §

If theunderlyingMarkov netis notaforest,thentheconstraintsn (9) arenot suf®cientto
enforcethefactthatthe 'sarein the marginal polytope.We canaddresshis problemby
triangulatingthe graph,andintroducingnex  LP variableghatnow spanlargersubset®f
Y;'s. For example,if our graphis a 4-cycle Y;—Y>,—Y3—Y,;—Y;, we might triangulate
thegraphby addinganarcY;—Y3, andintroducing variablesover joint instantiationof
thecliquesYy; Yz2; Y3 andYs; Ys; Ys. Thesenew variablesareusedin linear equalities
thatconstrairtheoriginal variablego beconsistentvith adensity The variablesappear
only in the constraintsthey do not addary new basisfunctionsnor changethe objective
function. The numberof constraintdntroducedis exponentialin the numberof variables
in the new cliques. Neverthelessin mary classi®catiorproblems,suchassequenceand
othergraphswith low tree-width[4], the extendedQP canbe solved ef®ciently.

Unfortunately triangulationis not feasiblein highly connectecgroblems.However, we
canstill solvethe QPin (10) de®nedby anuntriangulatedyraphwith loops.Sucha proce-
dure,which enforcesonly local consisteng of mamginals,optimizesour objectiveonly over
a relaxationof the mamginal polytope. In this way, our approximationis analogougo the
approximatebelief propagation(BP) algorithmfor inferencein graphicalmodels[8]. In
fact,BP makesanadditionalapproximationusingnot only the relaxed maminal polytope
but alsoanapproximateobjective (Bethefree-enegy) [12]. AlthoughtheapproximateQP
doesnot offer the theoreticalguaranteén Theoremd.1, the solutionsareoftenvery accu-
ratein practice aswe demonstratdelow.

As with SVMs[11], thefactoreddualformulationin (10) usesonly dot productsdbetween
basisfunctions.This allows usto useakernelto de®nevery large (andevenin®nite) setof
features.In particular we de®neour basisfunctionsby & (yi;y;) = (vi;y;) ! (x), i.e.,
the productof a selectorfunction (y;;y;) with a possiblyin®nite featurevector ! (x).
For example,in the OCRtask, (yi;y;) could be anindicatorfunction over the classof
two adjacencharacters andj, and " (x) couldbeanRBF kernelontheimagesof these
two characters.The operationfy (yi;y;j)” f2 (yr;Ys) usedin the objectve function of the
factoreddual QPis now (yi;y;) (¥riYs)K (X;i;j; R;r;s), whereK (x;i; j; ®;r;s) =

" (x)  "S(x) is the kernel function for the feature . Even for somevery complex
functions , thedot-productrequiredto computeK canbeexecutedef®ciently [11].

5 SMO learning of M3 networks

Althoughthe numberof variablesandconstraintsn thefactoreddualin (10)is polynomial
in thesizeof thedata thenumberof coef®cientsin thequadratiderm(kernelmatrix)in the
objectiveis quadratidn the numberof examplesandedgesn the network. Unfortunately
this matrixis oftentoo largefor standardQP solvers. Insteadwe usea coordinatedescent
methodanalogoudo the sequentiaminimal optimization(SMO) usedfor SVMs[9].

Let us begin by consideringthe original dual problem(7). The SMO gpproachsolves
this QP by analyticallyoptimizingtwo-variablesubproblemsRecallthat |, «(y) = C.
We canthereforetake ary two variables x(y1!), x(y?) and“move weight” from oneto
the other, keepingthe valuesof all othervariables®xed. More precisely we optimizefor

2yh; 2y suchthat J(yh)+ Yy = x(yH+ x(y9).

Clearly, however, we cannotperformthis optimizationin termsof theoriginaldual,which
is exponentiallylarge. Fortunately we can perform preciselythe sameoptimizationin
termsof the mamginal dualvariables.Let = 2(y1)  «(y}) = «(y?) 2(y?.
Consideradualvariable «(yi;y;). It is easyto seethatachanggrom ,(y1!); «(y?)to

o2(yh); 2(y?) hasthefollowing effecton 4 (yi;y;):

Y= Ky L =yhy =YD L EvEY =) (1)



We cansolve the one-\ariablequadraticsubproblemin  analyticallyand updatethe ap-
propriate variables.We useinferencein the network to testfor optimality of the current
solution(theKKT conditiong[2]) anduseviolationsfrom optimality asa heuristicto select
thenext pairy?!; y2. We omit detailsfor lack of space.

6 Generalizationbound

In this section,we shav a generalizatiorboundfor the task of multi-label classi®cation
thatallows usto relatethe errorrateon the training setto the generalizatiorerror. As we
shallsee this boundis signi®cantlystrongerthanpreviousboundsfor this problem.

Our goal in multi-label classi®cationis to maximize the numberof correctly classi-
®ed labels. Thusan appropriateerror function is the average per-label lossL (w;x) =
Il ty (argmaxy w” fy(y)). As in othergeneralizatiorboundsfor mamgin-basedclassi-
®ers,we relatethe generalizatiorerrorto the magin of the classi®er In Sec.3, we de®ne
thenotionof perlabelmamin, which grows with the numberof mistalesbetweerthecor

rect assignmentnd the bestrunnerup. We cannow de®nea -marmgin perlabel loss

L (WiX) = SURV:jugy) wo )i sy T Ex(@gMaXy v(y)):

Thislossfunctionmeasuresheworstperlabellosson x madeby ary classi®erz which
is perturbedrom w” f, by atmosta -mamgin perlabel. We cannow prove thatthe gen-
eralizationaccurag of ary classi®elis boundedy its expected -maigin perlabellosson
thetrainingdata,plusatermthatgrowsinverselywith the mamgin.Intuitively, the ®rstterm
correspondso the“bias”, asmamgin decreasethe compleity of our hypothesislassby
consideringa  -perlabelmargin ball aroundw” f, andselectingone(theworst)classi®er
within this ball. As shrinks,our hypothesisclassbecomesnore comple, andthe ®rst
termbecomesmaller but at the costof increasinghe seconderm,which intuitively cor
respondgo the “variance”. Thus,the resultprovidesa boundto the generalizatiorerror
thattradesoff the effectivecomplexity of thehypothesispacewith thetrainingerror.

Theorem6.1 If the edge featuies have bounded2-norm, maxi; y.y, .y, Kfx (Yi;yj)k,

Redge, thenfor a family of hyperplanegparameterizedyw, andany > 0, there existsa
constantK sud thatfor any > 0 perlabel mamgin, andm > 1 samplesthe perlabel
lossis boundedoy: * > #
K RZie kwks of

—edge T2 7

u
ExL(w;x) EsL (W;x)+H - edge

[Inm+|n|+|nq+|nk]+|n1 ;

with probabilityatleastl ,wheeq= max; jf (i; j) 2 Egjisthemaximunedgdegree
in the network k is thenumberof classesn alabel,andl is thenumberof labels. 1
Proof: SeeAppendix. I

The proof usesa coveringnumberargumentanalogougo previousresultsin SVMs [13].
However we proposea novel methodfor covering structuredproblemsby constructinga
cover to the lossfunction from a cover of the individual edgebasisfunction differences

fx(yi;yj). This new type of cover is polynomialin the numberof edgesyielding sig-
ni®cantimprovementsn the bound.Speci®cally our boundhasa logarithmicdependence
on the numberof labels(In 1) anddependonly on the 2-normof the basisfunctionsper
edge(Redge). This is a signi®cantgain over the previous resultof Collins [3] which has
linear dependencen the numberof labels(l), anddependsn the joint 2-normof all of
the featuresiwhichis  IReqge, Unlesseachsequencés normalizedseparatelywhich is
oftenineffective in practice).Finally, notethatif n'q— = 0O(1) (for example,in OCR,if the
numberof instancesds at leasta constantimesthe length of a word), thenour boundis
independenbf the numberof labelsl. Sucharesultwas,until now, an openproblemfor
maigin-basedsequencelassi®catior3].

7 Experiments

We evaluateour approaclon two very differenttasks: a sequencenodelfor handwriting
recognitionandanarbitrarytopologyMarkov network for hypertext classi®cation.
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Handwriting Recognition. We selecteca subsebf  6100handwritterwords, with av-
eragelengthof 8 charactersfrom 150 humansubjects from the datasetcollectedby
Kassel[6]. Eachword wasdivided into characterseachcharactemwasrasterizednto an
imageof 16 by 8 binarypixels. (SeeFig. 1(a).) In ourframeawork, theimagefor eachword
correspondso x, a label of anindividual characteito Y;, anda labelingfor a complete

The datasetis divided into 10 folds of 600 trainingand 5500testingexamples.
The accurag results,summarizedn Fig. 1(b), are averagesover the 10 folds. We im-
plementeda selectionof state-of-the-artlassi®cationalgorithms: independentabel ap-
proaches which do notconsideithecorrelationbetweemeighboringcharacters— logistic
regressionmulti-classSVMsasdescribedn (3), andone-against-atbVMs (whoseperfor
mancewasslightly lowerthanmulti-classSVMs); andsequencappraces— CRFs,and
our proposedVi® networks. Logistic regressionand CRFsare both trainedby maximiz-
ing the conditionallikelihood of the labelsgiventhe featurespusinga zero-meardiagonal
Gaussiarprior overthe parametersyith astandardieviationbetweer0.1and1. Theother
methodsaretrainedby mamgin maximization.Our featuredor eachlabel Y; arethecorre-
spondingmageof ith characterFor the sequencapproache¢CRFsandM?), we usedan
indicatorbasisfunctionto representhecorrelatiorbetweery; andY;.; . For mamgin-based
methodgSVMs andM?), we wereableto usekernels(bothquadraticandcubicwereeval-
uated)to increasehe dimensionalityof the featurespace.Using thesehigh-dimensional
featurespacesn CRFsis not feasiblebecaus®f the enormousiumberof parameters.

Fig. 1(b) shows two typesof gainsin accurag: First, by usingkernels,mamin-based
methodsachieveaverysigni®cantgainovertherespectrelik elihoodmaximizingmethods.
Secondpy usingsequencesye obtainanothersigni®cantgainin accurag. Interestingly
the error rate of our methodusing linear featuresis 16% lower thanthat of CRFs,and
aboutthe sameas multi-classSVMs with cubic kernels. Oncewe usecubic kernelsour
errorrateis 45% lower than CRFsandabout33% lower thanthe bestprevious approach.
For comparisonthe previously publishedresults,althoughusinga differentsetup(e.g.,a
largertraining set),areaboutcomparabldo thoseof multiclassSVMs.

Hypertext. We alsotestedour approacton collective hypertet classi®cationusingthe
datasetin [10], which containsweb pagesfrom four differentComputerSciencedepart-
ments.Eachpageis labeledasoneof course, faculty, student, project, other. In all of our
experimentswe learna modelfrom threeschools,andteston the remainingschool. The
text contentof the web pageandanchortext of incominglinks is representedisinga set
of binary attributesthatindicatethe presencef differentwords. The baselinemodelis a
simplelinearmulti-classSVM thatusesonly wordsto predictthecateyory of thepage.The
secondnodelis arelational Markov network (RMN) of Taskaretal. [10], which in addi-
tion to word-labeldependencéiasan edgewith a potentialover the labelsof two pages
thatarehypetlinkedto eachother This modelde®nesa Markov network over eachweb
site thatwastrainedto maximizethe conditionalprobability of the labelsgiventhe words



andthelinks. Thethird modelis aM? netwith thesamefeaturesout trainedby maximizing
themaugin usingtherelaxeddualformulationandloopy BP for inference.

Fig.1(c)shavsagainin accurag from SVMsto RMNsby usingthecorrelationdetween
labelsof linkedwebpagesandaverysigni®cantadditionalgainby usingmaximummargin
training. The error rateof M3Ns is 40% lower thanthat of RMNs, and 51% lower than
multi-classSVMs.

8 Discussion

We presenta discriminative framework for labeling and segmentationof structureddata
suchassequencesmagesgetc. Our approachseamlesslyntegratesstate-of-the-arkernel
methodsdevelopedfor classi®cationof independentnstanceswith the rich languageof
graphicalmodelsthat canexploit the structureof complex data. In our experimentswith
the OCRtask,for example oursequencenodelsigni®cantlyoutperformsotherapproaches
by incorporatinghigh-dimensionatiecisionboundarie®f polynomialkernelsover charac-
terimageswhile capturingcorrelationsbetweenconsecutie characters\We constructour
modelsby solving a corvex quadraticprogramthat maximizesthe perlabel mamgin. Al-
thoughthe numberof variablesandconstraintof our QP formulationis polynomialin the
examplesize (e.g.,sequencéength),we alsoaddressts quadraticgrowth usingan effec-
tive optimizationprocedureinspiredby SMO. We provide theoreticalguaranteesn the
averageper-label generalizatiorerror of our modelsin termsof the training setmamin.
Ourgeneralizatioboundsigni®cantlytightenspreviousresultsof Collins[3] andsuggests
possibilitiesfor analyzingperlabelgeneralizatiorpropertiesof graphicalmodels.

For brevity, we simpli®edour presentatiomf graphicalmodelsto only pairwiseMarkov
networks. Our formulationandgeneralizatiorboundeasily extendto interactionpatterns
involving morethantwo labels(e.g., higherorder Markov models). Overall, we believe
thatM?® networkswill signi®cantlyfurthertheapplicabilityof high accurag mamgin-based
methodgo real-world structurediata.
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A Proofof Theorem6.1

The proof of Theorem6.1 usesthe covering numberboundsof Zhang[13] (in the Data-
DependentStructural Risk Minimization framework.)! Zhang provides generalization
guaranteedor linear binary classi®ersof the form h, (x) = sgnw?” x). His analysis
is basedon the upperboundson the covering numberfor the classof linear functions
F. (w;z) = w” z wherethenormsof thevectorsw andz areboundedWe reproducehe
relevantde®nitionsandtheoremsrom [13] hereto highlight the necessargxtensiongor
structurectlassi®cation.

The coveringnumberis akey quantityin measurindunctioncompleity. Intuitively, the
coveringnumberof anin®nite classof functions(e.g. parameterizely a setof weightsw)
is the numberof vectorsnecessaryo approximatehe valuesof ary functionin the class
on a sample.Margin-basedanalysisof generalizatiorerror usesthe mamgin achieredby a
classi®eron the training setto approximatethe original function classof the classi®erby
a ®nite coveringwith precisionthatdependon the margin. Here,we will only de®nethe
1 -normcoveringnumber

A.1 Binary classi®cation

In binary classi®cation,we are given a sampleS = fx;t(x()gT, , wherex 2
IR";t(x) = 1, sowecanfold x andt(x) intoz = x t(x).

coveringof a functionclassF (w; S) with -precisionunderthemetric , if for all w there
existsav{) sud thatthatfor each datasamplez(!) 2 S:

v F (w;z®)
Thecoveringnumberof asampleS is thesizeof thesmallesttovering: N, (F; ; ; S) =

inf jvj s.t. v is a coveringof F (w; S). We alsode ne the coveringnumberfor any sample
of sizem: Ny (F;; ;m) = sups.jsj-m N1 (F;; ;S). 1

Whenthe normsof w andz are boundedwe have the following upperboundon the
coveringnumberof linearfunctionsunderthelinearmetric | (v;v% = jv V.

TheoremA.2 (Theorem4 from [13]) If kwk, aandkzk, b,then8 > O,
2
log, N1 (FL; L;;m) 36¥ log, (2d4ab= + 2em + 1): 1

In orderto usethetheclassi®ers maigin to boundits expectedoss,theboundsbelow use
a stricter maigin-basedosson the training samplethat measureshe worstlossachieved
by the approximatecoveringbasedon this mamin. Letf : IR 7! [0; 1] bealossfunction.
In binary classi®cationwe letf (z) = I (v 0) bethe stepfunction, sothat0-1 loss of
sgn(w” x) isf (FL (w;z)). Thenext theoremboundsthe expectedf lossin termsof the

-mamginloss,f (z) = sup (;.,0<> f (29, onthetrainingsample For 0-1lossandlinear
metric , thecorresponding -mamginlossisf (z)=1(z 2 ).
TheoremA.3 (Corollary 1 from[13]) Letf :IR7! [0;1] bealossfunctionandf (z) =
SUP (z:209<2 | (2% bethe -maminlossforametric . Let ; > , > :::beadecrasing

sequencef parametes,andp; bea sequencef positivenumbes sud that i1:1 p =1,
thenfor all > 0, with probability of at IeastlS overdata:

EF(FWZ)  Est (FOiz)+ o ANy (Fii 0S)+ oo

for all w and , wheefor each xed , weusei to denotethesmallestindex s.t. |

1J.ShaNe-TayI0r, P. L. Bartlett,R. C. Williamson,andM. Anthory. Structuralrisk minimization
over data-dependefiierarchies.|EEE Trans.on InformationTheory 44(5):1926—-19401998.



A.2 Structur ed classi®cation

We will extendthis frameawork to boundthe averageperlabellossfor structuredtlassi®ca-
tion by de®ninganappropriatéossf andafunctionclassF (aswell asametric ) suchthat
f (F) computesaverageperlabellossandf (F) providesa suitable -magin loss. We
will boundthe correspondingoveringnumberby building ontheboundin TheoremA.2.
We canno longersimply fold x andt (x), sincet (x) is avector soweletz = (x;t(x)).
In orderfor ourlossfunctionto computeaverageperlabelloss,it is convenientto make our
functionclassvectorvalued(insteadof scalarvaluedasabove). We de®nea new function
classFy (w; z), whichis a vectorof minimumvaluesof w>  f,(y) for eacherrorlevel
tx(y) from 1tol asdescribedbelow.

De®nition A.4 (dth-err or-level function) Thedth-errorlevel function My(w; z) for d 2

Mg(w;z)= min  w” f(y): 1
y: tx(y)=d

De®nition A.5 (Multi-err or-level function class) The multi-errorlevel function class
Fwm (w;2) is givenby:

We cannow computetheaverageperlabellossfrom Fy (w; z) by de®ninganappropriate
lossfunctionf .

De®nition A.6 (Averageper-label loss) The averageperlabel lossf : IR' 7! [0;1] is
givenby:
1 H .
f(z) = T arg d:r?dlnozd,
wherin case8d; zy > 0,wede neargming.z, 0zg 0. 1

With the abore de®nitions the averageperlabelloss
1 . 1
f(Fm(w:2) = parg min, T
asdesired.Notethatthecase8d; Mg4(w;z) > 0 correspondso the classi®emakingno
mistales:argmaxy w” fy (y) = t(x).
We now needto de®nean appropriatemetric thatin turn de®nes -mamin loss for

structurecclassi®cation.Sinceour mamin in (4) grows with the numberof mistakes,our
metriccanbecomélooser” with the numberof mistakes,asthereis moreroomfor error.

De®nition A.7 (Multi-err or-level metric) Let the multi-errorlevel metric y : IR
IR 7! IRfor avectorin IR' begivenby:

JMa(wiz) = 3t argmyinw> fx(y)

jza 23

d
We now de®nethecorresponding -maigin lossusingthe new metric:

v (z;29 = max

De®nition A.8 ( -margin averageper-labelloss) The -mamin averageperlabel loss
f :IR' 7! [0;1]is givenby:

f (2= sup (%1

m(z;29 2
Combiningthetwo de®nitions we get:
1 .
f (Fm(w;2) = sup —arg min zg:
z:jzg Mg(w;z)j 2d I dizg 0

We alsode®nethe correspondingoveringnumberfor our vectorvaluedfunctionclass:



De®nition A.9 (Multi-err or-level covering number) LetV = fV®;::::v (g, whee
v = vy ®nviyandv ) 2 1R, bea covering of Fy (w; S), with
-preC|S|onunderthe metrlc M, if for all w there existsa V () sud that for each data
samplez() 2 S: _
m (V15 Fu (w;2)

The covering number of a sample S is the size of the smallest covering:
N1 (Fm; m;;S) = infjVj sit. V is a covering of Fy (w;S). We also de ne
N1 (Fm; m; ;M) = sups.jsi=m N1 (Fm; m::S). 1

We provide a boundon the covering numberof our new function classin termsof a
coveringnumberfor thelinearfunctionclass.

Lemma A.10 (Bound on multi-err or-level covering number)
N1 (Fm; m;a;m)  No (Fo; o;mig(k® 1))

whereq= max; f (i; j) 2 Egjisthemaximunedge degreein anysamplek is thenumber
of classesn alabel. 1

Proof: We will show that N1 (Fym; m; ;) Ny (FL; L;;S9 for any
sample S of size m, whee we construct the sample S® of size mig(k? 1) in
order to cover the edge potentials as described below Note that this is suf-
cient since Ny (F_; ;;S9 Ny (FL; o;;mlgk?® 1)), by denition, so
N1 (Fm; wm; d;m) = sups;sji=mN1 (Fm; m; a;S)  Ni (Fe; ;5 migk? 1)).

Theconstructiorof S° belowis inspired by the prooftedniquein Collins [3], but thekey
differenceis thatour constructioris linear in thenumberof labelsandedge degreel g while
hisis exponentialin the numberof labels. Thisreductionin sizecomesaboutbecauseur
covering approximatesthe valuesof edge potentialsw>  fy (yr;ys) for eac edee (r; s)
andedge assignmenty; ; ys) asopposedo thevaluesof entire assignments/>  f, (y).

For each samplez 2 S, wecreatelq(k® 1) samples fy(y;;Ys), onefor each edge
(r;s) and each assignmenty;,;ys) 6 ((t(x))r;(t(x))s). We constructa setof vectos
v=fv®::vg wheevd) 2 IRM(K* D Thecomponenofv() correspondingo
thesamplez(') andtheassignmenty; ;ys) to thelabelsof theedge (r; s) will bedenoted
by v (y;ys). For corveniencewe de ne v ((t(x™)),; (t(x))s) = 0 for correct
label assignmentsas  f,) ((t(x1)),; (t(x(1))s) = 0. Tomakev an1 -normcovering
of FL (w; S9 under _, werequirethatfor anyw thereexistsav () 2 v sud thatfor each
samplez(V:

VO iys) W feo Oeys)i 5 8(S); 8y ys): (13)

By De nition A.1,thenumberof vectosin v is givenbyr = N1 (FL; L; ; migk? 1)).

We can now usev to constructa coveringV = fV®::::;v g whee Vi) =

vy O V(”) andVv ) 2 IR, for our multi-error-level functlonFM Let
vy =" s)V (95 5), andMg(v; 200) = min. | oo=aVi(y), then

V(J) — (Ml(v(') Z(.)) ..... Md(v(') Z(.)) ..... MI(V(j) z('))) (14)

Notethatv(j)(y,,ys) is zewo for all edges(r; s) for which the assignmento (y,;ys) =
(t (x(')))r (t(x1))s) is correct. Thusfor an assignmento y with k mistales,at mostdq

v (yr;ys) will benon-zeo, asead label canappearin at mostq edges. By combining
th|sfactW|th Eq. (13), weobtain:

ax 8y: tu(y)=d v (y) wr fn(y) dg: (15)



Ve concludethe proof by showingthat V is a coveringof Fy under  : For eahw,
pick V ) 2 V sud thatthe corresponding/ () 2 v satis esthe conditionin Eq. (13). We
mustnowbound:

jminy. tx(i)(y):dvi(])()/) min, . tx(i)(y):dW> fx(i)(y)j_
g :

w (V{7 P (w;2)) = max

Letyy = argmin,. tx(i)(y)zdvf”(y) andyy = argminy. tx(i)(y)zdw> e (¥).

Considerthe casewhere vf”(yg) w” o (yY) (thereversecaseis analogous),we
mustprovethat:

vy w fod) vl wr o foyy) da; (16)

wheethe r ststepfollowsfromde nition ofy y, si_ncevi(j ) (vy) vi(j)(y‘(’jv): Thelaststep
is a directconsequencef Eq. (15). Hence w (V1) Fy (w;z®0)) q. &

Lemma A.11 (Numeric bound on multi-err or-level covering number)

kwk2 o

log; N1 (Fu: wi i m) 3eedgei Redge kwk; g

log, 1+ 2 4 +2 mlqk® 1) ;
Whee Redge = maX(r;S) ma.)(yr Vs kfx (yr , ys)kz.
Proof: SubstituteTheoemA.2into LemmaA.10. |

TheoremA.12 (Multi-label analogof TheoremA.3) Let f and f (z) be as de ned
above Let 1 > > :::bep deueasmgsequencof parametes, andp; bea sequence
of positivenumbes suc that —; bi = 1,thenforall > O, with probability of at least
1 overdata:

s

E.f (Fm (w;2)) Esf (Fm(w;2) + %2 INdN1 (Fm; wm; i;S)+Ini

for all w and , wheefor each xed , weusei to denotethesmallestindex s.t.
Proof: S|m|larto the proof of Zhang’s Theoem?2 and Corollary 1 [13] wheee in Step3
(derandomizationyve substitutehevectorvaluedFy andthemetric v . |1

Theoremé.1 follows from above theoremwith | = Redqe kwk, =2' andp; = 1=2' using
anargumentidenticalto the proof of Theorem6 in Zhang[13].



