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ABSTRACT

We consider the problem of planning motions of a simple legged robot called the
spider robot. The robot is modelled as a point where all its legs are attached, and the
footholds where the robot can securely place its feet consist of a set of n points in the
plane. We show that the space F of admissible and stable placements of such robots has
size @(n2) and can be constructed in O(n2logn) time and O(n?) space. Once F has
been constructed, we can efficiently solve several problems related to motion planning.

Keywords: Spider robot, Legged robot, Motion planning

1. Introduction

Although legged robots already exist, until now researchers have been more
interested in their dynamics and their control (see general references!?) than in
motion planning problems : the literature on the topic is almost nonexistent and
we are aware of only very few papers that consider the problem of planning the
movement of the legs of a legged robot moving amidst obstacles and dangerous
areas®%,
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Fig. 1. The spider robot problem

The robot we consider here is a simple legged robot, called a spider robot.
The body is a single point; a number of segments (the legs), whose lengths may
vary within bounds, are attached to the body (see Figure 1). This model has
been inspired by the Ambler,® a legged robot developed at The constraints on
the robot motion are of two types; first, the robot feet have to rest on reachable
footholds (feasibility constraint) and, second, each position of the robot must be
stable (stability constraint). In this paper, the footholds are points in the plane.
This simple model is valid for very constrained environments where the robot can
only put its feet in a few places. It can also be of interest for less constrained cases
after sampling the footholds area. We show that the space of valid configurations,
that is the set of all the positions of the robot body for which there exists a feasible
and stable placement of its feet, has size ©(n?) where n is the number of predefined
footholds. Next we give an algorithm that computes this subset of the plane in
time O(].A|logn) and O(|.A]) space where |A] is the size of a certain arrangement
of n circles, which in the worst-case is Q(n?), but in most realistic situations will
be O(n). This set of stable configurations can readily be used to decide whether
or not there exists a feasible and stable path between two given placements. It can
also be used in combination with 4 to compute a sequence of stable placements for
the feet along that path.

The paper is organized as follows: in the next section, we introduce the necessary
definitions for the robot and we make precise the problems to be solved. In Section
3 we study the space of feasible and stable configurations and give a tight bound on
its complexity. Section 4 presents the algorithm that computes the space of stable
configurations. Applications of the present work to solve several motion planning
problems and some concluding remarks are presented in the last two sections.

2. Definitions

The body of a spider robot is a single point and will be denoted G; each foot of
the robot can reach the points of the plane inside the disk of radius R centered at
G': this disk is called the range of action of the robot. If ¢ is a point in the plane;
D(q) denotes the closed disk of radius R centered at g.



Fig. 2. Two configurations

The footholds where the robot feet can stay safely consist of a set M of n points
(the sites) of the Euclidean plane.

As the problem we consider is essentially planar, all figures, except Figure 1,
will be drawn in the plane and we will assume that G is also a point of the plane
(we identify G and its vertical projection onto the plane).

2.1. Configurations and Placements

We call configuration of the robot a position of its body G. For a given config-
uration, we call placement of the robot a set of pairings between some of the robot
feet and some points of M. A placement is defined by Z, the set of resting legs and
by p; € M,i € T, the position of the feet. We will say that a placement is a [-leg
placement if |Z| = 1.

For a given configuration, a placement is said I-feasible if there is a set of indices
7 such that

VieZ,d(G,p;) <R and |Z| >1 (1)

where d(A, B) is the Euclidean distance between two points A and B of the plane.
Eq. (1) says that there must be at least [ sites in the range of action of the robot.
A configuration is said to be I-feasible if there is an [-feasible placement for
this configuration. In Figure 2, configuration 1 is 3-feasible and configuration 2 is
4-feasible (the position of G is given by the black square).
Lastly, for a given configuration, a placement is said to be stable if the following
condition holds:

G € CH({ps,i € I}), (2)

where CH(.S) denotes the convex hull of S. As above, a robot configuration is stable
if there is a stable placement for the configuration (only configuration 1 is stable in
Figure 2).

2.2. Paths and Motions

We call I-path of the spider robot, a continuous trajectory C of [-feasible configu-
rations; that is, for each position of G along C there must be an [-feasible placement.
An [-motion consists of an [-path C of G together with a sequence of possible place-
ments.



A stable path or motion is a path or a motion in which every position of the
robot body satisfies the stability condition 2.

It should be added that along an [-motion there could be configurations where
the robot has to change its placement: that is, without changing the position of its
body, it has to change the resting places of its legs. This is possible if the robot has
an [ + 1th leg; with this additional leg, it can change its resting sites while always
keeping [ legs on the ground.

3. Feasible and Stable Configurations

3.1. Relazing One Constraint

In this section, we show that the problem can be easily solved if only one con-
straint, the feasibility or the stability constraint, is considered.

Clearly, if we relax the feasibility constraint, the set of stable configurations is
the convex hull of the sites, which can be computed in O(nlogn) time.®

On the other hand, if we relax the stability constraint, the set of /-feasible (not
necessarily stable) configurations can be deduced from the order-I Voronoi diagram.
Indeed, for a given configuration G of the robot, there exists an [-feasible placement
as soon as the placement defined by setting [ feet on the [ nearest footholds is
[-feasible.

More precisely, we compute the superposition of the order-/ and order-(I — 1)
Voronoi diagrams. For any point of a given cell V; of the resulting map D, the [
nearest footholds are the same, say pi,, pi,,- .- , i, and the furthest among these
ones is a unique site p;. Thus W; = V; N D(p;,) is the portion of V; consisting
of [-feasible configurations (all footholds can be reached as soon as p;, is reachable
since it remains the furthest foothold inside V;). The union W of the W; for all the
cells V; of D is the whole set of [-feasible configurations. The sizes of the order-(I—1)
and order-/ Voronoi diagrams, as well as the size of their superposition® are O(nl)
and they can be computed in O(nlogn + ni?) time.”® Constructing W can be done
within the same time bound.

Unfortunately, Voronoi diagrams do not help solving the problem of the stability
of the robot. It may happen that the nearest footholds placement is not stable while
there exists another placement which is both feasible and stable.

The rest of the section and of the paper will be concerned with both constraints.

3.2. Preliminary Results

The set {D(p),p € M} defines an arrangement A of circles.

The number of edges of A will be called the size of A and will be denoted by |A].
By slightly adapting standard techniques for line segments, A can be computed in
O(].A|logn) time.5

aAs noticed by Lee” the edges of the order-(I — 1) and order-I Voronoi diagrams intersect only
in their end-points, thus the size of the superposition is the same as the size of these two diagrams.
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Fig. 3. Stability region defined by S = {p1,p2,p3}

For any S C M, |S| > 3, we call stability region defined by S the following
subset of the Euclidean plane:

R(S) = CH(S)n (") D(p)). (3)

peES

Figure 3 shows the stability region defined by a subset of three sites.

Definition 1 F denotes the union of the stability regions associated with all the
subsets of M of cardinality 3:

F= U rm. (4)
TCM
|T|=3

F is the set of stable 3-feasible configurations.
Lemma 2 For any S C M, with |S| > 3, we have

R(S)CF. (5)
Proof. Asis well known,

CH(S)= |J CH(T).
TCS

|T|=3

Thus
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Fig. 4. An example of free space of a spider robot

d

The lemma shows that the complete information about stable regions is con-
tained in F. In particular, if there is no stable 3-leg placement, there is no stable
l-leg placement with [ > 3.

This is the reason why we shall focus our attention on the set F and take [ = 3
in the sequel. However, this is not crucial and our analysis could be extended
in a straightforward way to the analysis and the construction of the set of stable
I-feasible configurations (I > 3).

= |J R@. (6)

TCS , |T|=l

In particular, Lemma 2 can be generalized and we can prove that for any S C M,
with |S| > I, we have R(S) C F;.

The boundary of F, denoted by 6(F), consists of a disjoint union of cycles whose
edges are arcs of circles C; = §(D(p;)) and straight-line segments belonging to lines
passing through two sites (see Figure 4). Analogously, we can define §(F;), I > 3.

We shall classify the vertices of §(F) on the basis of their internal angle (convez
if the internal angle is less than m, concave otherwise) and on the basis of their
incident edges (SS for segment-segment, CC for circular arc-circular arc, and SC
for segment-circular arc).

Clearly, for any point z of the interior of a cell T of A, the set M N D(z) of
sites inside D(z) is invariant. This set will be denoted Sr. R(Sr) is the stability



regions of the sites reachable from I'. We denote by A; the set of all the cells I' of
A satisfying |St| > [.
Lemma 3 LetT be a cell of As. We have

FNT =R(Sr)nT.
Proof. From Lemma 2, we have
R(Sr)NT C FnT.

Conversely, assume that z € F NT. Then, by definition, there exist three sites
Pp1, P2, and p3, such that
z € R({p17p27p3}) nr

As the disks D(p;) (i = 1,2,3) cannot intersect the boundary of T' transversally,

R({p1,p2,p3}) NT C R(St),

which proves the lemma. O
Corollary 4 FEach SS wvertex of 6(F) is a site p € M.

Proof. Let u be an SS vertex of §(F), intersection of two straight-line edges.
If u belongs to a cell T' of A, then, by Lemma 3, u is a vertex of R(Sr) and by Eq.
(3), u must be a vertex of CH(ST) that is a site in I'. We can also remark that
every SS vertex is convex. [I
Corollary 5 The vertices of 6(F) either are sites or belong to the boundary of a
cell of the arrangement A.

Proof. We already know that SS vertices are sites. On the other end, if a
vertex is not an SS vertex, then it is defined by at least one arc of circle and thus
belongs to the boundary of a cell of A. O

3.3. Complexity of 6(F)

Lemma 6 Any edge of the arrangement A contains at most four SC vertices.

Proof. Let C be a circular edge of A contained in m > 3 disks and let ¢ be
the center of the circle containing C'. There is a unique maximal subset S C M
such that

CcC ﬂ D(p). (7)

p€eES

Let m = |S|, P = CH(S) and P’ = CH(S’) with S’ = S — {¢}. We denote by
p1 and po the two vertices of P’ belonging to the two lines passing through ¢ and
tangent to P’, and by T the triangle g, p1, po-

The SC vertices belonging to C' are intersection points between C' and P =
P'UT. Tt follows that an SC vertex on C' is either an intersection between C' and
P’ or an intersection between C' and T' (specifically, an intersection between C' and
either of the supporting segments joining g to P').
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We consider first the case of an intersection between C and P’. Let L; be the
polygonal chain consisting of all the common edges of P and P’ (p; and ps being
its two endpoints). We claim that, if |S’| > 3, none of the intersections of L; and
C can be an SC vertex of §(F). Indeed, let u be one of those intersections and
consider a point 7 on C sufficiently close to u :

e if r ¢ P (r; in Figure 5), it cannot correspond to a stable placement of the
robot since the only sites of M which are in D(r) are contained in S and r is
external to the convex hull of S, thus r € F;

e if r € P (ry in Figure 5), then r is a stable configuration and there exists a
placement that does not involve ¢ since P’ has at least three vertices. Thus r
is in the interior of F and C cannot be an edge of F in the neighborhood of
U.

Let us now consider the remaining polygonal chain of P’, called Ls in Figure
5. Its intersections with C' can actually be SC vertices but simple considerations
of convexity show that there are at most two such vertices. As for the supporting
segments ¢p; and gps, each can contribute at most one SC' vertex, there are at most
four SC vertices of §(F) on C.

In the case where |S| = 3 (|S’| = 2) the portions of C inside T belong to §(F).
As the intersection of T with C consists of at most two circular arcs, C' contributes
at most four SC vertices.

In each case, we can conclude that C contains at most four SC vertices. 0O

Now that we have bounded the number of mixed vertices lying on each arc of
A, we can state the following theorem, where |.A| denotes the size of A.

Theorem 7 The geometric complezity of 6(F) is O(|A|).

Proof. The vertices of §(F) are sites (O(n)), or vertices of A (O(|A])), or SC
vertices (O(|.A|) from Lemma 6). Since, §(F)contains as many edges as vertices,
the same bound O(].A|) holds for the number of edges of §(F). O

This bound is tight as is shown by the following example.

3.4. Worst-case Size Example
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Fig. 6. Construction of O(n?) configuration space

In the worst case, the complexity of A is Q(n?). We exhibit in this section an
example of a configuration set F whose boundary has size Q(n?).

Put % sites at the vertices of a regular polygon P’ and % other sites py,... iy 23
at the vertices of a larger regular polygon P with the same center O as the first one
(Figure 6a). Let F¥ denote the portion of F contained in D(p;). It is possible to
choose the diameters of the polygons such that

e the size of boundary of 7 is Q(n), fori =1,.. ., %
e the FW’s are disjoint.

This is ensured by the following construction (refer to Figure 6b). Let & be the
radius of P’. We take the radius of P to be 2R — ¢. For a sufficiently small
|FM| = Q(n) (see Figure 6a). Moreover, F!) is contained in the intersection of
the disk with center O and radius R + ¢, the disk D(p1), and the wedge with apex
p1 tangent to P’. Tt follows that the diameter of F (1) is smaller than v/5¢ and that
FY intersects C. If the length of the edges of P’ is larger than 21/5¢ the Fs are
disjoint. Thus the set of stable configurations has boundary of size Q(n?).

In this example, F has Q(n) connected components, each with boundary of size
Q(n) but it is easy to slightly deform the figure so as to connect all the F (g and
obtain a single connected component of F whose boundary has size Q(n?).

This example can also be adapted to reach the bound O(|.A|) of Theorem 7 for

|A| = o(n?). For example, by choosing |P| = O(1 + %) and |P'| = O(n).

11



However, these worst case examples will not be encountered in most practical
situations and much better bounds are to be expected. In order to illustrate this
point, let k be the maximum number of disks of {D(p),p € M} that can cover a
point of the plane. k will be called the density of the footholds. Clearly k is not
larger than n and in case of sparse footholds, it is a constant that does not depend
on n. It can be shown that |A| = O(kn) °. Thus, in case of sparse footholds, the
sizes of A and 8(F) are linearly related to the number of footholds.

4. Computation of §(F)

Our algorithm is based on Lemma 3.

First, we construct the arrangement A of the circles slightly adapting any stan-
dard O(|A|logn) time algorithm for line segments, for example using the plane
sweep technique.b

We then have to intersect each cell with its stability hull, i.e. the convex hull of
the centers of the disks covering the cell. Note that we do not need to recompute
the entire hull for every cell since the sets of covering disks of two adjacent cells
differ only by one element.

To exploit this property, we have to traverse all the cells of A in an appropriate
order so that two consecutive cells along the path in A are incident in the arrange-
ment. Notice that we do not need a Hamiltonian path, a cell may be visited several
times provided that the size of the path is bounded by O(|.A|) (a depth first traversal
of the adjacency graph of A provides such a path). When a new cell is encountered
along this path, we update the set of disks covering the cell by inserting or removing
a disk. The path, and thus the whole sequence of insertions and deletions to be ap-
plied to the stability hull is computed in a first step. This allows to use the off-line
maintenance of convex hulls of Hershberger and Suri'® for the computation of the
stability hulls. Here the length of the sequences is O(|.A|), thus Hershberger and
Suri algorithm needs O(]A|logn) time and O(|.A|) space. We obtain the stability
hulls of all the cells of A and a data structure which allows to perform binary search
on the boundary on any hull. Queries can be answered in logarithmic time, if the
queries are known in advance : they are processed during the traversal of 4, when
the relevant cell is visited. If the queries are not known in advance, they can be
processed afterwards, using O(|.A| logn) memory space.

Suppose we are in a cell A; of the arrangement and that we know, from the
convex hull maintenance algorithm, the stability hull P; of A;. Let As be a cell
adjacent to Aj, so that their common arc C turns its concavity towards As (see
Figure 7) and let ¢ be the center of the circle containing C. The stability hull P,
of Ay, which is CH(P; U {q}), is computed in O(logn) time using the convex hull
maintenance algorithm which also provides the following data:

e the polygonal chain Lo whose edges are edges of P; and not of P,
e the polygonal chain L; whose edges belong to both P, and P,

e the two supporting lines s; and sy from ¢ to P;.

12



Lo

S1

Py

Fig. 7. Construction of F

The situation shown in Figure 7 is similar to the one in Figure 5: as before the SC
vertices belonging to C' can only lie on L;, s1, and ss. Here L; stands for L; if Iy
is a line segment and for Lo otherwise. The search on s; and s; can be done in
constant time; on the other hand, since C' and L; intersect at most twice, by binary
search, we can locate the intersections between C' and L; in time O(logn).

Once we know, for a given cell, the SC vertices lying on its boundary and its
stability hull, we can easily combine these data to get the portion of §(F) in the
cell. Repeating this construction during the traversal of A gives the entire §(F).

Theorem 8 The boundary of F can be computed in time O(|.A|logn) and space
O(|Al) -
Proof. For each cell of A we need O(logn) time to update the convex hull and
O(logn) time to compute the SC vertices on each arc. The construction of F from
these items can then be done in time proportional to the size of §(F), which is
O(l4)). O

Furthermore, F can be decomposed into generalized trapezoids with no over-
head. A trapezoidal map is obtained by extending from each vertex of F a vertical
line and keeping the portion that is included in F and contains the vertex. Such
a vertical segment is called a wall. The vertical walls subdivide F into generalized
trapezoids, each one consisting of two walls (possibly one in some cases) a straight
or circular floor and a straight or circular ceiling. See Figure 8 for the trapezoidal
decomposition of the example of Figure 4. In the sequel, we will assume that such
a map is available. In fact many algorithms computing arrangements compute this
map as a preliminary first step.

In the sequel, we shall also use a similar construction for the whole arrangement
A. The only difference with the one just described is that we also erase walls from
the points of the edges of A with a vertical tangent.

13
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Fig. 8. The trapezoidal decomposition of F

5. Applications

5.1. Placements

Question 1 : For a given configuration G, does there exist a feasible and stable
placement ?

To answer the query, we have to decide whether or not G lies in F. The problem
reduces to locating G in the trapezoidal map of F. As a location query in a planar
map of size m can be done in time O(logm) after a preprocessing that requires
O(mlogm) time and O(m) space,!! we have
Theorem 9 There exists a data structure such that, for a given position of the body
G of the robot, we can decide if there exists a stable placement in time O(logn).
The data structure requires O(|6(F)|) space and can be constructed in O(|6(F)|logn)
additional time, once F has been computed.

Question 2 : For a given feasible and stable configuration G, find a placement.

We first determine the cell T of A which contains G. Let St be the set of sites
whose disks cover I', C H(Sr) their convex hull and z any point of Sr. We determine
the edge yz of CH(Sr) that is intersected by the ray issuing from z and passing
through G: xyz is a feasible and stable placement.

In order to construct CH(Sr), we use the data structure of Hershberger and
Suri'® already mentionned in Section 4. As the data structure allows us to perform
binary search on CH(Sr) in O(log n) time, we can find edge yz in logarithmic time.
Theorem 10 There exists a data structure such that, for a given feasible and stable
configuration of the robot, we can compute a stable placement in time O(logn). The
data structure requires O(|Allogn) space and can be constructed in O(|.A|logn)
time.

5.2. Paths

Question 3 : For two given stable configurations, does there exist a stable path
joining them ¢

To answer the query, we have to decide whether or not the two configurations
belong to the same connected component of F. This can be done within the same

14



bounds as for Question 1, provided that each trapezoid is labelled by the connected
component of F it belongs to (this can be done in O(|6(F)|) time during the pre-
processing step by a traversal of the trapezoidal map of F).

If one wants to construct the path, it suffices to look for a path inside F, which
can be done in time O(|6(F)|logn) and space O(|6(F)]).

More specifically, we search for a path in the adjacency graph of the trapezoidal

map of F using breadth-first search. This yields a sequence of adjacent trapezoids
of F, such that the first one contains S, the last one contains A and each trapezoid
of F appears at most once in the sequence and thus this sequence forms a simple
polygon (whose edges are line segments or arcs of circle).
Theorem 11 There exists a data structure such that, given two configurations S
and A, we can decide if there exits a stable path joining S and A in time O(logn).
The data structure requires O(|6(F)|) space and can be constructed in O(|6(F)|logn)
additional time, once F has been computed. Constructing such a path can be done
within the same bounds as the preprocessing.

A remaining problem is to find the sequence of placements along that path. This
will be considered in the next section. Before that we give some additional useful
results.

Proposition 12 There exists a stable path for the body of the robot intersecting the
trapezoids of A O(k|A|) times, if k is the density of the footholds.

Proof. Each trapezoid of A that is covered by k disks is decomposed into O(k)
subcells by the convex hull of the & centers of the disks and thus into O(k) trapezoids
of F. Thus the path obtained from the trapezoidal decomposition of F, as described
above, intersects the trapezoidal decomposition of A at most O(k|A|) times. O
Question 4 : For two given configurations belonging to the same connected com-
ponent of F, find the shortest stable path joining them.

One may be interested in computing a shortest path for the body of the robot.
We observe that a shortest path C is a sequence of straight line-segments: indeed,
the portions of C inside F are obviously line segments and, since each curved edge
of 6(F) is inner convex, only straight edges of §(F) can appear as parts of C. As a
consequence of this observation, we can compute a shortest path inside F by means
of any known algorithm for computing a shortest path inside a polygonal region,
for example the ones based on the visibility graph. By the result of Welzl,'? C can
thus be computed in O(|6(F)|?) time.

Theorem 13 There exists a data structure such that, given two configurations S
and A belonging to the same connected component of F, we can compute the shortest
stable path joining S and A in time O(|6(F)|?).

Before we give the algorithm for the actual computation of the motion, we show
that a shortest path C C F, between two stable and feasible configurations .S and A,
is a stable path with the property that the path intersects only O(|.A|) trapezoids
of A (this result is to be compared with Proposition 12).

Proposition 14 The intersection of a shortest path with any trapezoid of A con-
sists of at most three line segments.

15



Fig. 9. Crossing of a trapezoid

Proof. Recall that each trapezoid of the trapezoidal decomposition of A is
bounded from above and from below by a circular arc and on the left and on the
right by vertical walls (Figure 9).

Let C be a shortest path and a and b be two points of C belonging to the same
trapezoid T of A. We claim that the portion of C between a and b is the line segment
ab. Indeed, if P is the convex hull of the centers of the disks covering 7" and D is
the intersection of the disks covering T', ab C P and ab C D since P and D are
convex. Thus ab C F by convexity. The claim holds in particular when a is the
point where C enters for the first time 7" and b is the point where C exits T' for the
last time. The claim then follows from the fact that the intersection of a segment
and a trapezoid consists of at most three segments (see Figure 9).

O

Proposition 15 There exists a stable path for the body of the robot intersecting the
trapezoids of A O(|A|) times. This path can be computed in time O(k|A|) if k is
the density of the footholds.

Proof. The path of Proposition 12 can be shortened. Each time a trapezoid
of A is visited for the second time, the short cut is taken. Thanks to Proposition
14, the shortened path is included in F. The time needed is clearly proportional to
the size of the first path that is O(k|A]). O

5.3. Motions

Question 5 : Once a stable (possibly) shortest path C has been found find the
sequence of placements along C.

The motion planning problem is solved by computing the sequence of leg place-
ments as the robot body G moves along C in the trapezoidal map of A. As four
legs are always sufficient to find a stable motion if one exists, we assume in this
paragraph that the robot has four legs. We will consider stable paths C of the types
described in Proposition 12 and 14.

We call critical a placement such that G cannot go further along C with the same
footholds. There are two types of critical placements. A critical placement of Type
1 occurs when the stability condition does not hold any more because G crosses an
edge of the current stability polygon (i.e. the convex hull of the footholds actually
used by the robot). The placement of Type 2 occurs when G comes out of a disk

16
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whose center is an actual foothold, so that one of the resting legs cannot extend
further.

Let G be a critical configuration of C and let P be the convex hull of the sites
contained in the disk D(G). We further denote p;, p2, and ps the three current
footholds. We show how to traverse the two types of critical placement.

The first type of critical placement is the simplest to deal with, and, whithout
loss of generality, we assume that G belongs to the segment pops (see Figure 10).
We have to put the free leg on a site ahead, in the direction of C, and to lift the leg
currently on p;. More precisely, we compute (in time O(log n) as in Theorem 10) the
intersection I of P and C and, from this point, we find the vertices ps and ps of the
edge of P that contains I (Figure 10). We assume here that p, and ps are distinct
from p2 and p3 ; handling of the other cases can be easily derived from the discussion
below. While holding G at the same point, the free leg is placed on ps, the leg on
p1 is lifted and the robot body can then go on along C in triangle po, p3, ps until a
new critical placement occurs. If no placement of Type 2 is encountered, the robot
reaches the boundary of triangle ps, p3, ps, €.g., edge paps, and from there it can
make similar leg moves : now the free leg is moved to p4, the back leg in p3 is lifted
and the motion is continued within triangle ps, ps, ps. We claim that the portion of
C between pop3 and pyps intersects an edge of A. Indeed, the stability polygon in
I cannot be P otherwise the motion could not proceed (which is impossible since C
lies inside F).

Suppose now that the robot placement is such that one of its legs is at maximal
extension, and, without loss of generality, that G is on the circle C(p;). Let P’ be
the polygon obtained from P by deleting the critical site py.

We check in O(log n) time if there exists a vertex ps of P’ such that G is contained
in the triangle ps, p3, ps (i-e. there exists a vertex of P’ in the wedge W defined by
G and the two lines s, = Gpo and s3 = Gps (Figure 11.a). If so, we place the free
leg on p, and lift the back leg on p;. The motion then can proceed ahead until a
new critical placement occurs.

Otherwise, call ps and ps the vertices of P’ lying on the lines issuing from p; and
tangent to P’ and let Ly be the polygonal chain from p,4 to ps whose edges are edges
of P’ but not of P (Figure 9.b); on the chain L, we can perform a double binary
search to find in O(logn) time two consecutive vertices p and ¢ such that triangle
p3, D, q contains G. As G € p1paps and G € ps3pq, at least one of the two points p
and ¢ must belong to the half plane H delimited by the line p;p3 and containing
p2. Assume that p € H. Then, since G € p1paps N p3pqg but G & pspaq (otherwise
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(b)

Fig. 11. Exit from a maximal extension placement

wedge W would contain ¢), G must belong to the triangle pp;ps.

The robot moves as follows: first the free leg is moved to p, the leg in po is
placed on ¢, and then the back leg (resting in p;) is lifted. The motion can then
proceed until a new critical placement occurs.

We have shown how the robot can traverse a critical placement along the path
C: the complexity of the total traversal is given by the next two theorems.

Theorem 16 A robot motion joining two given placements can be computed in time
proportional to | A|(k +logn) that is O(k*n + knlogn) in the worst case, if k is the
density of the footholds. The motion consists of O(|A| = kn) leg moves.
Theorem 17 A robot motion along a shortest path joining two given placements
can be computed in O(|F|* + |A|llogn) time. The motion consists of O(|A|) leg
moves.

Proofs. For each critical placement we can find the new placement along C in
time O(logn) using the off-line maintenance algorithm of convex hulls. In addition
we have to compute dynamically the new convex hull at each intersection between
C and an arc of A, which can be done in O(log n) time for each intersection using an
off-line dynamic algorithm.!? Since, by Proposition 15 (resp. 14) C crosses a given
trapezoid of A only a bounded number of times, the convex hull maintenance is
invoked at most O(].A|) times. Lastly, we have to know how many critical placements
occur along C. Critical placements of Type 2 occur at most each time the trajectory
crosses an arc, that is O(].A4]) times. If we are at a critical placement of Type 1, we
have shown above that after at most two new placements we have to cross an arc
of A: thus the same bound applies to this case.

Our placement strategy gives an upper bound on the number of leg moves: we
have seen that for crossing each trapezoid we need at most two leg changes. Thus
globally the robot performs at most O(|A|) leg moves. O
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6. Concluding Remarks

| 7| is usually much smaller than |A|, even when A has quadratic size. It would
be interesting to have an algorithm that constructs F in time proportional to the
actual size of F, preferably to the size of .A.

A natural extension of the present work is to study other legged robots, for
instance robots whose legs are attached at different points of the (no longer point
like) body. For a given orientation of the robot, we can extend some of our results.
We associate to each leg a color, and color the footholds that a given leg can reach
with the color of the leg (a foothold may have several colors). The definition of the
stability region (Eq. (3)) must be modified : the role of the convex hull CH(S) is
now played by the union of the triangles whose vertices have distinct colors. It can be
shown that such a union has linear size and can be computed in optimal @(nlogn)
time.!® Tt follows that F has size O(n|.A|) and can be computed in O(n|.A|logn)
time. We do not know if these bounds are tight.

Further extensions under consideration will allow these robots to rotate, thus
adding a third degree of freedom.

It would also be interesting to consider a more general setting involving 3-D
space, obstacles, and more complex footholds.
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