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Abstract

This paper investigates safe and e±cient map-building strategies for a mobile robot with imperfect
control and sensing. In the implementation, a robot equipped with a range sensorbuilds a polygonal map
(layout) of a previously unknown indoor environment. The robot explores the environment and builds
the map concurrently by patching together the local models acquired by the sensor into a global map. A
well-studied and related problem is the Simultaneous Localization and Mapping (SLAM) problem, where
the goal is to integrate the information collected during navigation into the most accurate map possible.
However, SLAM does not address the sensor-placement portion of the map-building task. That is, given
the map built so far, where should the robot go next? This is the main question addressedin this paper.
Concretely, an algorithm is proposedto guide the robot through a seriesof \go od" positions, where \go od"
refers to the expected amount and qualit y of the information that will be revealed at each new location.
This is similar to the Next-Best View (NBV) problem studied in Computer Vision and Graphics. However,
in mobile robotics the problem is complicated by several issues,two of which are particularly crucial. One is
to achieve safenavigation despite an incomplete knowledge of the environment and sensorlimitations (e.g.,
in range and incidence). The other is the needto ensuresu±cient overlap betweeneach new local model and
the current map, in order to allow registration of successive views under positioning uncertainties inherent
to mobile robots. To addressboth issuesin a coherent framework, the paper intro ducesthe concept of a safe
region, de¯ned as the largest region that is guaranteed to be free of obstaclesgiven the sensorreadings made
so far. The construction of a saferegion takessensorlimitations into account. The paper also describesan
NBV algorithm that usesthe safe-regionconcept to select the next robot position at each step. The new
position is chosen within the safe region in order to maximize the expected gain of information under the
constraint that the local model at this new position must have a minimal overlap with the current global
map. In the future, NBV and SLAM algorithms should reinforce each other. While a SLAM algorithm
builds a map by making the best useof the available sensorydata, an NBV algorithm lik e the one proposed
here guides the navigation of the robot through positions selectedto provide the best sensory inputs.

1 In tro duction

Automatic model building is a fundamental task in mobile robotics [3, 5, 6, 32]. The basic problem is
the following: After being deployed into an unknown environment, a robot, or a team of robots, must
perform sensingoperations at multiple locations and integrate the acquired data into a representation of the
environment. However, in practice, this problem turns out to be a di±cult one. First, one must choosean
adequate representation of the environment { e.g., topological maps [7], polygonal layouts [6], occupancy
grids [12], 3-D models [31], or feature-basedmaps [18]. Second,this representation must be extracted from
imperfect sensorreadings [9, 21, 30]. Finally, to be truly automatic, the robot must decide on its own the
necessarymotions to construct the model [14, 16].

Past research has mainly focusedon extracting relevant features (e.g., edges,corners) from raw sensor
data, and on integrating theseinto a consistent model of the environment. The latter operation is related to
the simultaneous localization and mapping (SLAM) problem [10, 11, 17, 20, 24]. SLAM techniques seekto
integrate the information collected by the robot during navigation into the most accurate map possible[4].
However, SLAM doesnot addressthe sensor-placement problem within a map-building task. That is, given
the map known so far, where should the robot move next?



Computing a sequenceof sensingpositions basedon data acquired at previous locations is referred to as
the next-best-view(NBV) problem. While a SLAM algorithm builds a map by making the best possibleuse
of the available sensorydata, an NBV algorithm guidesthe navigation of the robot through positions chosen
to provide the best possiblesensoryinputs. The NBV problem has attracted considerableattention in the
past, both from the Computer Vision and Graphics communities [1, 8, 21, 27, 34]). But most proposed
techniques do not apply well to mobile robots. There are at least two reasonsfor this:

1. A robot must avoid colliding with uncharted obstacles. Existing NBV techniques do not addresssafe
navigation constraints becausethey were designedfor systemsthat build a model of a relatively small
object using a sensormoving around the object. Collisions are not an issue for sensorsthat operate
outside the convex hull of the sceneof interest. In contrast, in mobile robotics, the sensornavigates
within the scene'sconvex hull. Hence,safenavigation must be taken into account when computing the
robot's next-best-view.

2. Due to errors in odometry (e.g., wheel slippage), a mobile robot must be able to localize itself with
respect to the partially-built map. Robot localization involvesaligning (or registering) new imageswith
the current map. A number of alignment techniquesexist, which all require a minimum overlap between
each new image and portions of the environment seenby the robot at previous locations [24]. An NBV
technique for a mobile robot should take this requirement into account when computing the next view.
This issueis partially addressedin [26].

The next-best-view is a variant of the sensorplacement problem. Previous work in this subject study
the placement of one or several sensorsto best achieve a certain task [2], usually under the assumption that
the workspaceis known. The NBV is related to this generalproblem, but the computation of a new sensor
position is done on-line as the map is constructed. The computation of sensingpositions for exploration,
surveillance, inspection or tracking are in the end extensionsto the art-gallery problem [15, 29, 33].

In this paper, we intro duce the conceptof a safe region, which is the largest region guaranteed to be safe
given the history of sensorreadings. Using this notion, we proposean algorithm that iterativ ely builds a map
by executing union operations over successive saferegions,and usethis samemap for planning safemotions.
Saferegionsarealsousedto anticipate the overlap betweenfuture imagesand the current, partially-built map
and to check that this overlap satis¯es the requirement of the alignment algorithm. Finally, they enableour
NBV algorithm to estimate the gain of information for each new position candidate and select the position
that is the most likely to reveal large unexplored areasof the environment. Thus, the safe-regionconcept
provides a singlecoherent framework to incorporate safe-navigation and image-alignment considerationsinto
the computation of the next-best view.

This article is divided in two parts. Part I presents the notion of a safe region (Section 2), and the
complexity of computing this region from sensordata (Section 3). The general form of our NBV algorithm
is described in Section 4.

In Part I I, we describe an experimental system(a Nomadic SuperScout robot equipped with a Sick laser
range ¯nder) implementing our map-building algorithm. Operations not covered in Part I are presented in
Section 5. Details of the speci¯c NBV procedure embedded in our system are described in Section 6. The
system architecture and experimental results are presented in Section 7.

Finally, in Section 8 we list someshortcomingsof our work and important extensionsto be investigated
in future research.

Part I: Concepts and Algorithms

We ¯rst intro duce the concept of a saferegion. Next, we establish a key result, Theorem 3.1, which states
that a local safe region is no more complex than the visibilit y region computed under a classic visibilit y
model (unrestricted \line-of-sight" model). The proof of this theorem provides a means to compute safe
regions. Safe regions are then used to iterativ ely construct a map. This approach leads to a general and
°exible NBV algorithm, which is the central component of the experimental system described in Part I I.
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Figure 1: Incidenceconstraint: the visible section of the wall must satisfy j µ j· ¿.

2 Notion of a Safe Region

Let us assumethat the robot is equipped with a polar rangesensormeasuringthe distance from the sensor's
center to objects lying in a horizontal plane located at height h above the °oor within distancer max (sensor's
maximum range). In addition, range-¯nders cannot reliably detect surfacesoriented at grazing angleswith
respect to the the line of sight | i.e., when the angle between the surface normal and the line-of-sight is
greater than some¿ (Figure 1). Hence,we add an incidence constraint to our sensormodel. Formally, this
model is the following:

De¯nition 2.1 (Visibilit y under Incidence and Range Constrain ts) Let the open subset W ½ < 2

denote the actual workspace layout. Let @W be the boundary of W. A point w 2 @W is visible from a point
q 2 W if the following conditions are true:

1. Line-of-sight constraint : The open line segment S(w ; q) joining q and w does not intersect @W.

2. Range constraint : d(q; w ) · r max , where d(q; w ) is the Euclidean distance between q and w and
rmax > 0 is an input constant.

3. Incidenceconstraint : \ (n ; v) · ¿, where n is a vector perpendicular to @W at w , v is a vector oriented
from w to q, and ¿ 2 [0; ¼=2] is an input constant.

With no loss of generality, we assumethat the sensoris located at the origin of the coordinate system.
Becauseof the line-of-sight constraint, any ray departing from the origin will intersect the visible portion
of @W only once. Let this visible contour be described in polar coordinates by somefunction r (µ). This
function is piecewisecontinuous. It is discontinuous at those critical values of µ where either an occlusion
occursor the range/incidenceconstraints ceaseto be satis¯ed. Let a and b be two successive critical valuesof
µ. In the interval µ 2 (a;b), either r is continuousor it is unde¯ned (i.e., @W is not visible). Thus, the visible
boundary is composedof pieces,and each piecei can be described by a continuous function r = r i (µ; ai ; bi )
8 µ 2 (ai ; bi ). The sensor'soutput is assumedto be as follows:

De¯nition 2.2 (Range Sensor Output) The output of the range sensor is an ordered list ¦ of polar
functions, where every f r (µ; a;b)g 2 ¦ is a continuous function of µ over the rangeinterval (a;b) and unde-
¯ned elsewhere. Each function in ¦ describes a section of @W visible from the origin under De¯nition 2.1.
¦ contains at most one function de¯ned for any µ 2 (¡ ¼; ¼] (i.e., no two function domains overlap), and
the list is ordered counter-clockwise.

Given an observation ¦ made at location q, we de¯ne the local safe region sl (q) to be the largest region
guaranteed to be free of obstacles. While the e®ectof the range constraint on sl (q) is obvious, the e®ect
of the incidenceconstraint is more subtle. To illustrate, considerFigure 2(a). The sensorhas detected the
obstacle contour shown in bold black segments. A naive approach may join the detected contour to the
perimeter limit of the sensorusing line segments and declare this region free from obstacles(this region is
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Figure 2: E®ectof incidenceon saferegions.

shown in light color (yellow) in (a) and its contour is drawn with black lines in (b)). However, becauseof
the incidence constraints, this region may not be safeas it is shown in (b), where the actual workspaceis
displayed in light-gray. The contour of the true safe region that can be derived from the sensorreadings
shown in (a) is drawn in black in (c), for an incidenceconstraint of ¿ = 70 deg.

3 Computational Complexit y of a Safe Region

We calculate sl by computing a description of its boundary. Let @sl be the boundary of the region sl . @sl is
composedof solid and free curves. A solid curve is a visible section of @W, and is represented by an entry
in the list ¦.

Given two solid curvesrepresented by f r 1(µ; a1; b1); r 2(µ; a2; b2)g µ ¦, r 2 is said to succeed r 1 if no other
element in ¦ is de¯ned in the interval [b1; a2]. A curve f (µ; b1; a2) joining a pair (r 1; r 2) of successive solid
curves is called a free curve if: (1) any ray erected from the origin is guaranteed to intersect the curve f
beforeany undetected obstacle in the polar region b1 < µ < a2; and (2) the area enclosedby f in this polar
region is as large as possible.

In order to compute the local safe region at q, we need to compute the free curves that join each pair
of successive solid curves in ¦( q). First, we make the assumption that @W is continuously di®erentiable.
Later, we relax this assumption to include the casewhen @W is piecewisedi®erentiable.

3.1 Con tin uously Di®eren tiable @W

Under the assumption that @W is continuously di®erentiable, the complexity of f is O(1). In fact, a free
curve f can be described using no more than 3 function primitiv es:

Theorem 3.1 (F ree Curv es) Let r 2(µ; a2; b2) succeed r 1(µ; a1; b1) in the output list ¦ of a sensoroperating
under De¯nition 2.2 and located at the origin. If @W is continuously di®erentiable, then the free curve
f (µ; b1; a2) connecting r 1 to r 2 consistsof at most three pieces. Each piece is either a line segment, a circular
arc, or a section of a logarithmic spiral of the form r = r o exp(§ ¸µ ) (where r o is a constant and ¸ = tan ¿).

The proof of Theorem 3.1 is given in the appendix, and we only present some aspects of it here. It
is based on a continuit y argument. Although its shape may be arbitrary , W represents a physical space
containing physical objects. Its boundary @W is a set of Jordan curves(i.e., closedloops in the plane which
do not intersect themselves), and each Jordan curve is a continuous curve. If additionally we enforce that
the curve is di®erentiable, then we can show that the unobserved section of @W lying between a pair of
successive solid curvescannot be arbitrarily closeto the sensor.To illustrate this point, we sketch here one
caseof the proof.
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Figure 3: An exampleof a free curve construction.

Let r 1(µ; a1; b1) and r 2(µ; a2; b2) be two successive solid curves,and supposethat the incidenceconstraint
was exceededat µ = b1 (Figure 3). Hence,the normal to @W after r 1 is oriented at an angle larger than ¿
with respect to the sensor.What can we say about the unobserved section of @W lying betweenr 1 and r 2?

De¯ne the points p1 = (½1; b1) and p2 = (½2; a2), where ½1 = r 1(b1) and ½2 = r 2(a2). Supposethat the
boundary of W continues after p1 with its surface normal constantly oriented at exactly an angle ¿ with
respect to the sensor'sline-of-sight. This curve in polar coordinates has the form r = r o exp[§ ¸ (µ ¡ µo)],
where r o = ½1 and µo = b1. This last equation de¯nes two spirals: a spiral s+

1 growing counter-clockwise
from p1 = (½1; b1), and a spiral s¡

1 shrinking counter-clockwise from p1. So far, we may conclude that @W
must continue from p1 in the counter-clockwise direction either \ab ove" s+

1 or \b elow" s¡
1 ; otherwise, the

incidenceconstraint would not have beenviolated.

But @W cannot continue below s¡
1 for the casein Figure 3. Indeed, if @W continuesbelow s¡

1 , then @W
must bend inwards (i.e., @W bends toward the sensorimmediately after r 1). We know that @W does not
cross the origin, otherwise nothing will be visible under De¯nition 2.1 and ¦ would be empty. Thus, @W
must bend outwards and do so before cutting the ray l2 passingthrough the origin and p2, sinceotherwise
r 2 would be occluded. Since@W is di®erentiable, there must be a point p where the normal to @W points
towards the origin. Therefore, the vicinit y of p is a visible portion of @W, which violates our assumption
that r 2 succeedsr 1. So, @W must continue above s+

1 .

A similar reasoningallows us to account for every possiblecombination of events, depending on whether
the sensor'sline-of-sight is occluded, the rangeconstraint is exceeded,or the incidenceconstraint is exceeded.
All casesare described in detail in the appendix.

The region sl (q) is topologically equivalent to a classic visibilit y region. Indeed, when the sensorre-
strictions in De¯nition 2.1 are relaxed, the saferegion becomesthe visibilit y region. Several properties and
algorithms that apply to visibilit y regionsalso apply to saferegions. For example, the segment connectingq
with p is entirely contained in sl (q) for any p 2 sl (q). Hence,sl (q) is a star-shaped region | a region that are
entirely observable from at least a single interior. Likewise,a local saferegion is a simply connectedregion
| all the paths joining a pair of points p1 and p2 inside sl (q) are homotopic to one another.

3.2 Piecewise Di®eren tiable @W

We now considerthe casewhen @W is not di®erentiable at a ¯nite number of locations. Theselocations are
the corners of the boundary.

Let n + and n ¡ be the normals to @W immediately after and before a corner. We expand our notion of
visibilit y to include corners by saying that a corner is visible if it is within range and if the averageof n +

and n ¡ satis¯es the incidenceconstraint in De¯nition 2.1. Although strictly speaking the normal to @W at
a corner is unde¯ned, we assumethat an idealized range sensorwill seea corner if the averageof n + and
n ¡ satis¯es the incidenceconstraint.



Under the above assumption, the analysis of the previous subsectionremains valid, except that certain
entries in ¦ could be single points (i.e., corners). It is easy to verify that any wedge-shaped corner within
range is visible if ¿ ¸ 45 deg. Thus, sl (q) can always be constructed for reasonableincidencerestrictions.

In practice, a range sensordoes not have in¯nite resolution. Instead of returning a list of curves, it
usually producesa list of points, and an additional processingstep ¯ts curvesthrough thesepoints. Hence,a
corner could go undetectedeven if the conditions in De¯nition 2.1 are satis¯ed. In our experimental system,
we further assumethat the inner angle of the corner is large enough to guarantee that at least one of the
two incident edgeswill be (fully or partially) detected by the sensor. This assumption is similar in nature
to other assumptionsthat are implicit in De¯nition 2.1 | e.g., that no surface is perfectly transparent or
completely re°ective.

4 A Next-Best-View Algorithm

In a static environment, a saferegion remains safeunder the union operation. Hence, the layout model of
an environment can be built iterativ ely. A ¯rst partial layout | a local saferegion | is constructed from
the data acquired by the range sensorat the robot's initial position q0. At each iteration, the algorithm
updates the layout model by computing the union of the saferegion built so far with the local saferegion
generatedat the new position qk . The new saferegion is then usedto select the next sensingposition qk+1 .
To compute this position, our NBV procedure¯rst generatesa set of potential candidates. Next, it evaluates
each candidate according to the expectedgain of information that will be sensedat this position, the needed
overlap betweenthe two partial layout models (to ensuregood alignment), and the motion cost required to
move to the new position. Thesestepsare illustrated in Figure 4 and described below.

4.1 Incorp orating Mo del Alignmen t and Merging Op erations

Let M g(qk ¡ 1) = h¦ g(qk ¡ 1); Sg(qk ¡ 1)i be the partial global model built at qk ¡ 1. The term Sg(qk ¡ 1) designates
the union of all the local saferegionsup to stagek ¡ 1. The boundary of Sg(qk ¡ 1) is composedof free and
solid curves, the latter representing physical sectionsof @W. ¦ g(qk ¡ 1) stands for the list of solid curves in
the boundary of Sg(qk ¡ 1).

The robot now performs a new sensingoperation at the location qk . From this local measurement ¦ l (qk ),
wecompute the local saferegionsl (qk ) asindicated by the proof of Theorem3.1. Let m l (qk ) = h¦ l (qk ); sl (qk )i
be the local model at qk .1

Let align be the algorithm usedto compute the transform T aligning m l (qk ) with M g(qk ¡ 1) by matching
the line segments of ¦ l (qk ) and ¦ g(qk ¡ 1). The details of this algorithm are not important hereand we assume
that align is given. However, we do not assumethat the algorithm is perfect: align computesa correct T
only when there is enoughoverlap betweenm l (qk ) and M g(qk ¡ 1). The speci¯c amount of required overlap
dependson align and it is an input to the NBV algorithm.

Once T has beencalculated, the new global saferegion Sg(qk ) is computed as the union of T(Sg(qk ¡ 1))
and sl (qk ). The new model M g(qk ) = h¦ g(qk ); Sg(qk )i is represented in a coordinate frame centered at the
robot's current position qk .

4.2 Candidate Generation

The future position qk+1 shouldpotentially seelargeunexploredareasthroughthe freecurvesbounding Sg(qk )
(by de¯nition, unexplored areascannot be observed through solid curves). However, we are constrained in
our choicesfor qk+1 . The robot has to be entirely contained inside Sg(qk ) at the next location qk+1 , which
must also be reachable from qk by a collision-free path. Furthermore, the function align must successfully
¯nd a transform T at the next position qk+1 . To achieve all theseconditions, we proceedas follows:

1 ¦ l denotes the same list as ¦. The subindex l is now used to di®erentiate this list from ¦ g (the list of solid curvesbounding
the global model).
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Figure 4: Steps in a NBV computation: (a) saferegion after 5 sensingoperations; (b) the region within the
visibilit y rangeof the free curvesis sampled: (c) the potential visibilit y gain of a candidate q is the areaA(q)
outside the explored region that is visible through the free curves bounding Sg(qk ); (d) the best candidate
is selectedto optimize a criterion.

Step 1. Pick a set of possibleNBV candidatesN sam ½ Sg(qk ) at random within the visibilit y range of
the free curvesbounding Sg(qk ) (Figure 4(b)).

Step 2. For each q 2 N sam , compute the length ³ (q) of the solid curves in ¦ g(qk ) that are visible from
q under De¯nition 2.1 (see[25] for a survey of methods). If ³ (q) is smaller than the threshold imposedby
align , then remove q from N sam .

Step 3. Invoke a path planner (many techniquesare applicable here) to compute a collision-freepath of
the dimensionedrobot betweenqk and each remaining candidate q. If no path exists, remove q from N sam .

After executing thesethree steps,we are left with a feasibleset N sam of NBV candidates.

4.3 Evaluation of Candidates

The scoreof every candidate q 2 N sam is de¯ned by the following function:

g(q) = A(q) exp(¡ ¸L (q)) ; (1)

where ¸ is a positive constant, L (q) is the length of the collision-free path computed by the planner, and
A(q) is a measureof the unexplored region of the environment that is potentially visible from q (A(q) is
de¯ned below). qk+1 is selectedas the sampleq 2 N sam that maximizes g(q).



The constant ¸ is used to weight the cost of a motion against the expected gain of information. A
small ¸ meansthat motion is \cheap" and givespriorit y to the gain of information. Instead, when ¸ ! 1 ,
motion becomesso expensive that only locations near qk are selected,even if they only produce a marginal
information gain. Hence,a small ¸ leads the robot to ¯rst perform a quick exploration of the environment
before¯lling in the details. Instead, a large¸ leadsthe robot to consistently ¯ll in the details while progressing
through the environment.

Computation of A (q) We measurethe potential visibilit y gain A(q) of each candidate q asthe areaof the
maximal region outside the current saferegion that would be visible through the freecurvesbounding Sg(qk ),
assumingthat the contour @W is composedonly of the solid curvesin ¦ g(qk ) (Figure 4(c)). So,we compute
the region visible from q assumingthat the free curves are transparent, and intersect this region with the
complement of Sg(qk ). For polygonal models, A(q) can be computed by the sameray-sweepalgorithm used
to compute classicvisibilit y regions[25], with the following modi¯cations:

1. The sweeping ray may crossan arbitrary number of free curves before hitting a solid one. Therefore,
the running-time of the ray-sweepalgorithm becomesO(n log(n) + n k f ), where kf is the number of free
curvesbounding Sg(qk ).

2. The resultant visibilit y region must be cropped to satisfy the range restrictions of the sensor. This
operation can be done in time O(n kf ).

4.4 Termination Condition

If the boundary of Sg(qk ) contains no free curve, then the 2-D layout is complete. Otherwise, Sg(qk ) is
passedto the next iteration of the mapping process.In practice, however, we usea weaker test: we stop the
mapping processwhen the length of each remaining free curve is smaller than a speci¯ed threshold. This
test is better suited to handle complex environments containing many small geometric features.

4.5 Iterativ e Next-Best-View Algorithm

The general NBV algorithm is given below. Implementation details, along with example runs (both in
simulation and with a real robot) are described in Part I I.

Algorithm next-best-view

Input: 1.- Current partial model M g(qk ¡ 1) and new sensingposition qk

2.- Local sensormeasurement ¦ l (qk )
3.- Image alignment function T = align (m l (qk ); M g(qk ¡ 1))
4.- Path-planning function path-planner (Sg(qk ); qk ; q)
5.- Visibilit y constraints f r max ; ¿g
6.- Number of samplesm and weighting constant ¸ > 0

Output: Next position qk +1

1. Compute the local safe region sl (qk).
2. Compute T = align (m l (qk ); M g(qk ¡ 1)) and Sg(qk ) = sl (qk )

S
T(Sg(qk ¡ 1)). Set M g(qk ) to h¦ g(qk ); Sg(qk )i .

3. Repeat until N sam contains m candidates:

(a) Randomly sample a position q in Sg(qk ) within a distance r max of the free curvesbounding Sg(qk ).

(b) Compute the length ³ (q) of the solid curves in Sg(qk ) that are visible from q. If this number is
less than the threshold required by align , discard q and return to Step 3.

(c) Invoke path-planner (Sg(qk ); qk ; q). If no collision-free path exists, then discard q and return to
Step 3; else let L (q) be the length of the computed path.

(d) Compute the visibilit y gain A(q) and add q to N sam .

4. Select qk +1 to be the candidate in N sam that maximizes g(q) = A(q) exp(¡ ¸L (q)).
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Figure 5: Rangesensing: (a) scene;(b) points measuredby range sensor.

Part I I: Exp erimen tal System

In this secondpart we describe the implementation of an experimental map-building robotic system. This
leadsus to describe a number of operations and implementation details that were not covered in Part I.

5 Construction of 2-D Layouts

Our robot is equipped with a polar range sensor from Sick Optic-Electronic. This sensormeasuresthe
distance between the sensor'scenter-point and the objects in the environment along several rays regularly
spacedin a horizontal plane at a height h above the °oor. The sensordriver converts these measurements
into a list of points representing a cross-sectionof the environment with respect to the coordinate system
attached to the sensor.Figure 5(b) showssuch points for a 180-deḡ eld of view, with 0:5-degspacingbetween
every two consecutive rays. We model the sensorusing De¯nition 2.1. We add an angular parameter ® to
represent the sensor'slimited ¯eld-of-view.

Our goal is to construct a polygonal layout of the environment from the sets of points captured by
the range sensorat di®erent locations. Polygonal models have several interesting characteristics. They can
represent complexenvironments at any degreeof precision. (Similarly , in computer graphics,curved surfaces
are well represented by triangulated meshes.)Polygonal models also make it possibleto e±ciently compute
geometric properties, such as areasand visibilit y regions. However, we should remark that representing a
workspaceas a polygonal region is not the sameas saying that the workspaceis polygonal.

The sequenceof sensingpositions are chosenby the next-best-view algorithm proposedin Section 4.
The following steps are executedat each sensingposition q: polyline generation, safe region computation,
model alignment, model merging, and detection of small obstacles.Theseare described in detail below.

5.1 Polyline Generation

Let L be the list of points acquiredby the sensorat q. L is transformed into a collection ¦ l of polygonal lines
called polylines. The polyline extraction algorithm operatesin two steps: (1) group points of L into clusters;
(2) ¯t a polyline to each cluster. The goal of clustering is to group points that can be traced back to the
sameobject surface. A sensorwith in¯nite resolution (as in Part I) would capture a curve r (µ) instead of
a sequenceof points. This curve would be discontinuous at exactly the points where occlusionsoccur. For
our sensor,discontinuities are detected using thresholds selectedaccording to the sensor'saccuracy.

The points in each cluster are ¯tted with a polyline so that every data point lies within a distance ² from
a line segment, while minimizing the number of vertices in the polyline. The computation takesadvantage



Figure 6: Polyline ¯t for the data of Figure 5(b).

(a) (b)

Figure 7: A more complicated exampleof a polyline ¯t.

of the fact that the data delivered by our polar sensorsatisfy an ordering constraint along the noise-free
µ-coordinate. By applying the mapping u = cosµ=sinµ; v = 1=(r sinµ), the problem is transformed into a
linear ¯t of the form v = a + bu (which maps to bx + ay = 1 in Cartesian (x; y)-space). Several well-known
recursive algorithms exist to ¯nd polylines in (u; v)-space[28]. By converting ² to the position-dependent
error bound e = ²v

p
(a2 + b2) in the (u; v)-space,each data point in the (x; y)-space is guaranteed to be

within ² from the computed polyline. The polyline ¯tting processalso acts as a noisereduction ¯lter.

Figure 6 shows three polylines generated from the data points of Figure 5(b). A more complicated
example, in a cluttered o±ce environment, is shown in Figure 7. The area in light color in (b) is the robot's
visibilit y region under the unrestricted line-of-sight model.

5.2 Safe Region Computation

Oncea polyline set ¦ l (q) hasbeenextracted from the sensorydata, a saferegion sl (q) is computed according
to the de¯nition given in Section 2. This region is bounded by the polylines and the free curves joining the
polyline endpoints. The free curvesare composedof linear segments, circular arcs and spiral sections. Their
construction is described in the proof of Theorem 3.1 given in the appendix. In our implementation, we
approximate arcs and spiral sections with polygonal lines to simplify subsequent computations. So, the
region sl (q) is computed as a polygon bounded by solid edges(derived from the polylines) and free edges
(derived from the approximated free curves).

Figure 8 shows two local saferegionscomputed for the sceneof Figure 7 for di®erent valuesof the maximal
range r max and the incidenceangle ¿.



(a) (b)

Figure 8: Computed saferegions: (a) r max = 275 cm and ¿ = 50 deg; (b) r max = 550 cm and ¿ = 85 deg.

(a) (b)

Figure 9: (a) Unaligned polylines; (b) computed alignment.

5.3 Mo del Alignmen t

Recall that M g(qk ¡ 1) = h¦ g(qk ¡ 1); Sg(qk ¡ 1)i denotesthe partial global model built at location qk ¡ 1. Let the
robot executea new sensingoperation at location qk , extracting the local model m l (qk ) = h¦ l (qk ); sl (qk )i . A
best match is then computed betweenthe line segments in ¦ g(qk ¡ 1) and thosein ¦ l (qk ), yielding a Euclidean
transform aligning both setsof polylines. The matching algorithm implemented in our systemis basedon a
technique previously usedto discover and align substructures sharedby 3-D molecular structures [13]. The
algorithm selectspairs of line segments from ¦ l at random. For each pair (u1; u2), it ¯nds a pair of segments
(v1; v2) in ¦ g with the samerelative angle. The correspondenceu1! v1; u2! v2 yields a transform T(x; y; µ)
obtained by solving least-squareequations. The algorithm then identi¯es the segments of ¦ l and ¦ g which
match under this transform, and createsa new correspondenceu1! v1; u2! v2; : : : ; ur ! vr , where the ui 's
and vi 's are not necessarilydistinct. It recalculates the transform basedon this new correspondenceand
evaluates the quality of the ¯t. Thesesteps are performed for each pair of line segments sampled from ¦ l ,
and in the end the transform with the best quality is retained. If all segments in ¦ l are approximately
parallel, the algorithm usesendpoints and odometric sensingto approximate the missing parameter of the
transform. Alternativ e algorithms could be usedhere as well.

Figure 9 shows two setsof polylines beforealignment (a) and after alignment (b).



(a) (b)

(c) (d)

Figure 10: Merging four local models acquired at the samerobot position.

5.4 Mo del Merging

The selectedtransform T is applied to Sg(qk ¡ 1) and the new global safe region Sg(qk ) is computed as the
union of T(Sg(qk ¡ 1)) and sl (qk ). The solid edgesbounding Sg(qk ) form the new polyline set ¦ g(qk ). To avoid
edgefragmentation, consecutive solid (respectively free) edgesin the boundary of ¦ g(qk ) that are collinear
within the sensor'sresolution are fused into a single edge. The new model M g(qk ) = h¦ g(qk ); Sg(qk )i is
represented in the coordinate system attached to the robot at its current position qk . The 2-D layout is
consideredcomplete if no remaining free edgein the boundary of Sg(qk ) is longer than a given threshold.

Figure 10 displays four partial models. The robot is at some location where it rotates to face four
successive directions spacedby 90 deg. The local model in (a) was built at the ¯rst orientation. The model
in (b) was obtained by merging the model of (a) with the local model generatedat the secondorientation,
and so on. The model in (d) combines the data collected at the four orientations. Figure 10 illustrates
both the model merging operation and how this operation compensatesfor small variations in the robot's
position as it rotates to a new orientation. Moreover, it shows the arti¯ce employed in our systemto emulate
omnidirectional sensingusing a sensorwith a 180-deg¯eld of view.

5.5 Dealing with Small Obstacles and Transien t Ob jects

A horizontal cross-sectionthrough an indoor environment often intersects small objects (e.g., chair legs).
Such objects are detectedby a good rangesensorand henceappear in the set of polylines ¦ l (q) (seeFigure 7).
However, small errors in aligning polylines tend to eliminate such obstacleswhen the union of saferegionsis
computed. Other model-merging techniquescould be used,but modeling small obstaclesby closedcontours



Figure 11: Small obstaclesextracted from Figure 3(b).

is di±cult and not very useful. In many instances,a map is more useful if small obstacleshave beenomitted,
sincethe positions of such obstaclesis likely to changeover time. This leadsus to proceedas follows. Small
obstaclesresult into narrow, inward-pointing spikesin the contour of sl (q). Thesespikescanbeautomatically
detected. The \ap ex" of each spike is a small isolated polyline, which is saved in a separatesmall-object
map. Hence, the ¯nal model consists of a main layout (polylines and safe region) and a secondarymap
(small-object map). Figure 11 shows the small obstacles(apexesenclosedby squareboxes) detected in the
scanfrom Figure 7. Theseinclude a metal cameratrip od, a narrow wooden bar, and a swivel chair.

Merging partial models by taking the union of safe regions has the added advantage of eliminating
transient objects. Comparing edgesin successive partial models allows detection of such objects, which can
be recorded in a separate structure (in a way similar to small objects). However, this capability is not
implemented in the system described here.

6 Implemen tation of next-best-view Algorithm

The next-best-view algorithm described in Section 4 is implemented here essentially unchanged. Steps1
and 2 make use of techniques presented above (polyline extraction, safe region computation, and model
alignment and merging). Implementation details for Steps3 and 4 are described below.

6.1 Candidate Generation

The set Nsam of next-best-view candidatesis generatedas follows, where¾and ½are two positive constants:

1. For each free edgee in the boundary of Sg(qk ), pick ¾£ length[e] points along e uniformly at random.
Group thesepoints under the set B.

2. For each p 2 B, compute the visibilit y region V(p) inside Sg(qk ), upper-limited by r max , and uniformly
select½£ area[V(p)] random points inside V(p). Return the set N sam of all thesepoints.

6.2 Path Planning

We model our robot by a disc of radius R. Path planning between two points (the current position of the
robot and a candidate NBV position) is done as follows:

1. Shrink Sg(qk ) by R. (This step is performed only after the robot has moved to a new sensingposition
qk , not every time a candidate q is evaluated.)



Figure 12: The potential information gain of a candidate q is the areaA(q) of the region outside the current
saferegion Sg(qk ) that may be visible through the free edges;this area is estimated by casting rays from q.

2. Compute the shortest path from qk to a q inside the shrunk region. This computation can be doneusing
the visibilit y graph method [19]. The procedurecan be acceleratedby precomputing the shortest-path
map from qk | SPM(qk ). This map is a decomposition of the spaceinto cells, such that the shortest
paths to qk from all points within a cell share the samesequenceof obstacle vertices. (See[23] for a
survey of methods.)

6.3 Evaluation of Candidates

Every NBV candidate q is evaluated using the score function proposed in Section 4.3 | i.e., g(q) =
A(q) exp(¡ ¸L (q)). Here, L (q) is the length of the shortest path connecting qk ¡ 1 to q. The parameter
¸ is set to 20 cm¡ 1 in the implementation, a value that prevents the robot from oscillating back and forth
between regions with similar visibilit y potential. The area A(q) is computed using a discretized version of
the technique outlined in Section 4.3 (seeFigure 6.2):

1. Cast a ¯xed number of equally spacedrays from q.

2. For each ray:

(a) Consider the segment between0 and r max from q. If this segment intersectsa solid edge,eliminate
the portion beyond the ¯rst intersection.

(b) Compute the length ` of the portion of the remaining segment that falls outside Sg(qk ).

3. Estimate A(q) as the sum of all the computed `'s.

6.4 Example Runs

Figure 13 shows partial models generated at several iterations (0, 2, 6, and 19) during a run of the im-
plemented next-best-view algorithm on simulated data, and the path followed by the robot. The layout
model was completed in 19 iterations. Becausepath length is taken into account in the scorefunction, the
robot fully explores the bottom-righ t corridor before moving to the left corridor. Figure 14 shows another
seriesof snapshotsfor the sameenvironment, the sameinitial position, but with greater r max and ¿. The
motion strategy is simpler, requiring only 7 iterations.



(a) (b)

(c) (d)

Figure 13: Example 1 of model construction in simulation.

(a) (b)

(c) (d)

Figure 14: Example 2 of model construction in simulation.



Figure 15: Interaction among the modules of the next-best-view system.

7 Exp erimen tal System

Our experimental systemconsistsof a Nomadic SuperScoutwheeledplatform. We equipped this robot with
a laser range sensor from Sick Optic-Electronic. The robot's on-board processor(a Pentium 233 MMX)
acquires a 360-point 180-degscan in 32 ms through a SeaLevel 500 Kbs PCI serial card. At each sensing
location, a 360-degview is obtained by taking 4 scans(Figure 10).

The on-board processoris connected to the local-area network via 2 Mbs radio-Ethernet. The NBV
software and the navigation monitor run o®-board in a Pentium I I 450 MHz Dell computer. The software
was written in C++ and usesgeometric functions from the LEDA-3.8 library [22].

7.1 System Arc hitecture

The software consists of several modules executing specialized functions, communicating with each other
through TCP/IP socket connectionsunder a client/serv er protocol. Thesemodules are shown in Figure 15.

A Sick sensor server handles communications with the SeaLevel card. It allows clients to assumethat
they are connecting to a device resembling an ideal sensor. The server o®ersthe following capabilities:
(1) choiceamong3 speedmodes: 1, 5, and 30 scans/sec;(2) batch transmissionof multiple scanson request;
(3) scan averaging using the sensor'son-board electronics; (4) operation in continuous mode; and (5) real-
time polyline ¯tting with 2.5-cm error bound.

Sincethe polyline ¯tting technique is fast enoughto be performed in real time under any speedmode, it
is embeddedinto the server's code. This reducesthe amount of data transmitted to the clients.

A navigation monitor allows a user to supervise the exploration process.The user may query the NBV
module for the next position and/or the most recent environment model, or select the next sensingposition
manually. The user may also teleoperate the robot in continuous mode, receiving scan updates every 0.1
sec. The navigation module is also responsible for aligning new data with the previous model. The module
¯rst pre-alignsnew data using the robot's odometry, and it afterwards invokesthe model matching function.
The computed transform is sent to the NBV module with each new scan.

Finally, the NBV module computes the next position given the current model of the environment. The
model is updated every time a new scanis received.



(a) (b)

(d)

(c) (e)

Figure 16: Experiments using the experimental system.



7.2 Example of Layout Construction

Figure 16 shows successive partial layouts built by the experimental system in our laboratory. The robot is
initially placedin an o±ce clusteredwith many small obstacles(chair and table legs,and cables). The sensor
parameters are r max = 550 cm and ¿ = 85 deg. The polylines extracted at this initial location are shown
in (a), and the safe region is displayed in (b) along with the next sensingposition computed by the NBV
module. The saferegion is boundedby many freeedgesforming spikes,but the candidate evaluation function
automatically detects that little additional spacecan be seenthrough such free edges. Consequently , the
NBV module automatically selectsthe next sensingposition near the exit door of the o±ce. Figures (c)-(e)
show the saferegion after the robot has reached sensingpositions 2, 4 and 6, respectively. At stage 6, the
layout consistsof the initial o±ce, a secondo±ce (incompletely mapped), and two perpendicular corridors.

Another run is shown in Figure 17, where the robot mapped a larger section of our laboratory. The ¯rst
6 iterations are shown in (a). At this point the executedstrategy resembles the one shown in Figure 16 due
to similar initial conditions. At the corridor intersection, however, the robot facesmore choicesthan in the
previous example becausean o±ce door is open. Nevertheless,the NBV module opted to continue moving
along a corridor, all the way into the other hall (b). Glass is transparent to the sensor'slaser, so the robot
failed to detect the glassdoor indicated in (b). At this point, the operator overrode the decisionof the NBV
module, which interpreted the lack of solid edgearound the location of the glassdoor as the entry into a
large unexploredarea. Finally, in (c), the robot moved down the secondhall until it reached the lab's lounge.
The NBV module decidedthen to sendthe robot to explore this newly detected open area.

Figure 18 shows all the observed polylines after the robot completed a circuit around the lab. The
polylines shown in light color (red) were captured at the last location, and the area inside the circle is the
rangeof the last scan. Note the ¯nal mismatch. This discrepancyappearsbecauseevery alignment transform
is computed locally to align the current view ¦ l (qk ) with the current history ¦ g(qk ¡ 1). Oncea transform has
beencomputed, it is never revised. Thanks to the overlap constraint taken into account by the NBV module,
the ¯nal mismatch is quite small (about 30 cms, while the mapped area was approximativ ely 25£ 15 mts.
Reducing this mismatch further would require some form of global optimization over all the transforms
computed so far (or at least a subsetof them). Such an operation, which is not implemented in our system,
can be found in recent SLAM systems[10, 11, 17]. In this sense,NBV and SLAM are complementary.

8 Conclusion

Our experiments, both in simulated and real environments, show that the NBV algorithm can considerably
reduce the number of motions and sensingoperations required for map building. This claim is di±cult
to quantify , as it would require more extensive comparisonsbetween the strategies produced by our NBV
module and strategies produced by other means (e.g., trained human operators). Moreover, our module
can generatevery di®erent strategies, depending on the input parameters to the scorefunction. However,
our tests reveal so far that the NBV module producesstrategiesthat cannot be easily out-done by a human
operator. Our systemalsodemonstratesthat polygonal mapsare feasiblerepresentations for indoor mapping
tasks. As it was argued in Section 5, polygonso®ersigni¯cant advantagesover other representations.

The most obvious limitation of our map-building system is that it only builds a cross-sectionof the
environment at a ¯xed height. Therefore, important obstaclesmay not be sensed. One way to improve
sensing is to emit laser rays at multiple heights. The techniques described in this article would remain
applicable without signi¯cant changes.

A more fundamental limitation of our implementation is the lack of error-recovery capabilities. Any
seriouserror in polyline extraction or during imagealignment can result in a completely unacceptablemodel.
For that reason,the designof the experimental systemis very conservative. For instance, often many points
given by the sensorare discarded to avoid generating incorrect polylines. This may lead the robot to sense
the same part of an environment several times, hence producing a longer motion path. Moreover, the
image-alignment function always runs under user supervision to avert seriousregistration errors.

Matching transforms are computed locally to align the global model with the local model generated
at the robot's current location. Once a transform has been computed, it is never revised. This has its
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Figure 17: A run around the Robotics Laboratory at Stanford University (Gates building, wing 1-A): (a)
map built after 6 iterations; (b) the robot has moved into a secondhall, after the user overrode a decisionof
the NBV module to move toward a glassdoor; (c) the robot maps the secondhall until it reached the large
open area, which the NBV module decidedto explore next.



Figure 18: Observed polylines after the robot hascompleteda tour around our Lab. The polylines shown in
light color (red) were captured at the last location of the robot. There is a slight mismatch with polylines
sensedat an early stageof the tour.

disadvantages. In corridors bounded by parallel featurelesswalls, line matching only corrects positioning
errors in the direction perpendicular to the walls. Odometry can be used, but imprecision in the direction
parallel to the walls grows biggerwith distance. A possiblesolution to this problem is to track successive local
models and transformations to enable the periodic optimization of a global matching criterion, especially
after the robot hascompleteda long loop. This could be achieved by including somerecent SLAM techniques
in our system. For large environments such global optimization would produce more precise layouts, and
solve mismatches like the one shown in Figure 18. More generally, we believe that SLAM and NBV solve
two distinct and complementary aspectsof the samemap-building problem. Future systemsshould combine
both SLAM and NBV techniques.

Finally, the current system should handle multiple robots with relatively minor changes. If a team
composedof N robots is available, and their relative positions are known, a single model can be generated
from all the captured scans.A central NBV planner then computesthe set of N positions that stations the
team for the aggregatednext-best view. However, when the relative positions of the robots are not known,
the problem becomesconsiderably more di±cult. In this case, the robots act independently (distributed
planning), and perhapscommunicate only sporadically. The techniquespresented in this article would then
have to be revised and extended in order to cover this case.
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A The Complexit y of a Free Curv e is O(1)

This appendix demonstrates that the complexity of a free curve is constant. Speci¯cally, we provide here
the proof for Theorem 3.1:

Theorem 3.1 (F ree Curv es) Let r 2(µ; a2; b2) succeed r 1(µ; a1; b1) in the output list ¦ of a sensoroperating
under De¯nition 2.2 and located at the origin. If @W is continuously di®erentiable, then the free curve
f (µ; b1; a2) connecting r 1 to r 2 consistsof at most three pieces. Each piece is either a line segment, a circular
arc, or a section of a logarithmic spiral of the form r = r o exp(§ ¸µ ) (where r o is a constant and ¸ = tan ¿).

In order to prove this claim we needthe following lemma:

Lemma A.1 (Unobserv ed Obstacles) Let r 2(µ; a2; b2) succeeds r 1(µ; a1; b1) in the list ¦ . Let C be some
obstacle,and suppose that neither r 1 nor r 2 are part of the boundary of C (i.e., C is disjoint from r 1 and
r 2). If @W is continuously di®erentiable, then no portion of C lies within a distance r max from the origin in
the polar interval b1 < µ < a2.



Pro of: Supposethe lemma is not true | that is, there is a portion of C within r max of the origin inside
the polar interval (b1; a2). Let p be the closestpoint to the origin in the boundary of C. Because@W is
di®erentiable, the normal of @W at p points toward the origin. Therefore, p and its vicinit y should have
beenobserved. The vicinit y of p must then be part of an element of ¦. But this contradicts our assumption
that r 2 succeedsr 1 and that C is disjoint from r 1 and r 2. ¤

The consequenceof Lemma A.1 is that if there exists an obstacle (or a portion of an obstacle) within
the sensor'srange inside the polar interval (b1; a2), then r 1 and/or r 2 represent a portion of this obstacle's
boundary. In other words, in order to construct the worst-casescenarioin the polar sector (b1; a2), we can
assumethat the workspacehas no holes,and consider r 1 and r 2 as boundary sectionsof the sameobstacle.

From here on, let ¯ = a2 ¡ b1, ½1 = r 1(b1) and ½2 = r 2(a2); and let l1 and l2 denote the rays connecting
the origin with point p1 = (½1; b1) and point p2 = (½2; a2), respectively.

Each endpoint of a curve in ¦ represents oneof the following events: the sensorline-of-sight wasoccluded
(denoted ascasef og), the rangeconstraint wasexceeded(casef eg), or the incidenceconstraint wasexceeded
(casef vg). To join p1 with p2 there are a total of 6 distinct cases:f v,vg, f v,og, f v,eg, f e,eg, f o,og and f e,og.
The casesf o,eg, f o,vg and f e,vg are mirror imagesof other cases.

Case f v,v g: The incidence constraint was exceededimmediately after µ = b1 and immediately before
µ = a2. Therefore, the normal to @W just after r 1 and just before r 2 is oriented at an angle larger than
¿ with respect to the sensor. Suppose that the boundary @W continues after r 1 with its surface normal
constantly oriented at exactly an angle ¿ with respect to the sensor's line-of-sight. This curve in polar
coordinates satis¯es the following relations:

n := ¡ r ±µ êr + ±r êµ ; (2)

n ¢(¡ r êr ) = r jn j cos(¿) =)
1
r

±r
±µ

= § ¸; with ¸ := tan(¿): (3)

Hence,the curve's equation is r = r o exp[§ ¸ (µ ¡ µo)], with r o = ½1 and µo = b1. The equation now de¯nes
two spirals: a spiral s+

1 growing counter-clockwise from p1 (or shrinking clockwise), and a secondspiral
s¡

1 shrinking counter-clockwise from p1 (or growing clockwise). @W must continue from p1 in the counter-
clockwise direction either \ab ove" s+

1 or \b elow" s¡
1 ; otherwise, the incidence constraint would not have

beenviolated.

Similarly, for the opposite end p2, let r o = ½2 and µo = a2. The solution to equation (3) now de¯nes
a spiral s¡

2 growing clockwise from p2 (or shrinking counter-clockwise), and a secondspiral s+
2 shrinking

clockwise from p2 (or growing counter-clockwise). @W must continue from p2 in the clockwise direction
either \ab ove" s¡

2 or \b elow" s+
2 .

Remark 1. @W cannot continue below s¡
1 when ½1 exp(¡ ¸¯ ) < ½2. In other words, @W cannot continue

below s¡
1 if this spiral curve cuts l2 below the point p2 (Figure 19(a)). To show this, suppose@W continues

below s¡
1 , which implies that @W bendstoward the sensorimmediately after r 1. We know that @W doesnot

crossthe origin, elsenothing is visible under De¯nition 2.1 and ¦ would be empty. Hence,@W would have
to bend outwards before cutting the ray l2, otherwise r 2 will be occluded. Since@W is di®erentiable, there
must then be a point p wherethe normal to @W points towards the origin. Becauseof Lemma A.1, this point
p is not occluded by any other section of @W that is disjointed from r 1 and r 2. Therefore, the vicinit y of p
is a visible portion of @W. This violates our assumption that r 2 succeedsr 1. Thus, when ½1 exp(¡ ¸¯ ) < ½2,
the ¯rst section of the curve f joining r 1 to r 2 coincideswith s+

1 .

Remark 2. By symmetry, when ½2 exp(¡ ¸¯ ) < ½1 (i.e., s+
2 cuts l1 below p1), the last section of the

curve f coincideswith s¡
2 (which grows clockwise from p2).

The point p2 may lie below the intersection of s¡
1 with l2, above the intersection of s+

1 with l2, or between
both intersections. Likewise,the point p1 may lie below the intersection of s+

2 with l1, above the intersection
of s¡

2 with l1, or betweenboth intersections. There are total of 9 combinations of events for casef v,vg, but
only 3 of them are independent:

(a) s¡
1 cuts l2 above p2. Thus, ½1 exp(¡ ¸¯ ) > ½2, and this is equivalent to ½2 exp(¸¯ ) < ½1. That

is, s¡
2 cuts l1 below p1.
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Figure 19: Example of a free-curve construction: (a) this situation is impossible; (b) in this casethe free
curve is composedof the segment joining p1 with p and the spiral s¡

2 joining p with p2; (c) here the free
curve is composedof the spiral s+

1 joining p1 with p and the spiral s¡
2 joining p with p2 (unlessp is beyond

range, in which casea circular arc of radius r max is added).

(b) s+
1 cuts l2 below p2. Thus, ½1 exp(¸¯ ) < ½2, and this is equivalent to ½2 exp(¡ ¸¯ ) > ½1. That

is, s+
2 cuts l1 above p1.

(c) s¡
1 cuts l2 below p2 and s+

1 cuts l2 above p2. Thus, ½1 exp(¡ ¸¯ ) < ½2 < ½1 exp(¸¯ ), and this
is equivalent to ½2 exp(¡ ¸¯ ) < ½1 < ½2 exp(¸¯ ). That is, s+

2 cuts l1 below p1, and s¡
2 cuts l1

above p1.

Let us analyze the ¯rst situation. ½1 exp(¡ ¸¯ ) > ½2 is equivalent to ½2 exp(¸¯ ) < ½1, which in turn
implies that ½2 exp(¡ ¸¯ ) < ½1. In other words, both the clockwise-growing s¡

2 and the clockwise-shrinking
s+

2 cut l1 below p1 (seeFigure 19(b)). From Remark 2, the last section of the free curve f coincideswith
s¡

2 . Let p be the intersection betweens¡
2 and l1. The free curve f joining r 1 to r 2 is thus composedof the

segment joining p1 with p and the spiral s¡
2 joining p with p2.

A symmetric argument applies to the secondsituation, when ½2 exp(¡ ¸¯ ) > ½1 (i.e., s+
2 cuts l1 above

p1), except that Remark 1 is usedin this case.

The only remaining situation is (c). Here, ½1 exp(¡ ¸¯ ) < ½2 and ½2 exp(¡ ¸¯ ) < ½1. From Remarks 1
and 2, theseinequalities imply that the ¯rst sectionof f coincideswith s+

1 while the last sectionof f coincides
with s¡

2 . Let p be the intersection of s+
1 and s¡

2 . If p is within r max , then the free curve f is composedof
the spiral s+

1 joining p1 with p and the spiral s¡
2 joining p with p2 (Figure 19(c)). Otherwise p is beyond

range, and f is composedof a section of s+
1 , a circular arc of radius r max , and a section of s¡

2 .

Case f v,o g: As in the previous case, the curve r 1 was interrupted at µ = b1 becausethe incidence
constraint wasexceeded.The curve r 2, however, was interrupted at µ = a2 becausea portion of @W blocked
the sensor'sline-of-sight. In order to produce the occlusion, @W must be tangent to l2 at somepoint pt

below p2. We know from Lemma A.1 that the portion of @W producing the occlusion cannot be disjointed
from r 1. Thus, pt is part of the samecurve as r 1.

@W cannot continue from r 1 below s¡
1 . To show this, suppose@W continuesbelow s¡

1 . This implies that
@W bends toward the sensorimmediately after r 1. But to causethe occlusion, @W has to bend outwards
beforeit reachesthe tangent point pt . Since@W is di®erentiable, there must be a point where the normal to
@W points towards the origin. But we already know that this violates our assumption that r 2 succeedsr 1.

Given that @W cannot continue from r 1 below s¡
1 , then @W must continue above s+

1 .

For casef v,og, it is always true that s+
1 cuts the ray l2 below p2 at somepoint p. Otherwise, it will be

impossibleto produce the occlusion at pt , because@W continuesfrom r 1 above s+
1 . Thus, f is composedof

the spiral s+
1 joining p1 with p, and the segment joining p with p2.



Case f v,eg: As before, the incidenceconstraint was exceededat µ = b1. But the curve r 2 was interrupted
becausethe range constraint was exceededat µ = a2. That is, ½2 = r max .

½1 < r max becausethe point p1 is within range, which implies that ½1 exp(¡ ¸¯ ) < ½2 since ½2 = r max .
This is exactly the situation described in Remark 1 for casef v,vg. Thus, @W cannot continue below s¡

1 ,
and the ¯rst section of f coincideswith s+

1 .

If s+
1 cuts the ray l2 below p2 at somepoint p, then f is composedof the spiral s+

1 joining p1 with p,
and the segment joining p with p2. Otherwise p is beyond range, and f is composedof a section of s+

1 and
a circular arc of radius r max .

Case f e,eg: This caseis trivial. The free curve is a circular arc connecting p1 with p2.

Cases f o,og and f e,og: These casesare impossiblebecauseof Lemma A.1. In casef o,og, both r 1 and
r 2 are occluded. We know from Lemma A.1 that the portion of @W occluding r 2 cannot be disjointed from
r 1, and that the portion of @W occluding r 1 cannot be disjointed from r 2. But this situation is impossible.

For the casef e,og, @W must be tangent to l2 at somepoint pt below p2. But @W continues after r 1

beyond the maximum range. Therefore, @W has to bend toward the sensorto fall back within range, and
then bend outwards before it reaches the tangent point pt . Again, this violates our assumption that r 2

succeedsr 1, because@W is di®erentiable and there must be a point where the normal to @W points towards
the origin. Hence,this caseis impossible.

We have accounted for all possiblecases.This concludesour proof of Theorem 3.1. ¤


