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Abstract— Static collision checking amounts to testing a given
con guration of objects for overlaps. In contrast, the goal of
dynamic checking is to determine whether all con gurations
along a continuous path are collision-free. While there exist
effective methodsfor static collision detection, dynamic checking
still lacks methodsthat are both reliable and ef cient. A common
approachis to samplepaths at some xed, prespeci edresolution
and statically test eachsampledcon guration. But this approach
is not guaranteed to detect collision whenever one occurs,
and trying to increaseits reliability by re ning the sampling
resolution along the entire path resultsin slow checking This
paper intr oducesa new method for testing path segmentsin
c-spaceor collections of such segmentsthat is both reliable and
ef cient. This method locally adjusts the sampling resolution
by comparing lower bounds on distances between objects in
relative motion with upper bounds on lengths of curves traced
by points of thesemoving objects. Several additional techniques
and heuristics increasethe checler's ef ciency in scenarioswith
many moving objects (e.g, articulated arms and/or multiple
robots) and high geometric complexity. The new method is
general, but particularly well suited for use in probabilistic
roadmap (PRM) planners, where it is critical to determine
as quickly as possible whether given path segments collide,
or not. Extensive tests, in particular on randomly generated
path segmentsand on multi-segment paths produced by PRM
planners, show that the new method compares favorably with
a xed-r esolution approach at “suitable” resolution, with the
enormous advantage that it never fails to detect collision.

Keywords: Collision checking, motion planning, distancecompu-
tation, probabilistic roadmaps,robotics

I. INTRODUCTION
A. Dynamiccollision chedking

OLLISION checkingis a fundamentabperationin robot
motion planning,graphicanimation,and physicalsimu-
lation [1], [2], [3]. While static checkingamountsto testinga
singlecon guration of objectsfor overlaps,dynamicchecking
requiresdeterminingwhetherall con gurationson a continu-
ous path are collision-free.
Four major families of methodshave been proposedfor
dynamiccollision checking:
Featue-tracking methodstrack pertinent features(ver
tices, edges,faces)of two objects— usually the pair
of closestfeatures— to determineif the objectsremain
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separate@longa path.They rely on the following coher
enceassumptionthe pertinentfeatureschangerelatively
rarely and, when they do change,the new onescan be
computedef ciently from the old ones[4], [5], [6], [7],
[8]. This assumptionrequireseach object to be made
of few corvex componentsand to have relatively small
geometriccompleity. It is poorly veri ed by kinematic
chains(e.g.,robotarms)in practicalervironments.Then,
pathsmustbe testedby tiny incrementsto avoid missing
collisions,especiallycollisionsinvolving links at the end
of the chains.

Bounding-volume hierarchy (BVH) methods pre-
compute, for each object (robot link, obstacle), a
hierarchyof BVs (e.g.,spheresboxes)thatapproximates
the geometry of the object at successie levels of
detail [9], [10], [11], [12], [13], [14]. To check two
objects for collision, their BVHs are searchedfrom
the top down, making it possibleto quickly discard
large subsetsof the objects containedin disjoint BVs.
Such methodshave been applied to complex objects
with surfaces describedby several 100,000 triangles,
and more [9], [12]. But they are fundamentallystatic
methods.To test a path, the common approachis to
checkintermediatecon gurations spacedalong the path
at a prespeci ed resolution. If all thesecon gurations
are found collision-free, then the path is declared
collision-free,but this answermay not be correct.
Swept-voluméntersectionmethodscomputethe volumes
swept out by the objects and test these volumes for
overlap[15], [16]. However, exact computationof swept
volumesis expensve, especiallywhen objectsundego
rotations and have complex geometry Moreover, the
overlap test can no longer be speededup by using
pre-computeddata structures,such as BVHs. Another
dif culty is that swept volumes for pairs of maving
objectsmay overlapevenwhenthe objectsdo not collide.
Hencewhenmultiple objectsmove relative to eachother;
onemusteitherconsiderthe relative motionsfor all pairs,
or computeandtestvolumessweptoutin 4D space-time.
Both waysyield costly computations.

Trajectory parameterizationmethodsexpressthe geom-
etry of the objects along the tested path by algebraic
polynomialsin a singlevariable [17], [18]. Thesepoly-
nomialsare then usedto constructa collision condition
on . In principle, nding the valuesof verifying this
condition gives the exact intervals of collision along
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Fig. 1.

: Two skinry 20-DOF arms (320 triangleseach)in ervironmentwith three ®xed thin tori (6,000triangleseach),and detail shaving armsin top

ring. : IRB 2400robotwith thin arc welding gun (3,500triangles)and snapshotslong a straightpath segmentin c-space

a given path. But, in general, the polynomials have

high degrees,so that solving the conditionfor canbe

prohibitively expensve and furthermoreposenumerical
problems.Simpli cations yielding polynomial equations
of degreesno greaterthan 3 are proposedn [19].

Combinationsof methodshave also beenproposedwhere
a BVH methodis usedto Iter outirrelevantpartsof objects.
For instance,in [20] the boundingsurface of eachobjectis
decomposedhto corvex surfacepatchesput of which a hier-
archyof corvex hulls is created During a collision check,the
precomputedVHSs areusedto quickly prunepairsof surface
patchesthat cannotintersectand a feature-trackingmethod
is applied to test the remaining pairs. Similarly, in [21], a
BVH method(augmentedvith interval-arithmetictechniques)
is combinedwith a trajectory-parameterizatiomethod[19].
The methodsin [20], [21] can nd the time of rst contact
betweentwo objectsalong a short trajectory segment,hence
arewell suitedfor hapticinteractionand dynamicsimulation,
where penetrationcould lead to an inappropriatecollision
responseln contrast,in applicationslike motion planning, it
is more crucial to determineas quickly as possibleif a given
trajectoryof arbitrarylength collides.

B. Fixed-resolutiondynamiccheding

Hence,while there exist effective methodsfor static col-
lision checking(e.g., BVH methods),dynamic checkingre-
mainsa practical bottleneckin mary applications.In partic-
ular, probabilisticroadmap(PRM) plannersrely on the avail-
ability of ef cient checlersto testsimplepathsegmentg(called
local paths, usually straight segments) between randomly
sampledcon gurations (called milestones)[22], [23], [24],
[25], [26], [28]. Most PRM plannersusea staticBVH method
to test intermediatecon gurations spacedalong each local
pathat somegivenresolution (in the c-spacemetric). These
con gurations are usually obtainedby recursvely bisecting
the local path, until either a collision is found, or any two
successie con gurationsare closerapartthan [28], [29].

Choosing requiresa delicate compromisebetweenef -
cieng/ andreliability. This is especiallytrue in scenarioswith

articulatedarms and/or multiple robots. Ratherlarge values
of , which reduce the number of static checks, may be
acceptablavhenrobot links and obstaclesare fat. But when
theseobjectsare thin or have sharpedges,the checler will
then easily miss collisions. Trying to increasereliability by
reducing resultsin slov checkingof path segments.In the
exampleof Figurel , which containstwo long skinry serial
linkagesandthreethin obstaclestiny changesn joint angles
canmake the linkagesjump over obstaclesand/oreachother
In Figurel , asmallrotationof therobot's basemay causehe
welding gun to passthroughan obstacleIn both examples,
must be setvery small for collisionsto be reliably detected,
yielding a slow dynamicchecler.

One way to addressthis dif culty is to “grow” object
models[30], by pre-computingthe Minkowski sumsof the
original models and a sphereof radius . The value of
is chosensuchthat, if the grown modelsdo not overlap at
the intermediatecon gurations, then the original modelsare
guaranteedo be collision-free betweenthesecon gurations.
However, this further complicatesthe choice of . A large

allows a large , but it also increaseshe chancesthat a
path segmentis incorrectly found to collide. To reducethe
numberof falsecollisions,while rarely missingtrue collisions,
one must chooseboth and small, which yields againan
inefcient checler. The checler proposedin [30] addresses
this dif culty by pre-computingseveral grown copiesof each
model,eachwith a differentvalueof . Then,at eachstepof
a sgmenttest, the checler switchesto the largestcollision-
free grown model and adjuststhe next stepsize accordingly
However, this approachis expensve (in both memory and
time) andrequiresdif cult tuning.

C. Adaptivebisectionof paths

This paperintroducesa newv dynamic collision checking
methodthat avoids thesedif culties by locally adjustingthe
valueof . By comparinglower boundson distancesetween
objectsin relative motionswith upperboundson lengths of
curvestracedby points of thesemoving objects,this method
automaticallydecideswhethera path segment betweentwo
collision-freecon gurationsneedso bebisectedurther. It not



only freesthe userfrom choosing ; it alsoguaranteeshat no
collisionwill everbemissedOur checleris applicableto path
segmentsof ary givenshapg(e.g.,straight,circular)in c-space
or collectionsof such segments(e.g., multi-segment paths).
It is particularly suited for scenarioswith manipulatorarms
and/ormultiple robots,whereit candetectcollision between
robotlinks andobstaclesaswell asbetweerlinks of the same
or differentrobots.

The basicideaof relatingdistancego pathlengthshasbeen
suggestedefore(e.g.,[1], [23]), thoughrarely implemented.
We exploit this ideafurther by separatelyadjustingthe bisec-
tion resolutionfor differentpairsof objects.Indeed,very few
pairsof objects(link-obstacleor link-link) requirebisectinga
path down to the sameresolution.Exploiting this fact leads
to testinga rapidly decreasingiumberof objectpairsat each
new level of bisection.At the end of this paper we pushthis
ideaonestepfurther by separatelyadjustingthe resolutionfor
differentpairs of BVs.

We also give a numberof new techniquesand heuristics
that make the approachmore ef cient, especiallywhenit is
usedin PRM plannersand/orappliedto geometricallycomple
ervironments.One is a BVH algorithm that computesnon-
trivial lower boundson distancesbetweenpairs of objects
almostas ef ciently asif it was only testingthe objectsfor
collision. Anothertechniquebounddink motions:givena path
segmentof arobotin c-spaceandalink of thisrobot,it quickly
computesan upperboundon the lengthsof the curvestraced
in workspaceby all pointsin this link.

We have extensiely testedour dynamic checler on ran-
domly generatedpath segments and multi-segment paths
producedby randomizedplanners.Thesetests showv that it
comparedavorablyto a x ed-resolutiorchecler at “suitable”
resolution,with the enormousadvantagethat it never fails to
detectcollision.

D. Paper organization

Sectionll describeur dynamiccollision checkingmethod
basedon adaptve bisection.Sectionslll and IV respectiely
presentthe techniquesused to compute lower bounds on
distancesbetweenobjects and upper boundson lengths of
curves traced out by points of moving objects. Section V
discusse®xperimentalresultson various examplesthat were
obtainedwith the implementednew adaptve checler and a
x ed-resolutionchecler, for comparison.SectionVI re nes
the method by separatelyadjusting the bisectionresolution
for different pairs of BVs (insteadof objects). Section VIl
summarizesour work, describedts limitations, and points to
possiblefuture work.

Throughoutthis paper let the workspacebe the Euclidean
space . Distanceshetweenobjectsandlengthsof curvesin
workspaceare all measuredising the Euclideanmetric.

Il. ADAPTIVE DYNAMIC COLLISION CHECKING

In this sectionwe presentour adaptie bisectionalgorithm
for dynamic collision checking.We begin by establishinga
basicresulton which the algorithmis based.

A. Basicresult

We considerthe robot(s) and all obstaclesas a collection
of rigid objects whoseplacementsn workspace
are uniquely determinedby a tuple , the
con guration of the system.All objectsare allowed to move.

Let denoteobject atcon guration . Let be
ary non-trivial lower boundon the Euclideandistancebetween

and . if and only if and
overlap.

Each s asetof points.Eachpointtracesa distinctcurve
segmentin workspacewhen the con guration of the system
is interpolatedbetweencon gurations and alongsome
given path sggment . For a given , we de ne
to be an upperboundon the lengthsof the curvestracedby

all pointsin  , suchthat whenaer  stays
x ed during the interpolation (for example, if isa xed
obstacle).

We now statea sufcient conditionfor two objects  and

not to collide along in c-space:
Lemmal: Two objects and
con guration on the path segment
c-spacejf:

do not collide at ary
joining and in

@)

Proof: Assumethat Inequality (1) is veri ed. If and
collide, thena point  of must coincidewith a point
of at someintermediatecon guration  along . Let

be the length of the curve tracedby  betweenary
two con gurations and in .De ne in thesame
way for point . For and to coincideat , we must
have:

and
, summingthe previous two relations

Since

yields:

Using and ,

we get:

which contradictsour initial hypothesisthat Inequality (1) is

veri ed. So, and do not collide. [ |
Thereverseof Lemmal is nottrue:
may exceed without introducinga collision.

B. Adaptivebisectionalgorithm

Our algorithm usesLemma 1l to decidewhethera given
path sggment betweentwo collision-free con gurations
and mustbe bisected:if Inequality (1) is veri ed for all
pairsof objects and |, thenthe sggmentis collision-free;
otherwise,it must be bisected.Lemmal guaranteeshat no
collision canbe missed.

However, consideringall pairs of objects simultaneously
may yield a large amountof unnecessarwork. Indeed,pairs



Algorithm ADAPTIVE-BISECTION( )

1. Initialize priority queue with for all pairs
of objects that needto be tested.

2. While is not emptydo
21 remove- rst( )

2.2 If
then

221 mid-con gurationalong

path sgmentbetween and
222 If thenreturn collision
2.2.3 Elseinsert and
into
3. Returnno collision
Fig. 2. Adaptve bisectionalgorithm

of objectsthat arewell-separatecind undego small displace-
mentsrequirefewer bisectionghanpairsthatarecloserand/or
undegogreaterisplacementsSo,takingadvantageof thefact
that Inequality (1) appliesto anindividual pair of objects,we
checkthis condition for eachpair, independenbf the other
pairs, and discardthosepairs which verify the inequality In
this way, asa pathsegmentgetsbisectedata ner resolution,
the numberof remainingobject pairs tendsto drop quickly.
Moreover, we canperformthetestsin anorderthat speedaup
the discovery of a collision, whenthereis one.

Figure 2 shawvs our algorithm, ADAPTIVE-BISECTION, t0
check a path sggment betweentwo collision-free con gura-

tions and . It maintainsa priority queue of elementsf
the form . The presenceof in indicates
thattheobjects and  still needto be testedfor collision
between and . At Stepl, is lled with the elements

, for all object pairs that needto be tested.Then, at
eachloop of Step2, the rst elementsay , isremoved
from . If thiselementsatis esinequality(1),then  and
cannotpossiblycollide between and , andthealgorithm
continueswith the next elementin the queue Elseit computes

, Where is the mid-con gurationalongthe path

sgment between and . If this computationreveals a

collision — thatis, if — then the algorithm

reportsthe collision and halts. Otherwise,two new elements,

and , areinsertedinto . When is

empty the pathsegmentbetween and s reportedfree of

collision.

In Sectiondll andlV, we will describethetechniquesised

in our implementationof ADAPTIVE-BISECTION to compute
boundson distancesand curve lengths.

C. Ordering of the priority queue

If the path segment tested by ADAPTIVE-BISECTION is
collision-free,then the orderingof  hasno impact on the
running time of the algorithm, since all elementsin  will
eventuallyhave to be processedBut, for a colliding segment,
anappropriateorderingcanleadto nding a collision quicker.
This is importantin applicationsike PRM planning,wherea
large fraction of candidatepathsare colliding.

In [28], [29], it was shavn that in practice the prior
probability of a pathsegmentto be colliding increasesharply
with its length in c-space.This result justi es bisecting a
segmentinto two sub-sgmentsof equallengths.The planners
in [28], [31] exploit this result further to test multi-segment
paths by maintaininga priority queueof (sub-)sgmentssorted
by decreasindengthsand treatingthe longest(sub-)sgment

rst.

ADAPTIVE-BISECTION takes also advantageof the com-
putedboundson bothdistancedbetweerobjectsandlengthsof
tracedcurves.Intuitively, two objectsaremorelikely to collide
when they are closerto eachother at one or both segment
endpointsand/orthe pointsin theseobjectstracelongercurves.
This intuition is directly relatedto Inequality (1) andleadsus
to sorttheentries in the priority queueby decreasing
valuesof the difference:

. Ourtestsshaw that,on averagethis heuristicordering
leadsto nding acollision fasterthansorting by decreasing
lengthsof segments.

D. Ched&king multi-sggmentpaths

ADAPTIVE-BISECTION canbe extendedto concurrentlytest
multiple sggmentsforming a continuous multi-segmentpath.
This is simply doneby lling , at Stepl, with the elements

, for all sggments andall objectpairsthatneed
to betested.The sameheuristicorderingof asabove canbe
used.In generaljt will leadto discoveringa colliding segment
beforehaving spentmuchtime testingcollision-freesggments.

However, a slightly more usefulimplementatiorin practice
is to maintain several priority queues:one for the path and
one for eachsegment. The priority queuesfor the individual
se@gmentsare maintainedas above. The queuefor the path
containsoneentry per sgmentthathasnot yet beenshavn to
be collision-free. The entriesof the path queueare sortedby
decreasingaluesof the differences

, each computedfor the rst elementof
the correspondingseggments queue.Intuitively, this ordering
correspondgo placing the sggment that is the most likely
to collide on top of the path queue.The advantageof using
several queuesis the following: if a segmentin the path is
eventually found to collide, we then cachethe priority queue
associatedvith eachof the other sggmentsthat has not yet
beenfoundto collide or notto collide. If ary of thesesggments
must later be testedfor collision, the cachedqueueof this
segmentis re-usedhencesaving the collision-checkingwork
previously done. This improvementis particularly important
when the collision checler is usedin a PRM plannerthat
delayscollision tests[28].

Thesameextensionactuallyholdsfor anarbitrarycollection
of sggments.

E. Covering strategies

Inequality (1) can be illustrated by the following diagram:
draw aline sggmentof length andtwo
circlesof radii and centeredatthe endpointsof
this segment.SeeFigure3 . (The seggmentin this gure is not
the path segmentin c-space.)We call the circlesthe covering



Fig. 3. Differentcovering stratgies (seetext)

circles of and . If they cover the entire sggment,asis
the casein Figure3 , then and  do not collide along
the straightpathjoining and in c-spaceOtherwiseand
if thereis no collision alongthe path, ADAPTIVE-BISECTION
will produceintermediatecon gurations whosecovering
circleswill eventuallycompletethe coverageof the entireline
segment,as depictedin Figure3 .

The above diagram,thoughonly illustrative (asit is embed-
dedneitherin c-spacenor in workspace)suggestsiecompo-
sition/covering stratgjiesof the pathbetween and other
thanbisectingatthe midpoint. For example,we couldcompute
the two con gurations where the covering circles of and

intersectthe sggment(Figure 3 ), and checkwhethertheir
covering circles completethe covering of the seggment. This
stratgly would requireinserting at most one new entry into
the priority queueat eachiteration, insteadof two. But half
the coverageby the new circles would be wastedto cover
parts of the segmentthat were covered by previous circles.
This could neverthelesse a useful stratgy if one wantedto
checka path by smallincrementsfrom one endto the other,
asis the case,for example,in haptic interactionwith virtual
worlds and physical simulationin orderto nd the time of
rst contact[20], [21].

Another stratggy would be to place a con guration at the
middle point of the uncovered section (assumingit can be
easily computed) asillustratedin Figure3 . In term of cov-
erage this would be slightly betterthanthe bisectionstratey
of our algorithm. However, our experimentaltests indicate
that the potential gains are small. Moreover, this stratgy
producesdifferent intermediatecon gurations for different
pairsof objects.This is a dravbackwith articulatedlinkages,
since it then requirescomputingthe forward kinematics of
theselinkagesat mary more con gurations.Instead with the
stratgy of Figure 3 , the resultsof the forward kinematics
computatiordoneto determinethe placementf alink atsome
con guration can be cachedand later re-usedto retrieve or
computethe placemenf anotherlink in the samelinkage at
the samecon guration.

F. Boundingthe running time of ADAPTIVE-BISECTION

Ignoring oating-point arithmetics issues, ADAPTIVE-
BISECTION always givesa correctanswerin a nite amount
of time. However, this time is not boundedin the worst
case,as one can easily createexampleswherethe algorithm
would bisect an arbitrary number of times. Very bad cases
are unlikely in practice,but they may eventually occurwhen
several thousandf path segmentsare tested,asis often the
casein PRM planning.

There are several ways to deal with this issue.One is to
switch to anotherdynamic collision-checkingmethod when

a (sub-)sgment shorterthan some thresholdrequiresbeing
bisectedfurther Then, the potential collision is alreadywell
localized,sothat only restrictedsubsetof the objects(hence,
small numberof triangles)needto be consideredA similar
ideahasbeenpreviously exploited in [20], [21].

Another way is to modify slightly the de nition of the
lower bound on the distancebetween  and at
con guration . In the new de nition, wheneer
the actualdistancebetweerthe objectsis lessthansomesmall
prede ned , and otherwise.Any resultsin
boundingthe running time of ADAPTIVE-BISECTION. Then,
thealgorithmis slightly conserative: while it still cannotmiss
a collision, it may incorrectly return that a path segmentis
colliding whentwo objectscomecloserthan apart.Notethat
choosing is very differentfrom settingthe resolution of
a x ed-resolutionchecler. A x ed-resolutionchecler always
breaksa sggmentinto sub-sgmentsof length to determine
that the segmentis collision-free.In contrast,in most cases,
our checler stopsbisectingbeforearny getssmallerthan

. Setting is alsodifferentfrom growing the objectsby some

as suggestedat the end of Sectionl-B. Indeed, mustbe
chosenlarge enoughto preventary collision from happening
alongsub-sgmentsof length . So, is directly relatedto the
length of the maximal displacemenof pointsin the moving
objects,and can be quite large.

In our implementation,we bound the running time of
ADAPTIVE-BISECTION by settinga threshold as described
above. Our experimentsshov that can be set very small
without affecting signi cantly the averagerunning time of
ADAPTIVE-BISECTION, meaningthat the thresholdis rarely
neededn practice.

I1l. COMPUTING LOWER BOUNDS ON DISTANCES
BETWEEN OBJECTS

ADAPTIVE-BISECTION requires that non-trivial lower
boundson distancesetweenobjectsbe ef ciently computed.
Tighter boundsmay yield fewer bisections,but are usually
more expensve to compute. Here, we describe a greedy
algorithm,basedn boundingvolumehierarchiegBVHSs), that
computeslower boundson distancesat aboutthe samecost
asif it wastestingthe objectsfor collision.

A. Distancecomputationusing BVHs

Bounding volume hierarchies(BVHs) are widely usedto
checkcollision and/orcomputedistancesbetweenobjectsof
high geometriccompleity. An objects BVH is an approxi-
mately balancedbinary tree whoseleaves are trianglesof the
objectsurfaceandintermediatenodesareBVs, eachbounding
thetrianglesbelow it. It is pre-computedisingtechniquesuch



as those describedin [9], [12], [13]. Varioustypes of BVs

have beenproposedincluding spheresaxis-alignedbounding
boxes(AABB), orientedboundingboxes(OBB), andrectangle
sweptspheregRSS)[3].

To determindf two objectscollide at a given con guration,
their hierarchiesare searchedrom the top down. Eachstep
of a searchpath consistsof testingwhethertwo BVs or two
triangles,one from eachhierarchy are separatedA collision
is reportedwhenever two triangles are found to intersect.
A searchpath is terminatedas soon as two testedBVs are
separatedpecausedisjoint BVs cannot contain intersecting
triangles.In the worst case,if eachobjecthas triangles,
the algorithmtakes time. But, in practice,the average
running time is often sub-linear as mary searchpaths are
terminatedearly.

The same algorithm can be used to compute the exact
distancebetweentwo objects,with few changego maintain
the closestdistance found so far. Initially, is setto a
very large number A searchpathis terminatedwhenever the
distancebetweentwo testedBVs is greaterthan . If asearch
pathreaches pair of trianglesandthe distancebetweenthese
trianglesis lessthan , then is re-setto this new distance.
The algorithm terminatesas soon as (the objectsare
colliding) or when all searchpathshave beenterminated.In
bothcasesthe nal valueof is the distancebetweerthe two
objects.

BVH methodsare widely used, becausethey have been
found more efcient in practicethan other techniquesgspe-
cially for complex objects.Neverthelessthey take muchmore
time to computeexactdistanceshanto checkcollision. As ary
two testedBVs aremorelik ely to bedisjointthanseparatedhy
at least , searchpathsto computedistancesare longer

Two approachesiave beenproposedto speedup distance
computation:

One approachis to prunesearchpathsmore effectively,
eitherby re-usingdatacomputedat a previous con gura-
tion, or by betterselectingwhich searchpathto explore
next [12], [32]. For example,triangle cading initializes
to the distancebetweenthe two closesttriangles at
the previous con guration. But it is effective only if the
coherenceassumptions veri ed. Priority directedseach
scheduleghe pendingtestsof BVs and trianglesinto a
priority queuesortedby distanceslt doesnotrely on ary
coherenceassumption.
The other approachcomputesan approximate distance
with a guaranteedboundon therelative error [12], [13].
The algorithmin [13] computesa lower bound onthe
distance betweenwo objects,suchthat ,
where is aninput constantlt initializes toa
large value (asin the exact case).Whenit nds thattwo
trianglesare closerthan  apart,it resets to be
times the distancebetweenthem. The nal value of
veri es . Thealgorithmbecomedaster
as isincreasedbut it is still slower thanpurecollision
checking.The algorithmin [12] computesa upperbound
on the distance.

In fact, the speedof distance computationturns out to

be crucial for the overall ef ciency of the new adaptve dy-

Algorithm GREEDY-DIST( )

1.
2.1f and arebothtrianglesthenreturn
3.If thenreturn
4. If is biggerthan  thenswitch  and
5. Set and to the two children of in the BVH
6. GREEDY-DIST( )
7.1f then
7.1 GREEDY-DIST( )
7.2 If thenreturn
8. Return0

Fig. 4. Greedydistancecomputationalgorithm

namiccollision checkingapproachThatis, while ADAPTIVE-
BISECTION may perform fewer bisectionsto testa paththan
a x ed-resolutionchecler with small , it could nevertheless
take longer to run becausestandardmethodsfor distance
computationare much slower than pure collision checking.
The next sectionthereforeproposesa new algorithm, called
GREEDY-DIST, thatcomputedower distanceboundsalmostas
fastasa typical BVH algorithm checksfor collision.

B. Greedydistancecomputationalgorithm

To computea lower bound on the distancebetweentwo
objects, our implementationof ADAPTIVE-BISECTION calls
GREEDY-DIST( ), whereGREEDY-DIST is the algorithm
shawvn in Figure 4 and and identify the root BVs
of the hierarchiesrepresentingheseobjects.The call returns
a positive lower bound on the distance,if the objects are
separatedand O otherwise.

GREEDY-DIST works like a classical BVH collision
checler [12]. It follows the samesearchpaths,teststhe same
pairs of BVs and triangles,and terminateseachsearchpath
when a pair of testedBVs hasnull intersectionBut, instead
of testingif two BVs or trianglesintersect,it computesthe
distancebetweenthem and eventually returns the smallest
distance found. It is faster than an approximatedistance
computationalgorithm becauset skips the additionalsearch
neededo verify thatthe relative erroris smallerthana given

. Though GREEDY-DIST offers no guaranteeon the relative
error, our testsshow thatit returnsa good approximationon
average.

GREEDY-DIST is independentf the choiceof BV, aslong as
thedistancebetweerpairsof BVs canbe computecef ciently .
In our implementationwe use RSSs.An RSSis de ned as
the Minkowski sumof arectangleanda spherd12]. TheRSS
of an objectis createdby rst estimatingthe two principal
directionsspannedby the object [9]. A rectangle is then
constructedalongthesedirectionsto enclosethe projectionof
the objectontothe planede ned by thesedirections.The RSS
is the Minkowski sumof  and the spherewhoseradiusis
half the lengthof the interval spannedy the objectalongthe
direction perpendiculato . In comparisonthe OBB of the
objectis the cross-producbf by this intenal. It is often



Fig. 5. A badcasefor GREEDY-DIST: two distantobjectsare boundedby
disjoint RSSsthat are very close

possibleto improve the quality of the RSS t by shrinking
(eachside can be reducedby at mosttwice the radius).Like
OBBs,RSSsprovidereasonablyight ts for objectsof various
shapesBut distancecomputationbetweenRSSsis fasterthan
betweenOBBs [12].

To boundthe runningtime of ADAPTIVE-BISECTION using
the parameter (seeSectionll-F), we modify the algorithm
of Figure 4 by replacingthe zerosin step3, 7, and 7.2 by
Then,GREEDY-DIST returnsa positive lower boundwheneer
the distanceis greaterthan , andO otherwise.

C. Experimentalanalysis

As Figure5 illustrates,in a bad case,the relative error on
a bound computedby GREEDY-DIST can be arbitrarily close
to 1 (when ). Our experiments however, shav that the
averageboundsreturnedby GREEDY-DIST are quite goodand
comparefavorablyto thosecomputedat a greatercost) by an
approximatedistancecomputationalgorithm.

We tested GREEDY-DIST (with ) and three similar
BVH algorithms:coLL-CHECKER for purecollision checking,
EXACT-DIST for exact distancecomputation,and APPROX-
DIST for approximatedistancecomputatiorwith relative error

. APPROX-DIST usesthe approachof [13], hence
returns a value between and , where is the exact
distance.We use RSSsin EXACT-DIST and APPROX-DIST,
asin GREEDY-DIST, but OBBs in COLL-CHECKER. Indeed,
while being closelyrelatedto RSSs,0BBs are slightly faster
to testfor overlap.Finally, we “tuned” EXACT-DIST usingboth
priority directedsearchand triangle caching(seeSectionllI-
A). To make the bestuseof triangle caching,we initialize the
distance (usedfor pruningthe search)with theexactdistance
(computedseparately)This leadSEXACT-DIST to terminatea
searchpathassoonasa BV pair is foundto be further apart
thanthe exact distanceln practice,suchperfectinitialization
is impossible,and could only be approachedn caseswhere
the coherenceassumptioris veri ed extremelywell.

We comparedhe performancef thefour algorithmsasfol-
lows. For eachof the sevenernvironmentsshovn in Figuresl
11 - and12 - , we generatedl,000 randomcon gurations
of the robot(s)and, at eachcon guration, we testedall robot
links againstall x ed obstaclesThe resultsare summarized
in Tablel. Column1 identi es the ervironmentandcolumn2
indicatesthe total numberof object pairs examinedby each
of the four algorithms.Columns3-6 give the averagenumbers
of pairs of BVs/trianglestested per query by each of the
four algorithms.As expected,the numbersfor coLL-CHECK
and GREEDY-DIST are aboutthe same.The small differences
resultfrom the fact that one usesOBBs and the other RSSs.

Since computing the distance betweentwo RSSsis only
a small factor slower than testing two OBBs for overlap,
GREEDY-DIST is almostasfastas coLL-CHECK. In contrast,
EXACT-DIST examinesmary morepairsof BVs andtriangles,
despitethe perfectinitialization of triangle caching.APPROX-
DIST alsoexaminessigni cantly moreBVs andtrianglesthan
GREEDY-DIST; its running time is greaterin the sameratio.

The last two columnsof Table | measurethe quality of
the bounds.Column7 givesthe averageratio of the bound
returnedby GREEDY-DIST by the exactdistancejn eachervi-
ronment,computedonly for the collision-freepairsof objects.
Thevaluesof areexcellentfor the rst threeervironmentsn
which obstaclesaretightly boundedoy RSSsandthey remain
greaterthan0.5 in the otherfour ervironments whereobjects
have diverseshapesThe last column gives the averageratio

computedfor the boundsreturnedby APPROX-DIST. In the
rst threeervironments, is smallerthan ; in the lastfour,
the two factorsaresimilar, meaningthat GREEDY-DIST returns
on averagesimilar bounds,at smallercomputationakost.

For ADAPTIVE-BISECTION, the averageperformanceof the
algorithm computing distanceboundsmattersmore than its
worst-caseperformance.Ilndeed, if GREEDY-DIST returnsa
bad lower bound, then ADAPTIVE-BISECTION may have to
bisectthe sggmentoncemoreandcall GREEDY-DIST againata
new con guration. The probability of encounteringereralbad
casesn arow is small. We have testedADAPTIVE-BISECTION
with GREEDY-DIST, EXACT-DIST, and APPROX-DIST (with
different valuesof ). The best results were obtainedwith
GREEDY-DIST.

V. BOUNDING MOTIONS IN WORKSPACE

ADAPTIVE-BISECTION also requirescomputing an upper
bound on the lengthsof the curve segmentstraced
by all points of a moving object , when the systemis
interpolatedbetween and  alongsomepath seggment .
Tight boundscould be computedby numericintegration, but
this may be quite slow in practice.Moreover, the costof the
computationwould increasewith the distancebetween and

In this section,we derive the expressionof an upperbound
thatis fastto evaluate,andis valid for kinematic
chainswith revoluteandprismaticjoints. We rst establishthis
expressioron asimpleexample thenin thegenerakcase Next,
we proposea techniqueto computeconstanffactorsappearing
in this expression.Finally, we experimentally evaluate the
quality of the bound.

Throughoutthis section,we adoptsimplifying corventions
that do not restrict the generalityof our results.We assume
a one-to-onecorrespondencbetweenthe joint parameterof
the robot(s) and moving obstaclesand the con guration pa-
rametersWe de ne theseparametersuchthat: (1) a rotation
of ary revolute joint by someangle (in radians)producesa
variationof  of the correspondingcon guration parameter
and (2) a translationof ary prismaticjoint by somevector
resultsin a variation of of the correspondingparameter



Fig. | # queries| cOLL-CHECKER | GREEDY-DIST | EXACT-DIST | APPROX-DIST

la 40,000 1.7/0.1 21/0.1 859/ 141 3.7/01 |0.99|0.53
11a| 54,000 471 0.6 54/0.8 946/ 78 105/2.0 |0.82|0.64
11b | 42,000 26/1.0 25/0.8 827/ 67 58/1.9 |0.81|0.61
12a| 14,000 14/0.4 14/0.3 1,444/ 268| 70/2.2 |0.64|0.60
12b | 22,000 421/0.9 46/ 1.0 819/ 125 129/5.4 |0.51|0.58
12c | 18,000 25/1.3 26/1.4 1,248/ 128| 111/3.2 |0.57|0.62
12d | 21,000 2.6/0.1 3.9/0.2 703/ 170 74116 0.58| 0.58

TABLE |

COMPARISON OF COLL-CHECKER, GREEDY-DIST, EXACT-DIST AND APPROX-DIST (SEE TEXT)

Fig. 6. Planarlinkage with threerevolute joints and one prismaticjoint

A. Example

We rst establishan expressionof for the planar
linkage of Figure6 moving alonga linear path sggment(i.e.,
a straight line in c-space).This linkage has three revolute
joints correspondingo joint parameters ,and , and
one prismatic joint correspondingto . Each of the links

haslength andzerowidth. Eachrevolute joint
canperforma singlefull rotation,hencewedene , ,and

to vary, each,between0 and . When prismaticjoint 3
is completelyretracted,the distancebetweenrevolute joints
2 and4 (equialently, betweenthe baseof andthe tip of

) is . Whenjoint 3 is maximally extended this distance
is . So,wedene tovarybetweenO and

For this linkage,we canwrite the bounds  ( )
asfollows:

The bound is establishedy consideringthe point
in thatis the furthestaway from the centerof rotation of
joint 1. While the secondterm of is established
in a similar way, its rst termis derived by consideringthe
maximal distancebetweena point of and the center of
rotation of joint 1. This distanceis achieved by the tip of

when and are aligned. Clearly, no point of
can move by a larger amountthanthe sum of the two terms
de ning . The othertwo boundsare generatedn a
similar way.
We canwrite eachof the boundsabove in the form:

where . If is a prismaticjoint, then ;
otherwise, is is anupperboundon the distancesetween
the points of and the centerof rotation of joint . So,in

the above expressionwe have:

B. Upperboundin geneal case

In the following, we focus our attention on the moving
object . Without lossof generality we let denote
the con guration parameterghat in uence 's placement.
We rst assumethat the system con guration is linearly
interpolatedbetween and (Lemma2). Next, we show
how the result extendsto non-linearpath sggmentsbetween

and

Lemma2: Whenthe systemcon guration s linearly inter-
polatedbetween and , anupperboundon the lengthsof
the curvestracedby the pointsof object is:

)

where are the con guration parameterghat in u-
encethe placementof , and is a constantfactor
de ned asfollows:

-if  is a prismaticjoint, then ,

- otherwise, is an upperboundon the distanceshetween
the pointsof ~ andthe axis of rotation of joint

Proof: Let beanarbitrarypointof . Thestraightpath
se@gmentin c-spacebetween and canbe parameterized
by , with . Let and
denotethe placemenbf  and at con guration



The length when varies

fromOto1lis:

of the curve tracedby

®3)

where:

We can boundthe modulusof
inequality:

by applying the triangle

(4)

Along the straightpathbetween and , we have:

(®)

Moreover, by de nition of the con guration parametersand
the constants , we have:

(6)

By rst plugging (4) into (3) and then using relations (6)
and (5), we get:

()

Sincewe madeno assumptioron thelocationof in , this
boundholdsfor all pointsof . [ ]

Note that the bound de ned by Equation(2) is
null if andonly if . In general,we use Equation(2)
to computeboth and in (1). However,
for two links and ( ) on the samekinematicchain,we
canderive tighter boundsby consideringmotionsin the local
frameof link . Thus, andfor , we
simply sum over insteadof in
(2).

Theresultin Lemma2 canbe extendedto parameters
that are non-linearfunctionsin the “pseudo-time” , aslong
as can be bounded.An upper boundon then
replaces in (7), hencein (2). This modi cation
coversary linkage madeof revolute and/or prismatic joints,
including those with closedloops. (Note that parallelogram
mechanismswhich involve only linear parametricchanges,
canbe handleddirectly without this extension.)It alsomakes
it possibleto bound curve lengthswhen the path sggment
in c-spaces not straight.

Algorithm COMPUTE-SPHERE( )

1.0f then ENCLOSING-SPHERE( )
2. Else COMPUTE-SPHERE( )
3. If joint is prismaticthen
Sweep alongthe full translational
rangeof joint and constructthe sphere
thattightly encloseghe sweptvolume.
4. Elseif joint is revolute then
Sweep aroundthe axis of joint by
performinga full rotationand constructthe
sphere that tightly encloseghe
sweptvolume.
5. Return

Fig. 7. Computationof sphere

Sik riken)
’ ’ (i k+1)
S(ik+1) | i
k)
axis k
cli.k)

Fig. 8. Constructionof at Step4 of algorithm COMPUTE-SPHERE

C. Computationof factors

We now describe a general techniqueto compute the
constantfactors  in Equation(2) for robot armsin three-
dimensionalworkspacewhen is arevolute joint. Recallthat

must be an upper bound on the distancesbetweenthe
pointsof  andthe axis of rotation of joint

Our techniqguecomputesa spherebounding the volume
swept out by eachlink when the con guration parameters
vary over their full ranges(which we take to be at least

for revolute joints). Thus, the computedfactors are
independenbf ary consideredpath segmentin c-spaceand
are computedonly onceduring pre-processing.

If , thenwe computethedistance®f all link verticesto
theaxisof rotationof joint andreturn  to bethe maximum
of thesedistances.

For every , We computea sphere of radius
centeredat a point locatedin the axis of
rotationof joint , thatis guaranteedo enclosdink for ary
valuesof the con guration parameters

The spheres , , arecomputedrecursvely by the
algorithm of Figure 7. At Step 1, ENCLOSING-SPHERE( )
computesa tight enclosing sphere of using a standard
algorithm[33]. At Step3, computingthe spherethat tightly
encloseghe volume sweptby moving alongthe
entire range of the prismatic joint  is straightforvard. At
Step4, we proceedasfollows: we computethe center
of asthe projectionof ontheaxisof rotation
of joint  and the radius of as the sum of

and the distancebetween and ,
asillustratedin Figure 8.
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D. Experimentalanalysis

The boundsde ned as above are clearly conserative, but
they are alsovery fastto compute.To evaluatetheir average
guality, we madethe following experimentswith the robotsof
Figuresl , 11 ,and11 .

For eachrobot, we generatedl0,000 segments by
uniformly samplingtwo independenendpoints and . For
eachsggment,we computedhe bounds for all links,

as well as lower bounds obtained by integrating
Equation(3) at a low resolutionfor somerandomly chosen
point on . We computedthe ratio for
eachlink over all 10,000segments.Note that this ratio is not
boundedin the worst case,even if was the exact
length of the longestcurve tracedby a point of

The histograms , , and in Figure 9 present99% of
the resultsin order to crop outliers. They showv that, most
of the time, the bounds are within a rathersmall
factor from optimal. For example, for the IRB 2400 and F
200 robots,more than 80% of them are within factor5 from
the correspondindower bounds . Evenfor the hyper
redundantrm (histogram ), theratio is smallerthan15 most
of the time.

The histogram  shows the distribution of the ratios
asabove plus additional,slightly different,
ratios that accountfor self-collisiontest-
ing, asfollows. Fortwo links  and  ( ) of the same

I—ref Lref

I |
r

E’t\*:m =2

IRB 2400robot F 200 robot

Fig. 10. Referencdinks of IRB 2400andF 200 robots

robot, we compute to boundthe lengthsof curves
tracedby all pointson in ‘s local referenceframe, as
describedn SectionlV-B. Similarly, is a non-trivial
lower boundon the length of curvestracedby all points of

in  'slocal frame, obtainedby integrating Equation(3),
in  'sframe,for somerandomlychosenpoint on

V. EXPERIMENTAL RESULTS

We have experimentedwith ADAPTIVE-BISECTION On hu-
merous problemsranging from testing randomly generated
segments,to testing local pathsin multi- and single-query
roadmapsto optimizingjerky paths.In this sectionwe present
a subsetof our results.

A. Experimentalsetup

All the resultsbelov were obtainedon a 1GHz Pentium
Il PC with 1GB RAM. Our implementationof ADAPTIVE-



Fig. 11. Exampleswith thin obstacles. : IRB 2400robot (2,991triangles),cage(432triangles). : F 200 robotwith arc welding gun (2,502triangles),cage
(432triangles). : 20-DOF arm (320 triangles),obstaclelattice (384 triangles)

Fig. 12.  : F 200 robotwith arc welding gun (2,502triangles),machinetool (34,171triangles). : IRB 2400robot (5,450triangles)in workshop(74,681
triangles). : Six IRB 2400robots(6  3,594triangles),car body (19,668triangles). : Six F 200robots(6  2,502triangles),car body (4,016triangles)



FIXED-RES-BISECTION ADAPTIVE-BISECTION

Fig. (ms)| BV Tri (ms)| BV | Tri (ms)| BV | Tri

11 0.44 | 375 3.1 0.33 |197| 3.0 || 0.29 |169| 2.6

11 0.46 | 380 3.5 0.43 | 324| 3.9 || 0.38 | 255| 3.2

12 0.67 | 522 | 18.7 0.40 | 501|18.0| 0.37 |420|21.8

12 1.21 | 1,035| 10.1 0.57 | 571|10.8| 0.40 |440|13.4

12 3.11 | 2,866| 13.1 244 1686|121 2.23 | 610]|12.7

12 1.14 | 999 | 16.3 1.93 | 609|19.5| 1.71 | 528 21.6

TABLE I
COMPARISON OF FIXED-RES-BISECTION WITH AND ADAPTIVE-BISECTION WITH AND
Fig. [1 [11 [11 |11 [12 [12 [12 |12

05 177|165]| 05| 1.16] 0.64] 1.59| 1.32 Fig. (s) (s)
TABLE Il 11 | 0.00402 4.13 | 0.00232 5.15
(IN UNITS) IN DIFFERENT EXAMPLES. 11 10.00078 1226 0.00078 13.87
12 | 0.00833 0.17 | 0.00833 0.17
12 | 0.00162 7.52 | 0.00038 16.45
12 | 0.00694 2.72 | 0.00279 3.82
12 | 0.01200 0.67 | 0.00833 0.92

BISECTION computeslower boundson distancesbetween TABLE IV

objectsusingthealgorithmGREEDY-DIST of Sectionlll-B and
upperboundson lengthsof tracedcurves using Equation(2),
with the factors computedas describedin Section V-
C. Our implementationof GREEDY-DIST usesfunctionsfrom
the PQP library® to constructRSS hierarchiesand compute
distancesetweenpairs of RSSs.We tried several algorithms
other than GREEDY-DIST to computeexact and approximate

AVERAGE RUNNING TIMES OF SBL ON FIVE DISTINCT PATH-PLANNING
PROBLEMS FOR AND CONSECUTIVE CORRECT RUNS
(SEE MAIN TEXT IN SECTION V-D).

distanceshut GREEDY-DIST gave the bestresultsoverall.
Since ADAPTIVE-BISECTION bisects(sub-)sgmentsin the
sameway for all pairsof objects,we shareresultsof forward
kinematicscomputationsacrosspairs, by cachingthe rigid-
body transformsde ning the positions and orientations of

robot links at every con guration consideredoy the checler.
In ervironmentswith manipulatorarms, suchcachingavoids
mary redundantomputations.

Pairs of objectsthat cannotpossibly collide (due to con-
straints on their motion) are identi ed in a pre-processing
phase by bounding the swept volumes of all objects by
spheres(as in SectionIV-C) and then testing thesespheres
for intersection.If two swept spheresare disjoint, then the
underlying object pair is never insertedin the priority queue

processedby ADAPTIVE-BISECTION. Likewise, pairs of
static objects (e.g., robot basesor obstacles)are not tested
for intersection.

We testedADAPTIVE-BISECTION with variousvaluesof
To relatethesevaluesto the size of the robotsand obstacles
in eachervironment,we give the lengths of key robot
links in Tablell. For thelinkagesin Figuresl and1l ,
is the length of ary individual link. For the IRB 2400 and F
200robots,it is the lengthof the robot's forearmasshavn in
Figure 10 (Differentvaluesfor the samereferencdink across
examplesare dueto differentrobot scalingfactors.)

We comparedADAPTIVE-BISECTION to a classical x ed-
resolution checler, which we call FIXED-RES-BISECTION.

Ihttp://www.cs.unc.edu/"geom/SSV/

.01 .005 .001 .0005 .0001 .00005 .00001 .0
11 559 504 560 795 11.17 13.38 17.07 24.85
11 | 11.78 12.37 11.47 13.17 16.03 16.99 20.59 27.54
12 0.16 0.22 042 049 132 1.87 3.48  21.48
12 6.71 733 955 1263 2753 3191 6752 251.56
12 200 159 180 176 295 2.89 3.83 5.54
12 043 065 071 086 205 242 3.23 10.90
TABLE V

AVERAGE RUNNING TIMES OF A-SBL FOR SUCCESSIVE VALUES OF (SEE
MAIN TEXT IN SECTION V-D).

This checler follows exactly the bisection algorithm given
in [28]: Givena straightpathsegmentwith collision-freeend-
points, it bisectsthis sgmentandits sub-sgmentsuntil either
the mid-point of a (sub-)sgmentis found to collide, or all

sub-sgmentsare shorterthansomegiven (in the Euclidean
metric of c-space).Longer sub-sgmentsare bisectedbefore
shorterones,hencein a breadth- rstordering,in orderto nd

collisions quicker (aslonger sub-sgmentsare more likely to
collide). For each tested mid-point, FIXED-RES-BISECTION

checksall pairs of objectsfor collision, except thoseiden-
tied as never colliding in the pre-processingphase.Like
ADAPTIVE-BISECTION, FIXED-RES-BISECTION can be used
to testindividual segmentsor multi-segmentpaths.

FIXED-RES-BISECTION uses hierarchiesof OBBs to test
con gurations. The constructionof the OBB hierarchiesand
the collision test of two OBB hierarchiesare carried out by
functionsof the PQPlibrary.




FIXED-RES-BISECTION || ADAPTIVE-BISECTION

Fig. (ms) BV Tri (ms)| BV Tri

11 14.6 | 15,060| 19.8 | 11.3 | 9,239 200.8

12 5.1 4,032 | 17.9 3.9 | 3,834 158.6
TABLE VI

COMPARISON OF FIXED-RES-BISECTION WITH AND

ADAPTIVE-BISECTION WITH

B. Randomcolliding segments

In this seriesof experimentswe comparedhe performance
of theadaptve and x ed-resolutiorcheclerson colliding path
segments.In eachof the six environmentsof Figures1l -
and12 - ,wegenerated,000colliding segmentsby sampling
pairs of collision-free endpointsuniformly at random, and
retainingthosesegmentswhich ADAPTIVE-BISECTION (with

) found to be colliding. We then testedeachsegment
using: (1) FIXED-RES-BISECTION with , (2) ADAPTIVE-
BISECTION with , and (3) ADAPTIVE-BISECTION with

. Whena seggmentis known to be colliding, FIXED-
RES-BISECTION With is guaranteedo detecta collision
in nite time.

Table lll showvs datagatheredduring thesetests.For each
checler, we indicate the averagerunning time and the av-
eragenumberof BV and triangle pairs testedper segment.
ADAPTIVE-BISECTION (with and ) testssigni -
cantly fewer pairs of BVs than FIXED-RES-BISECTION. This
gainderivesfrom both the useof Inequality (1), which results
in bisectingpathsggmentsat a coarseraverageresolution,and
the betterorderingof the priority queue.

The mostsigni cant savings were achievedin the erviron-
mentof Figure12 wherecollisionsbetweerthin end-efectors
arequite dif cult to detect.The ervironmentof Figure12 is
similar, but collisions betweena robot and the car body are
easierto detectin this casewhichresultsin smallerdifferences
betweenthe checlers.

The times shawvn in the table indicate that, except for the
ervironmentof Figurel2 , ADAPTIVE-BISECTION with
is fasteron averagethan FIXED-RES-BISECTION, despitethe
fact that computingdistancedetweenRSSsis not asfastas
testingOBBs for overlap.

The results with shav a small speed-upover
thoseobtainedwith becausavith , Somesegments
arerejectedassoonasa pair of objectsis foundto comecloser
than .

C. Randomcollision-free sggments

The above experimentfavors the x ed-resolutionchecler,
sincewe could set . When sgmentsmay not be col-
liding, this is not possible.To illustrate the respectie effects
of and , we usedFIXED-RES-BISECTION and ADAPTIVE-
BISECTION to testcollision-free pathsegments For the results
presentedelow, we set and .

Like in the previous experiment,in eachconsideredervi-
ronmentwe generatedl,000 randomcollision-free sggments,
by picking end-pointsat random and using the adaptve
checler (with ) to testthem. Table VI shaws the

Fig. 13. Cunwe tracedby thetip of the end-efector of therobotin Figure1l
for a typical path segment. The black dotsalongthe curve correspondo the
con®gurationgestedby FIXED-RES-BISECTION, with . Eachdot
is a cubewhosesidelengthis equalto 0.01 unit

samequantitiesas Table Il measuredn the ervironments
of Figures1ll and 12 . The valueof was chosenso that
the x ed-resolutiorchecler took only slightly longerthanthe
adaptie checler.

Figure 13 shaws, asa thin line, the curve tracedby the tip
of the end-efectorwhentherobot of Figure11l movesalong
atypical straightpathsegmentin c-spaceThe dotsalongthis
curve correspondo the con gurationstestedby FIXED-RES-
BISECTION with . In reality, eachdot is a cube
whose side length is 0.01 units (in the workspacemetric),
hencetwice the value selectedfor . To make FIXED-RES-
BISECTION samplethe curve atresolution , we would have to
set sosmallthatthe runningtime of FIXED-RES-BISECTION
would be considerabhjlonger

D. PRM planning

In this sectionwe comparehe dynamicand x ed-resolution
checlers when they are integratedin the PRM plannerde-
scribedin [28], calledSBL. We brie y recallhow this planner
works.

SBL constructsa roadmapmadeof two treesof milestones
(collision-freecon gurationssampledat random)rootedat the
two query con gurationsinput by the user At eachiteration,
the plannerperformsthe following operations:

(1) It picksanew milestone  atrandomin a neighborhood

of an existing milestone andinstalls  asa child of
without testing the straight path segment betweenthem for
collision.

(2) It selectswo milestonespnefrom eachtree,andconnects

them by a candidatestraight path segment. This connection
createsa multi-seggmentpath betweenthe two query con gu-
rations,but only the verticesof this path (milestoneshave so
far beentestedfor collision.

(3) It checksthis entire path for collision. If no collision is

detectedit returnsthe path.Otherwiseit removesthe segment
foundto be colliding from the roadmap cacheshe collision-
checkingwork donealongother sggments(to avoid repeating
it if any of thesesegmentsis partof a candidatepathat a later
iteration),and proceedgo the next iteration.



Hence,SBL testssegmentsbetweenmilestonesonly when
this is absolutelyneededThis so-called‘lazy collision check-
ing” stratgy has been shovn to signi cantly reduce the
amountof work spenton collision-free segmentsthat are not
on the nal solution path.

The implementationof SBL describedn [28] usesFIXED-
RES-BISECTION to testmulti-segmentpaths Hence it requires
settingthe valueof for eachnew ervironment,andis never
guaranteedo return a collision-free path. We have createda
new version of SBL, called A-SBL, by replacingthe x ed-
resolutionchecler by ADAPTIVE-BISECTION. Like SBL, A-
SBL also recordsthe collision-checkingwork done along
path sggmentsthat have not beenfully tested(by maintaining
a distinct priority queuefor each seggment, as describedin
Sectionll-D).

We ran SBL andA-SBL on several path-planningroblems,
eachde ned by a pair of query con gurations in a given
ervironment.For eachproblem,we performedseveral seriesof
runsof SBL with decreasingraluesof . During eachseries,

kept the samevalue, but a different seedof the random
numbergeneratomwasusedat eachrun to constructa different
roadmap hencea differentpath. We testedeachpathreturned
by SBL using ADAPTIVE-BISECTION with . Wheneer
a collision was detectedin a path, we terminatedthe series,
cut thevalueof by 1.2, and startedanotherseries.Starting
with aratherlargevalueof , we retainedthe rst seriesof 50
(respectiely 100) consecutre runsof SBL thatdid not return
a single colliding path.

Tables IV and V list results obtained for six planning
problemsin the ervironmentsof Figuresll - and12 - . For
eachproblem,TablelV givesthe rst valueof thatproduced

consecutie correctruns, for and , and the
averagerunningtime of SBL over these runs.Note that
is much smallerfor in all casesgexcepttwo (11
and 12 ), meaningthat the valuesof obtainedfor
are usually not sufcient to guaranteehe reliability of SBL.

TableV lists the averagerunningtimes (over 100 indepen-
dentruns)of A-SBL for decreasingaluesof . As expected,
the averagerunning time of A-SBL increaseswhen goes
to 0. However, the increaseis moderateuntil  reachesvery
small values,and even thenremainsrelatively small for most
problems. Note that in two examples (11 and 12 ), for
relatively large , the running time even decreaseslightly
whenthe valueof goesdown. In thesecasesplanningmay
be slightly harderfor largervaluesof asmorecollision-free
pathsarerejectedby ADAPTIVE-BISECTION.

A-SBL hasthe considerableadvantageover SBL thatit is
guaranteedo never return a colliding path. This is not the
caseof SBL, evenfor thevaluesof allowing 100consecutie
correctruns.In mostexamples selectingavalueof  greater
than 100 would have led to smallervaluesof

E. Path Smoothing

We conductedhe following experimentin the ervironment
of Figurel . First, startingat a con guration whereboth link-
agesstandstraightup throughthe threerings, we performed
a randomwalk of collision-free stepsuntil both linkageslie

_ Randomwalk Smoothing

Fig. #s@gments  (s) (s)

1 40,439 82 | 1,000 152 0.06

11 [1 linkage] 4,208 5.9 | 500 16 0.11

11 [9 linkages]| 47,744 823 | 6,000 5,952 0.25
TABLE VII

RESULTS FOR RANDOM WALKS AND PATH SMOOTHING

All links Only end-effector
checlked checled
BV Tri BV Tri
0.1 0.1 11,232 | O 8,789 0
0.01 0.01 62,866 | O 62,727 0
0.001 | 0.001 | 990,766 | O | 990,595 0
0.0001| 0.0001| 7.91e+06| 0 | 7.91e+06| O
0.1 | 0.0001 258 0 127 0
0.01 | 0.0001| 753,939 | 0 | 753,800 0
0.001 | 0.0001| 1.12e+06| O | 1.12e+06| O
0.0001| 0.0001| 7.91e+06| 0 | 7.91e+06| O
TABLE VI

NUMBER OF BV/TRIANGLE PAIRS TESTED IN FIGURE 14

All links Only end-effector
checled checked
BV Tri BV Tri
0.1 0.1 1,421 105 1,397 105
0.01 0.01 5,664 101 5,646 101
0.001 | 0.001 | 73,018 | 122 | 72,998 122
0.0001| 0.0001| 578,220| 3,358 | 578,200 3,358
0.1 | 0.0001 33 0 17 0
0.01 | 0.0001| 23,801 0 23,783 0
0.001 | 0.0001| 67,165 0 67,145 0
0.0001| 0.0001| 578,220| 3,358| 578,200| 3,358
TABLE IX

NUMBER OF BV/TRIANGLE PAIRS TESTED IN FIGURE 14

All links Only end-effector

checlked checlked

BV Tri BV Tri
0.1 0.1 653 5 634 5
0.01 0.01 3,059 51 3,045 51
0.001 | 0.001 | 27,685 | 87 27,671 87
0.0001| 0.0001| 202,870| 2,153| 202,856| 2,153
0.1 | 0.0001 27 0 15 0
0.01 | 0.0001| 315 0 301 0
0.001 | 0.0001| 15,426 0 15,412 0
0.0001| 0.0001| 202,870| 2,153| 202,856| 2,153

TABLE X

NUMBER OF BV/TRIANGLE PAIRS TESTED IN FIGURE 14




Fig. 14. Threebad-casexamplesfor ADAPTIVE-BISECTION

entirely below the rings, hencewere retractedfrom the rings.
ADAPTIVE-BISECTION was usedto test eachattemptedstep
(straightsegment)of the randomwalk. Next, we smoothedhe
obtainedpathby performing
Pick a point  at randomin the path; let () bethe
midpoint along the path betweenthe rst (last) con guration
of thepathand . If the straightline sgmentbetween and

testscollision-free,shortcutthe pathsectionbetweerthem
by this segment,otherwisereset () to themidpointalong
the pathbetweenitself and , andrecurse Again, ADAPTIVE-
BISECTION was usedto testeachattemptedshortcut.We did
the sameexperimentin the ervironmentof Figure 11, rst
with a single linkage, then with 9 identical linkages, each
threadedthrough a different set of grid holesin their initial
con guration.

The goal of these experimentswas to demonstratethat
ADAPTIVE-BISECTION enablesheimplementatiorof a brute-
force planning schemerequiring mary collision tests be-
tweenvery thin objects. Theseexperimentswould be quasi-
impossibleusing FIXED-RES-BISECTION, as we would then
have to chose extremely small.

Table VII shavs data obtainedfor a typical run of each
experiment. For the random walk, it gives the number of
segmentstestedand the computationtime of the walk. For
pathsmoothingiit lists thevalueof , therunningtime, and
theratio of the nal lengthof the pathby its initial length.
Note that eachof the iterationsusually resultsin mary
segmenttests,due to the recursve attemptsto shortcutpath
sections.

F. Bad-casescenarios

A veryunfavorablecasefor ADAPTIVE-BISECTION is when,
alonga path segmentin c-spacefwo or more objectsin rela-
tive motionstayatvery closedistancefrom eachother, without
coming closer than the threshold . To study the behavior
of ADAPTIVE-BISECTION in suchcaseswe constructedhree
examplesshavn in Figure 14. In all threeexamplesthe robot
(2,502triangles)movesa full rotationaroundits rst joint,
with all other joints remaining x ed. This motion de nes a
long straightsegmentin c-spaceln Figure 14 | the robot is
placeddirectly onthe oor, a at surfacetessellatedy 8,000
triangles.During the motion, thetip of the end-efector (1,080
triangles)tracesa circle at a constantlearanceabove the oor

timesthefollowing operations:

that is slightly bigger than a given . The examplein
Figure 14 is similar, but the robot is now placedon top of
a box, and during the rotationthe end-efector grazesthe top
faceof anotherbox, againwith a constantclearanceslightly
biggerthan . Hence,the end-efector now comesclose
to anobstacleonly duringa fraction of the rotation.Eachface
of the box is modeledwith 8,000 triangles.The examplein
Figure 14 is almostidentical: the box is narrawver, but its
facesstill contain8,000triangles,each.

Tables VIII-X shav the numbersof pairs of BVs and
triangles tested in each of the above three examples, for
different combinationsof valuesof and . In eachtable
the numbersare reportedfor all robot links and for the end-
effector only.

The numbersof BV/triangle pairs testedby the checler
dependon both and . However, in eachexample,the tables
shav that links other than the end-efector barely in uence
thesenumbers.This is due to the fact that the checler tests
eachpair of objectsindependentlyof the others,startingwith
the object pairs that are the most likely to collide. Links
other than the end-efector, which are ratherfar away from
ary obstacleare quickly eliminated(asnot colliding), if ever
tested.

Another obsenation is that the checler focuseson the
critical portion of the path segment. Indeed,the numbersof
BV/triangle testsdecreaseigni cantly from the rst example
to the third, although the three path segmentshave equal
length and the obstacles top surface has the samenumber
of trianglesin eachcase.This comesfrom the fact that the
use of Inequality (1) allows the checler to samplethe path
segmentmore coarselywhen obstaclesare further away from
the end-efector.

As we expected, this experiment showvs that the perfor
manceof ADAPTIVE-BISECTION degradeswhentwo objects
in relatve motion remainvery close apartand both and
approachzero. Neverthelessgven for very small valuesof
and , the checler remainsreasonablhefcient aslong asthe
small clearanceoccursover shortpathsectionsIn PRM path
planning, where segment endpointsare selectedat random,
this conditionis likely to beveri ed. But in someapplications,
suchas machiningand assemblysmall clearancesver long
segmentsmay occur more frequently Then, methodsbased
on swept-wlume computationor trajectory parameterization



Algorithm REFINED-ADAPTIVE-BISECTION( )

1. For every pair of objects( ) that needsto be
tested,insert into ,where and
denotethe roots of the BVHSs of and
respectiely
2. While is not empty do
21 remove- rst(Q)

2.2 COLLISION-TEST( )

Fig. 15. Re®nedadaptve bisectionalgorithm

Algorithm COLLISON-TEST( )

1. intersectionof the two treesof BV pairs
computedby GREEDY-DIST2( ) and
GREEDY-DIST2( )

2. Performa depth- rst traversalof
node of ,if

. For every

is aleaf of then

mid-con guration along
pathsegmentbetween and

2.2 If thenreturn collision

2.3 Elseinsert and
into

then backtrack.Elseif
2.1

Fig. 16. Finding elementdo insertinto the priority queue

might be more appropriate,possibly in combination with
adaptie bisection.

V1. REFINED CHECKER

In the above checler, the priority queue is lled with
elements indicatingthat a pair of objects—  and

— mustbe testedfor collision alonga given pathsegment
connectingcon gurations and . However, wheneer the
sametwo objectsaretested the traversalof their BVHSs starts
at their respectie roots. Instead,Inequality (1) could be used
during a test to detectthat pairs of BVs neednot be tested
again later This yields a re ned version of the checler in
which the priority queueis lled with elements
indicating that a pair of BVs — and — from two
differenthierarchiesnustbetestedfor collision alongthe path
segmentconnecting and

Figure 15 describes the re ned checler, REFINED-
ADAPTIVE-BISECTION. At Step 2.2, the new checler calls
a function, COLLISION-TEST, to determinethe elementsthat
must be insertedinto . This function, shovn in Figure 16,
identi es the pairs of BVs comparedby the greedydistance
algorithmat both  and . We describehow this is done
below.

For ary node of a BVH, we let denotethe set of
trianglesassociatedvith the leavesof the sub-hierarchyooted
at . Let the function GREEDY-DIST2( ) computea
lower-bound on the distancebetween  and
at . It is the samealgorithm as GREEDY-DIST (describedn
Sectionlll-B), with onedifferenceit eitherreturns0 (meaning

that a collision occursat  betweenthe trianglesin and
thosein ), or it providesthe tree of BV pairs that
werecomparedy therecursve calls. Eachnode of this

tree containsthe lower bound computedfor this pair.
In addition,we let standfor anupperboundon the
lengthsof the curvestracedout by the verticesof the triangles
in whenthe con guration variesfrom  to  alongthe
consideredhbathseggment. The function  is computedusing
the sametechniquesas presentedn SectionlV.

COLLISION-TEST( ) rst computegheintersec-
tion of the two treescomputedby GREEDY-DIST2( )
and GREEDY-DIST2( ). It thenperformsa depth- rst
traversal of the tree formed by this interesection.At each
traversedhodeit perfomsatestsimilarto thatof Inequality(1).
If the node passeghis test, then the trianglesin  and
cannotcollide between and . Otherwise,it yields Steps
2.1 through 2.3, which are the sameas Steps2.2.1 through
2.2.3in the original checler of Figure 2.

Table XI comparesREFINED-ADAPTIVE-BISECTION with
ADAPTIVE-BISECTION. The resultsare averagesover 1,000
randomlygeneratedsegmentsin the sameervironmentsused
in SectionV andunderthe sameconditions.Therunningtimes
of there ned checlerrangebetweer0.5and0.9timesthoseof
theoriginal checler. The gainsaremodestput still signi cant.

VIlI. CONCLUSION

This paperdescribesa newv dynamic collision checler to
testpath sggmentsin c-spaceor collectionsof suchsegments,
including continuous multi-segment paths. This checler is
general, but particularly suited for PRM planners applied
to manipulator arms and/or multi-robot systems.Its main
adwantageover the commonlyused x ed-resolutionapproach
is to never missa collision. In addition, it eliminatesthe need
for experimentallydetermininga suitablevalue of the c-space
resolutionparameter andits runningtime compareg$avorably
to that of a x ed-resolutiorchecler.

Reliability and ef ciency are obtainedby dynamically ad-
justing the local resolutionat which con gurations along a
path are testedby relating the distancesbetweenobjectsin
the workspaceto the maximum lengths of the pathstraced
out by points on theseobjects. This idea is combinedwith
othertechniquesijncluding:

- a greedydistancecomputationalgorithm that is nearly as
ef cient asa pure collision checler,

- a fasttechniquefor boundinglengthsof pathstracedout in
workspace,

- a heuristicsfor orderingcollision teststo reveal collisionsas
quickly aspossible.

Relatvely simpleextensionsarepossible For example,one
could guaranteethat no two objectscome closerthan some
minimal distance alongatestedpathsegment,by using
the following variantof Inequality (1):

where (similarly ) boundsthe motions
of which is de ned as the Minkowski sum of anda
sphereof radius



ADAPTIVE-BISECTION REFINED-
ADAPTIVE-BISECTION
Fig. (ms)| BV Tri (ms)| BV Tri

11 0.066 | 17491| 45
11 0.060 | 13182| 201
12 0.020 | 5038 | 222
12 0.032| 7299 | 66
12 0.155 | 15978| 367
12 0.507 | 73579 4623
TABLE Xl
COMPARISON OF ADAPTIVE-BISECTION AND REFINED-ADAPTIVE-BISECTION

0.037 | 1510| 10
0.040 | 1342| 14
0.010| 546 15
0.023 | 1144 14
0.142 | 2914| 30
0.373 | 8523| 169

We believe thatour checler could still gainin ef ciency by
computingtighter boundson lengthsof curvestracedout by
points of moving objects.For example,insteadof computing
factors  that are valid acrossthe entire c-spacewe could
partitionthe c-spaceof eachlinkageinto a coarsegrid of cells,
and computesmallerfactorsover eachcell.

The new checler hascertainlimitations, however. In some
applications,one may want to determinethe rst collision
con guration when moving from one end of a path segment
to the other Then, our bisectionalgorithm, which is tuned
to determineas quickly as possiblewhethera path segment
is colliding, or not, is not the bestapproach However, even
in this case,a variant of Inequality (1) could be used to
decompos¢he sggmentinto a seriesof safeseggments Another
limitation is thatthe checler losesef ciency whentwo moving
objectscome arbitrarily close and/orstay very closealonga
long sectionof a pathsegment.To boundthe runningtime we
have introduceda clearanceparameter . Though can
be setquite smallin practice,it may be undesirable€or some
applications(e.g., mechanicalassembly) An alternatve dis-
cussedn Sectionll-F is to locally switch to anotherdynamic
collision-checkingmethod, for instance,a swept-wlume or
a trajectory parameterizationmethod.Sucha methodis then
made practical by the fact that the potential collision can
only occuron restrictedsectionsof the sggmentand between
restricted portions of the objects. Finally, the new checler
leadsPRM plannerdgo consumanorememory Unlikea x ed-
resolutionchecler, it requiresmaintaininga priority queueof
pairsof objectsto be testedfor collision. There ned checler
of SectionVI requireseven more memory as it also stores
treesof BV pairs.
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