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Abstract

Research in motion planning has been striving to developfaster and faster
planning algorithms in order to be able to addressa wider rangeof applica-
tions. In this paper a novel real-time motion planning framework, called
decomposition-based motion planning, is proposed. It is particularly well
suited for planning problemsthat arise in service and �eld robotics. It decom-
posesthe original planning probleminto simpler subproblems,whosesucces-
sive solution resultsin a large reduction of the overall complexity. A partic-
ular implementation of decomposition-based planning is proposed. It is based
on an adaptive wavefront expansion algorithm and reactive motion execu-
tion. Using this implementation of decomposition-based planning, real-time
motion planning performance for an elevendegree-of-freedom mobile manip-
ulator can be achieved. Somefundamental and preliminary analysis of the
decomposition-based motion planning approach is provided.
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1 In tro duction

Recent advancesin the area of robot motion planning have resulted in the
successfulapplication of these techniques to diverse domains, such as as-
sembly planning, virtual prototyping, drug design,and computer animation.
Despite these advances,however, some areas of application have still re-
mained out of reach for automated planning algorithms. Applications re-
quiring robots with many degreesof freedomto operate in highly dynamic
and unpredictably changing environments fall into that category. In these
domainsa changein the environment can invalidate the previously planned
path. To operate robustly and safely in dynamic environments the abilit y
to modify the planned motion in real-time is necessary. The planning tech-
niquesfor high-dimensionalcon�guration spacesdescribed in the literature,
however, do not generateplans in real-time. In this paper a new planning
paradigm is presented addressingtheseissuesby decomposing the planning
problemand applying appropriate planning algorithms to the respective sub-
problems. This results in a real-time planning algorithm in high-dimensional
con�guration spaces. The planning paradigm is well suited for planning
problemsof averagedi�cult y, in which a certain amount of clearanceto ob-
staclesalonga solution path can be assumed.Such planning problemsoccur
frequently in the areasof �eld and servicerobotics.

Path planning techniques generally proceedin two phases: in the �rst
phasea representation of the connectivity of the freespaceis computed;this
representation is then used in the secondphaseto determine a solution to
the given path planning problem. Table 1 presents an overview of how var-
ious planning methods addressthese two phases. It is noteworthy that all
approaches reduce the secondphaseto a computationally simple problem:
either gradient descent or graph search. This implies that most of the com-
plexity of the path planning problem is addressedin the �rst phase.Indeed,
the potential �eld approach [15]usesa rather simpleand incompleteapproach
to representing the connectivity and thereforeextendswell to higher dimen-
sions. The other methods { navigation functions, cell decomposition, and
roadmaps{ are basedon a more sophisticateddescription of the free space;
this is re
ected in a computational complexity exponential in the dimensions
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of the search space[9, 20]. As a consequence,the real-time results achieved
with thesetechniquesin low-dimensionalcon�gurations spaces[2, 6, 10, 24]
do not extend to higher-dimensionalplanning problems.

Planning Metho d Connectivit y Computation Path Generation

Potential Field Combine attractiv e and Gradient descent
[15] repulsive potential functions
Navigation Function Compute local-minima free Gradient descent
[2, 17] potential function
Cell Decomposition Determine connectedcells Graph search
[20] representing the free space
Roadmap Determine connectedset of Graph search
[14, 20] low-dimensional curves

representing the free space

Table 1: Overview of path planning techniques

Much of the recent progressin addressingthe problem of real-time per-
formancefor path planning in high-dimensionalspacescan be attributed to
the introduction of probabilistic roadmap techniques[14]. Thesetechniques
capture the free spaceconnectivity by randomly sampling the con�guration
spaceto �nd con�gurations of the robot which are not in collision with the
environment. Thesecon�gurations can be connectedto form a probabilistic
roadmap. Such a roadmapcapturesthe connectivity of the freespaceimplic-
itly , signi�cantly reducing the computational complexity of its computation
comparedto explicit methods [20]. By representing the freespaceimplicitly ,
however, the notion of completenessis lost and can only be replacedwith
probabilistic completeness[14]. The gain in e�ciency observed with proba-
bilistic planners is hencedue to a conscioustradeo� between completeness
and e�ciency .

In what follows we will survey recent accomplishments towards achieving
near real-time performanceusing probabilistic methods. Theseaccomplish-
ments can be divided into three categories:

1. Methods that attempt to reducethe amount of con�guration freespace
that has to be explored,we refer to thoseas demand-driven;
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2. Algorithms that addressthe narrow passageproblem using specialized
sampling techniques;

3. Precomputation of possiblepaths with real-time elimination of invalid
ones.

We will elaborate on all of thesebrie
y and then contrast with our approach.
To further reducethe complexity of freespacecomputation in the proba-

bilistic planning paradigm, demand-driven approacheshave beendeveloped
[3, 19, 22, 29]. Rather than computing the free spaceconnectivity for the
entire con�guration spacebeforeanswering a planning query, thesemethods
useheuristicsto computethe connectivity in regionsof interest, given a spe-
ci�c query. Once the query can be answered, the computation of the free
spacerepresentation can be aborted.

Randomizedtechniqueshave di�culties in �nding valid paths in narrow
areasof the con�guration space[14], becausethe probability of sampling
con�gurations in freespaceis low in thoseareas.Variousextensionsto prob-
abilistic path plannersexploit information derived from workspacegeometry
to selectsamplesin con�guration spaceto addressthis problem. Using these
extensions,sampling can be performed more e�cien tly in areasof high or
low complexity. In areasof high complexity knowledgeabout the workspace
obstaclescan be used to guide the sampling process[1, 12, 13, 25]. The
computation of such knowledge,however, tends to be costly. In areasof low
complexity the amount of computation can be reducedby discardingredun-
dant samples[21, 28]. Latter approaches require a mapping of workspace
information into the con�guration space. In high-dimensionalcon�guration
spacessuch a mapping is either computationally costly or overly conservative
[4].

To addressplanning in dynamic environments an algorithm hasbeende-
veloped that computesa roadmap of a large number of possiblepaths in
con�guration space,ignoring all obstacles.The method is in
uenced by the
conceptsunderlying probabilistic roadmaps. To generatea path, nodesand
edgesin the roadmap are deleted if they are in collision with the environ-
ment [23]. This corresponds to precomputing all possibletra jectories in a
spacewithout obstaclesand eliminating thosethat arenot feasible,given the
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current environment. This is the �rst path planning method to addressthe
problem of real-time path planning.

The planning framework presented in the remainder of this paper takes
a fundamentally di�erent approach from the planning methods described
above. Decomposition-basedplanning addressesplanning problems of av-
eragedi�cult y with robots of many degreesof freedom. Averagedi�cult y
refers to planning problems for which the robot moving along a solution
path can be assumedto have a certain clearanceto obstacles.Such planning
problemsoccur frequently in �eld and servicerobotics. Decomposition-based
planning is not well suited for more di�cult problemslike the alpha puzzle
[1], wherea solution path leadsthrough very narrow passagesin con�guration
space,or evenmotion in contact with the environment. Decomposition-based
planning decomposesthe planning task into subproblemsof non-trivial com-
plexity, as opposedto one di�cult and one trivial problem, as discussedin
Section 1 and laid out in Table 1. Real-time motion planning for robots
with many degreesof freedomcan be achieved by using the solution of one
sub-problemasa seedto solving the overall planning problem. The planning
processaccomplishesa tight integration of planning and control algorithms,
similarly to previous work in high-dimensional[7, 28] and low-dimensional
con�guration spaces[6].

2 Decomp osition-based Motion Planning

This sectionintroducesdecomposition-basedplanning. As mentioned before,
decomposition-basedplanning is a motion planning framework addressing
motion planning problemsof averagecomplexity, like those encountered in
�eld and servicerobotics. In the application areascertain assumptionsabout
the amount of the free spacearound the robot at a given con�guration can
bemade. Decomposition-basedplanning is bestsuited for planning problems
in which a minimum clearanceto obstaclescan be assumed.

Rather than presenting a particular implementation of decomposition-
basedplanning, this sectionintroducesa framework. Each part of the frame-
work can be performed with a wide range of methods and algorithms that
depend on the particular planning problem at hand. In what follows we dis-
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cussthe underlying principles of the framework. In Section3 the framework
is then applied to a concreteplanning problem and the particular implemen-
tation choicesare laid out in detail.

2.1 Motiv ation

The discussionof recent path planning methods aiming at real-time perfor-
mancein Section1 reveals the focus on �nding more e�cien t ways of com-
puting freespaceconnectivity. Connectivity is represented in such a manner
that determining a path becomesa simple graph search problem. This im-
plies that connectivity is computedand represented in the samespaceasthe
motion of the robot { in the con�guration space.

The underlying assumption of decomposition-basedmotion planning is
that connectivity information about the free spacecan be computed and
represented more easily in a low-dimensionalspace,while the motion of the
robot must be generatedin a high-dimensionalspace,namely the con�gura-
tion spaceassociated with the robot. This naturally leadsto a decomposition
of the overall planning task into a global and a local problem. The global
problem is to capture as much of the connectivity of the free spaceas is
neededto solve the original planning problem; the local problem is to �nd a
motion for the robot, given that connectivity information. The solution to
the local problem must be represented in the high-dimensionalcon�guration
spaceof the robot, as it must represent a valid motion.

As wasnoted in Section1, probabilistic methods have successfullytraded
completenessfor e�ciency , by replacing the notion of completenesswith
probabilistic completeness.As a result, the narrow passageproblem arose
[11, 13], referring to the di�cult y of probabilistic methods to �nd solution
paths through narrow passagesof the con�guration space. Decomposition-
basedplanning performs a tradeo� similar to probabilistic methods, giving
up completenessfor e�ciency by decomposing the planning problem into
two subproblems.As a result, this method exhibits a problem similar to the
narrow passageproblem, discussedin more detail in Sections2.2 and 2.3.

Given a planning problem P of dimensiond, decomposition-basedplan-
ning decomposesP into planning problems P1 and P2 of dimensionality
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0 < d1 < d2 = d, such that the solution to P1 can be used as an aid for
e�cien tly �nding a solution to P2. The goal of the decomposition of P is to
�nd subproblemsfor which a solution can be obtained very e�cien tly. Note
that P1 needsto capture as much of the relevant global connectivity of the
free spaceas possible,whereasthe solution to P2 has to represent a valid
solution to the original planning problem P.

Underlying any decomposition in this planning paradigm is the realiza-
tion that the dimensionality of the solution spaceis larger than the dimen-
sionality of the problem space. The planning problem is de�ned by con-
straints in the workspaceW of dimensiond1 � 3; the solution on the other
hand is represented in the con�guration spaceC of much higher dimension
d2 > 3. The additional dimensionsarise due to the kinematic constraints
of the robot. The high-dimensionalsolution in C is connectedto the low-
dimensionalproblemspaceW via the workspacevolumeV swept by the robot
along its tra jectory de�ned in C. In other words, a path or tra jectory in a
high-dimensionalspacecan be represented asvolume in the low-dimensional
workspace.Decomposition-basedplanning usesthis connectionbetweenthe
two spacesto divide the planning task, aswill be explainedin detail below.

2.2 Framew ork

Consider a planning problem P for a robot R in a con�guration spaceC
of dimensiond, with an initial con�guration q init and a �nal con�guration
qgoal . Assumethereexistsa path � from q init to qgoal entirely in the freespace
F � C. Then let V� denotethe workspacevolumeswept by the robot R along
the path � . For now we considerthe workspaceW to be the Euclideanspace
R3. Furthermore, let H (� ) denotethe set of all paths homotopic to the path
� . The workspacevolume VH (� ) is then de�ned as

VH (� ) =
[

� 2 H (� )

V� ;

representing the combined workspacevolume swept along all paths homo-
topic to � .

Let us assumethat there are n homotopically distinct solution paths
� i ; 1 � i � n to the planning problem P. The set of all solution paths S(P)
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to P is then given by
S(P) =

[

1� i � n

H (� i ):

For any given solution path � the relation V� � VH (� ) � VS(P ) must hold.
We de�ne V �

� = V� � b(� ), where� denotesthe Minkowski sum and b(� )
denotesa ball of radius � , to represent the volume swept by the robot along
the path � grown by � . The planning problem P is said to be � -hard if there
exists a path � 2 H (� i ) such that V �

� � VH (� i ) � S(P). This meansthat at
every point alongthe path � the robot hasat minimum a clearanceof � from
the closestobstacle. The decomposition-basedplanning approach presented
hereaddressesplanning problemsthat are � -hard.

We want to decomposethe planning problem P into two subproblems,P1

and P2. The planning problemP1 canbe de�ned asdetermining a workspace
volume T, called tunnel, such that V� � T for at least one solution path � .
Since� and thereforeV� arenot known, however, a simpli�ed criterion hasto
be usedto ensurethe tunnel T is computed in a manner that V� � T. Such
a criterion is calledcompleteif for every solution path � 2 H (� i ) � S(P) the
relation V� � T holds. Note that T might also represent paths � that are
not solution paths, � 62S(P). This meansthat a connectedcomponent in T
might actually not be connectedin the free con�guration spaceF � C. In
other words, we give up the notion of soundnessof the criterion with respect
to the the original planning task. It is easy to regain that soundnessby
making conservative assumptionsabout P1. Whether such a completecrite-
rion can be computede�cien tly dependson the planning problem at hand.
Alternativ ely, an incomplete criterion can be used, meaning that there are
solution paths � such that V� 6� T. Such a criterion can be computedmuch
more e�cien tly, but introducesincompleteness.In choosing an incomplete
criterion the tradeo� betweencompletenessand e�ciency needsto be con-
sideredcarefully. In the remainder of this paper we will be concernedwith
methods that �nd a solution path � 2 H (� i ) if V �

� � VH (� i ) � S(P), for a
given valueof � . Thesemethods are called � -complete. There are many such
methods and the optimal choice dependson the problem at hand. Section
3.1 introducesonesuch method, addressingthe planning problem for mobile
manipulators.
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Once we have obtained a workspacevolume T, we de�ne the second
planning problem P2 to consistof �nding a path � 2 S(P) such that V� � T.
Again, variousplanning methods can be employed to accomplishthis task; a
particular one is presented in Section3.2 in the context of motion planning
for mobile manipulators.

b)a)

Figure 1: Two di�erent paths for an L-shaped object in the planeoccupying
the samefree space.

In �nding a path � , usingthe workspacevolumeT asa guidein the search
space,however, a di�cult y is encountered. Let � be the solution path to a
planning problem P, and let H (� ) = S(P), i.e., there exists only one set of
homotopically equivalent solution paths. Given a volume T, we are trying
to determine a path � 2 H (� ). However, a path � might exist such that
V� � T � VS(P ) without � representing a solution to P: � 62H (� ) = S(P).
This situation arisesdue to distinct con�guration spacepaths sweepingan
overlapping volume of workspace. An exampleof such a situation is shown
in Figure 1. Part a) of that �gure shows how an L-shaped object passesa
narrow passagein the workspacealong a path � . The area VH (� ) consists
of the shown free space. Part b) of this �gure shows a path � , which is
not a solution path as it fails to passthe narrow passage.However, for the
initial part of � and � the volumeswept by their respective homotopicequiv-
alenceclassesare overlapping. During the search for a solution path given
the workspacevolume T, this property makes it impossibleto distinguish
between � and � until the narrow passageis reached. Depending on the
particular planning problem at hand the method chosento solve P2 needsto
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addressthis di�cult y.
Sofar the workspaceW wasassumedto be the EuclideanspaceR3. It is

worth mentioning that the framework can directly be applied to R1; R2, and
R3 � t, wheret denotesthe time axis.

In this section the framework for decomposition-basedplanning was in-
troduced. A planning problemP is divided into subproblemsP1 and P2. The
subproblemsare connectedto each other via the workspacevolumeswept by
a set of solution paths in the workspace.Speci�c properties and problemsof
P1 and P2 were discussed.Section 3 usesthe proposedframework to solve
planning problemsin the domain of mobile manipulators.

2.3 Discussion

Decomposition-basedplanning is motivated by the fact that solution paths
for most planning problems encountered in serviceand �eld robotics, and
even many problems in manufacturing, have a relatively large clearanceto
obstaclesalong almost the entire path. This lead to the de�nition of � -
hardness. The novel planning paradigm presented here attempts to solve
such problems in real-time by trading completeness,as understood by the
notion of � -hardness,for e�ciency .

The tradeo� of completenessfor e�ciency is a result of two assump-
tions madeduring the decomposition of the original planning problem. Let
� 2 H (� i ) represent a solution path to the original planning problem. The
approximation of VH (� i ) by T relieson the assumptionthat thereexistsa path
� 2 H (� i ) � S(P) such that V� � T � VS(P ) . For most practical algorithms
the volume of T is going to be a proper subsetof VS(P ) , i.e. T � VS(P ) . This
approximation is addressedby the notion of � -completeness.

The more signi�cant lossof completenessis incurred by the fact that a
solution path � and a non-solution path � might be indistinguishable ac-
cording to the volume swept along the paths in their homotopic equivalence
classes,VH (� ) and VH (� ) . There are classesof robots for which this problem
does not arise, like convex, symmetric robots, for example. If the problem
doesarise, it can either by addressedby speci�c local planning methods or
by assuminga large � for the � -hardnessof the problem. In either caseit
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needsto be noted that the incompletenessof decomposition-basedplanning
is a consciouschoice in the pursuit of real-time performancefor planning
algorithms in high-dimensionalcon�guration spaces.

Someplanning approachespresented in the literature exhibit ideasthat
arereminiscent of decomposition-basedplanning. A particular low-dimensional
instanceof decomposition-basedplanning wasappliedto the problemof plan-
ning for a robot moving in the plane [10]. The idea of decomposing the
planning task into capturing a volume in spaceand imposing a navigation
function onto that spacecan alsobe found in an approach to planning feed-
back motion strategies [28]. Here, the volume of free spaceis computed
in con�guration space,resulting in larger computational complexity. Other
planning approachesuseprojection to reducethe complexity of the planning
problem; theseapproachesassumethat a solution to P1 of the decomposition
automatically is a solution to P2 [18, 24]. Finally, the idea of dimensional-
it y reduction of the planning problem can be traced back to the silhouette
method [8], where the planning problem is recursively projected into lower
dimension. This particular approach, however, di�ers signi�cantly in the way
the subproblemsare treated.

In the next sectionwe will demonstratethat decomposition-basedplan-
ning accomplishesreal-time planning in a relatively wide range of realistic
problemsfor robot with many degreesof freedom.

3 A Decomp osition-based Planning Algorithm

This sectionpresents a decomposition-basedplanning algorithm. The goal is
the development of a real-time planning algorithm for mobile manipulators
with many degreesof freedom. As described in Section 2, the planning
problem is decomposedinto two subproblems. The �rst subproblemP1 of
identifying a tunnel T will be addressedby a wavefront expansionalgorithm
for free spacecomputation. The secondsubproblem P2 of determining a
solution path in the con�guration spacewill be solved using potential �eld
techniquesand a navigation function, resulting from the solution of the �rst
subproblemP1.
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3.1 Solving P1: Wavefron t Expansion

As outlined in Section 2 the subproblem P1 consists of determining the
workspacevolume T, called tunnel, such that the volume V� swept by the
robot along a solution path � is contained within T, i.e. V� � T � VH (� ) .
In this particular instantiation of decomposition-basedplanning, the tunnel
T will be determined by a wavefront expansionalgorithm described in this
section.

Wavefront expansionalgorithms proceedby expanding a virtual, omni-
directional wave starting from the goal con�guration of the robot. In ex-
panding, the constraints imposed by obstaclesare observed. During the
expansion,every cell is labeledwith the time value for when it was reached
by the virtual wave. Cells closeto the goal will have small time valuesas-
sociated with them, cells further away will have larger values. The labels of
the individual cells form a discrete, local minima free potential function.

Wavefront expansionalgorithms presented in the literature [2, 20] divide
the spaceinto a uniform grid. By choosing a uniform discretization, the
granularit y required to accurately sample the most di�cult region of the
spaceis imposed on the entire space. The adaptive wavefront expansion
algorithm presented here operatesin the workspaceand adjusts the sizeof
the cells to the local geometry. Each cell is a sphericalworkspaceregion of
free spacecentered around a point p; this region is called bubble [27] and
contains all points q that are closerto p than the closestobstacle.A bubble
is de�ned asB(p) = f q : kp� qk < � (p)g; where� (p) computesthe minimum
distancefrom p to any obstacle.

The goal is to compute an expanding wavefront consisting of bubbles.
The wavefront is maintained in a tree structure with the root being the
bubblearoundthe goalcon�guration. Immediatechildren of a noderepresent
neighboring cellsas bubblesof free space.As the wave propagatesfrom the
initial bubble, children are inserted into the tree. The levels of the tree
can intuitiv ely be viewed as instancesof the wavefront at di�erent points in
time. This is not exactly accurate,as the cell sizeand thereforethe speedof
expansionwill dependupon the geometryof the workspace.The wavefront is
starting from a starting point s in the workspace;its computation terminates
oncea goallocation g is reached. This procedurehasto beslightly adaptedto
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the shapeof the robot to guaranteethat the initial and the �nal con�guration
of the robot are contained within the volume of free spacecomputedby this
procedure.

The algorithm proceedsas follows: We compute the radius r of bubble
Bs centered at the start con�guration s for the wavefront expansion. This
bubble is insertedinto a priorit y queue,prioritized by the minimum distance
betweenthe bubble and the goal location g. With its center p and radius r
we store parent Bp of the bubble, which in this caseis the empty set ; . If
the goal location is designatedby g, the priorit y value according to which
the bubble is inserted into the priorit y queueis given by kp � gk � r . This
represents a best-�rst planning approach: the bubble nearest to the goal
con�guration has the highest priorit y.

The algorithm now iterates until either a termination criterion is met,
indicating that a path hasbeenfound, or the priorit y queueis empty. Each
iteration beginsby removing the bubble B with the highestpriorit y from the
queueand inserting into the tree V asa child of its parent, representing the
currently explored free space.The surfaceof B is randomly sampled;if the
sampleis not contained in other bubblesin the previouslyexploredfreespace,
the bubbles centered at those samplesare computed. Those bubbles are
inserted into the priorit y queueand the processis repeated. This algorithm
is laid out in Figure 2. The parametersof this algorithm, such asthe number
n of samplescan be varied; the algorithm is not very sensitive to those
parameters.

Figure 3 showsa sequenceof four pictures,each consistingof three images,
documenting the incremental computation of the free spacerepresentation,
using the algorithm described above. The imagesrepresent two di�erent
views of the samescene. The two leftmost imagesshow in white the tree
structure by connectingthe centers of a parent and its children by lines. The
rightmost imagesshow the bubblesrepresenting the approximated freespace.

If Figure 3 a) the initial con�guration of the robot canbeseen.The robot
is a free-
ying Mitsubishi PA-10 with eleven degreesof freedom. The goal
con�guration for the robot is indicated by a single white line and a single
sphere. This con�guration is the starting con�guration s for the wavefront
algorithm; the goalcon�guration g is the current position of the end-e�ector.
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procedurewavefront expansion(s;g; n)
initializepriority queueQ
initializetree V
computeB = (s; r; ; )
insertB into Q with priority ks � gk � r
whileQ not empty andg not reached

pop Q into Bp = (p;r; Bparent )
insertBp = (p;r; Bparent ) into v with parent Bparent

determinen points pi on surfaceof B by random sampling
discard pi � Bi 2 Q
computeBpi = (pi ; r; B)
insertBpi = into Q with priority kpi � gk � r

endwhile
if s and g are connectedthen

return V
endif
return failure

endprocedure

Figure 2: Pseudo-code for the wavefront expansionalgorithm.
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a)

b)

c)

d)

Figure 3: Wave-front expansionto determinea tunnel T.
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Figure 3 b) shows the computed free spaceafter the �rst local minimum
has beenexplored. Due to the adaptive nature of the wavefront expansion,
however, this can be done very e�cien tly. The next image shows the free
spacerepresentation after the local minimum on the lower 
o or has been
explored. The �nal image in Figure 3 d) shows the completed free space
representation. It is clearly visible how the adaptivenature of the exploration
results in large bubbles in those parts of the workspacecontaining large,
continuous regions of free space. The heuristic of expanding the bubble
containing the closestpoint to the current position to the end-e�ector �rst
results in an e�cien t, demand-driven exploration.

The computational complexity of the wavefront expansionalgorithm de-
scribed above can empirically be determined to be roughly proportional to
the complexity of the environment. This is explainedby the adaptive nature
of the algorithm. Large areasof free spaceare rapidly explored by large
bubbles. Narrow areas in the workspacerequire an increasingnumber of
bubbles.

The minimum size of the bubble contributing to T and the amount of
overlap between adjacent bubbles needsto be chosen appropriately for a
given� -hard problem. Weassumethe existenceof a solution path � such that
V �

� � VS(P ) . This meansin order to captureV� in T we cannot underestimate
VS(P ) by more than � . The particular choice of � and the parametersthat
in
uence it depend on the planning problem.

The wavefront expansionalgorithm in most casescomputesa workspace
volumemuch larger than the desiredtunnel T. As signi�cant portions of the
free spacehave to be explored to determine its connectivity, areasnot con-
tributing to T are alsoaddedto the tree, asdescribed above. The algorithm
usedto solve planning problem P2, presented in Section3.2 will addressthis
issue.

Other algorithms could be usedto represent a free spacevolume in the
workspace.One natural choicewould be a trapezoidaldecomposition, which
can be easily obtained from a geometric model of the environment using
standard algorithms from computational geometry. The adaptive wavefront
algorithm presented above was chosen,however, becauseit integratesnicely
with changing environments perceived via sensorsand abstracts from sur-
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facecomplexity of objects in the environment. If sensorsare usedto derive
a model of the environment, its representation is subject to degeneracies,
complicating a standard trapezoidal decomposition, or might not even be
in the form of topological information, but rather in the form of a point
cloud. Furthermore, the adaptive wavefront algorithm allows the demand-
driven exploration of the workspace.The framework of decomposition-based
planning, however, in not restricted to the useof either algorithm.

3.2 Solving P2: Arti�cial Poten tial Fields

Using the tunnel T computed by solving P1, we now determine a path �
for the robot. This will be accomplishedby imposing a local-minima free
potential function on the free spacerepresentation determinedby the wave-
front expansionalgorithm. Arti�cial potential �eld methods will be applied
to determinea valid path in the con�guration spaceC of the robot.

3.2.1 Navigation Function

Arti�cial potential �elds [15] are an e�cien t approach to motion generation
in dynamic environments. They su�er from local minima, which may pre-
vent the robot from reaching its desiredgoal con�guration. To addressthis
problem, the notion of navigation function was introduced [17]. Navigation
functions are local minima-free potential functions. In general, these func-
tions are di�cult to computeanalytically. By discretizing the spacein which
thesefunctions are computed,their computation canperformednumerically,
leading to numerical navigation functions, such as the wavefront expansion
algorithm [2, 20].

Section3.1 introducedan adaptive wavefront expansionalgorithm for the
incremental computation of a volume in three-dimensionalworkspace. The
history of this wavefront expansionis represented asa tree and can be easily
usedto imposea local minima free navigation function. Such a navigation
function N consistsof a wholefamily of local minima-freepotential functions
N1; : : : ; N k , one for each path from a leaf node of the tree to its root. The
navigation function for a given path within the tree between a leave node
and the root node, given by a sequenceof bubbles Bl ; : : : ; Bi ; : : : ; B1, can
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be de�ned in terms of the distanceto the goal. The distancefrom a center
of a bubble to the goal is measuredalong the line segments connectingthe
centers of consecutive bubbles along the path and is designatedby � (Bi ).
The navigation function N j for the sequenceof bubblesBl ; : : : ; Bi ; : : : ; B1 at
point p is then given by:

N j (p) =

8
>><

>>:

kp � c1k if p 2 B1

kp � ci k + � (Bi ) if p 2 (Bi +1 � Bi )

1 otherwise

;

whereci designatesthe center of bubble Bi .

a) b)

GoalGoal

Figure 4: De�ning the numerical navigation function.

Figure 4 illustrates the de�nition of the navigation function, given a tree
of bubbles. In part a) and b) of that �gure the gray regions indicate the
set of points for which the navigation function is shown, the dashedlines
indicated the direction of the gradient of the navigation function, and the
arrows show the parent relationship betweenbubbles. A point contained in
the gray regionof Figure 4 a) will follow the gradient of N until it enters the
shadedareain part b) of that �gure. Figure 4 b) shows the potential a point
would be exposedto after entering the gray region. This traversalcontinues
until the bubble containing the goal location is reached.

Classicalnumerical navigation [2, 20] functions were computed starting
from the goal. This allowed a navigation function to remain valid for all
points in the spaceas long as the environment did not change. Sincewe as-
sumethe environment to be dynamic, we recomputethe navigation function
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for each motion command. Therefore, the computation of the navigation
function presented herecould equally well start from the current con�gura-
tion of the robot. This would allow the robot to move beforea valid path to
the goal hasbeencomputed.

Imposinga navigation function asdescribed above, e�ectively allows the
selectionof a tunnel T from the overall freespacerepresentation obtained by
the wavefront expansionalgorithm described in Section3.1. Let Bs and Bg

designatethe bubblesconnectingthe starting and goal con�guration of the
wavefront. For the sake of simplicity we will assumethat the robot is entirely
contained within those bubbles. Furthermore, let the set Bs;g designateall
bubblesalongthe path in the tree connectingBs to Bg. The tunnel T is then
de�ned as

T =
[

Bi 2B s;g

Bi :

By following the gradient of the navigation function imposedon this tunnel
T as described above, a point robot will be guided through the tunnel T.
To extend this conceptto an articulated robot arm, we needto resort to the
notion of control points [15]. The next section will detail how this can be
accomplishedin an e�cien t manner.

3.2.2 Reactiv e Motion Execution

Reactive motion planning was �rst introducedin the arti�cial potential �eld
approach [15]. This approach has beenintegrated with motion planning to
result in the elastic strip framework [5, 7]. In this approach, real-time path
modi�cation is achieved by reactively updating a path, previously generated
by a planner. The original path is modi�ed by combining task behavior and
obstacleavoidance,allowing continuousexecutionof a task, while reactively
avoiding obstacles.Here,we areconcernedwith the moredi�cult problemof
determining the path or tra jectory, rather than just executinga precomputed
one.

For a robot to react to obstaclesin the environment, proximit y informa-
tion needsto betranslated into joint motion. Such proximit y information can
be easily obtained by distance computation in the workspace. As a result,
a virtual force F can be computed, indicating a direction and a magnitude
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of force acting on the robot causedby a nearby obstacle. This force F can
then be translated into joint torque � using the JacobianJ at con�guration
q of the robot: � = J T (q)F. This e�ectively maps the low-dimensional
force vector F from the workspaceinto the high-dimensionaljoint spaceof
the manipulator. Using this mapping reactive obstacle avoidance can be
achieved.

During the execution of a task by a robot, it is desirable to link reac-
tive obstacleavoidancewith task execution. This is particularly relevant in
situations where the task to be accomplishedrequiresfewer degreesof free-
dom than the robot has. For example, an eleven degree-of-freedomrobot
positioning an object in spaceonly requiresthree degreesof freedomto ac-
complishthis task; the remainingdegreesof freedomcanbe usedfor obstacle
avoidanceduring executionof the task.

The framework for combining task behavior and obstacleavoidancebe-
havior relies on the generalstructure for redundant robot control. In this
structure the torques � that are applied to the robot are computed as fol-
lows:

� = J T (q)F +
h
I � J T (q)J

T
(q)

i
� 0 (1)

[16], whereJ is the Jacobianof the manipulator, J designatesits dynamically
consistent pseudoinverse,F describesthe forcesde�ned by the task, and � 0

denotesthe torquesto implement obstacleavoidance.Equation 1 providesa
decomposition of of the joint torques into thosecausedby forcesat the end
e�ector (J T F) or operational point and thosethat only a�ect internal motion

of the robot
� h

I � J T (q)J
T
(q)

i
� 0

�
. This decomposition canbeexploited to

usetask-independent degreesof freedomof the robot for obstacleavoidance
in the nullspace.Simpleobstacleavoidancewithout the incorporation of task
behavior can be achieved by mapping attractiv e and repulsive forcesto joint
torquesusing equation

� = J T (q)F: (2)

Here, the forcesF are the combination of forcesto accomplishthe task F task

and forcesFobst to avoid obstacles: F = F task + Fobst . Since there is no
decoupling,obstacleavoidancebehavior can a�ect task executionbehavior.

In Section3.2.1a numerical navigation function was imposedon the tun-

20



nel T of workspacecomputedusing the algorithms described in Sections3.1
and 3.2.1. We can de�ne the gradient of this navigation function as the
basis for deriving F task , when the task is to reach a certain position in the
workspacewith the end-e�ector of the robot:

F task = �rN ;

whereN is the adaptive numerical navigation imposedon the tunnel T. The
gradient of N de�nes the task to be executedby the robot. Combining the
forcesresulting from N with repulsive forcesFobst derived from proximit y
information to obstaclesallows the real-time computation of a solution to
subproblem P2. To compute the solution to P2 e�cien tly, the solution to
subproblemP1 as represented by T after augmentation with the navigation
function N is exploited.

In certain situations following the gradient of N might not lead to a
solution for the planning problem P2. This problem arises for structural
local minima of the robot, such asthe oneshown in Figure 1, and is a result
of the conscioustradeo� of completenessfor e�ciency . Methods allowing to
minimize the impact of structural minima needto be developed.

Note that this particular implementation of decomposition-basedplan-
ning not only determinesa solution path to the given planning problem, but
implicitly de�nes a tra jectory in real-time. This is a signi�cant advantage
over other planning approaches,wheresubsequent to the path planning pro-
cessa time-parameterization has to be imposedonto the resulting solution
path.

4 Exp erimen tal Results

The real-time motion planning algorithm described above was implemented
on a 175MHz SGI O2. It was applied to an eleven degree-of-freedomma-
nipulator, consistingof a free-
oating basewith four degreesof freedomand
a Mitsubishi PA-10 manipulator arm with seven degreesof freedom. The
experimental setup can be seenin Figure 5.

Depending on the complexity of the environment and the sizeof its lo-
cal minima, the computation of the wavefront expansionalgorithm was per-
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formedat ratesbetween3 and 100Hz. The computational complexity of this
procedureis governedby the distancecomputations necessaryto determine
the sizeof the free spacebubbles. Thesedistancecomputations can be per-
formed e�cien tly, using hierarchical bounding spheres[26] to represent the
environment. It is interesting to note that the number of bubblesnecessary
to cover a rectangular parallelepiped of free spacewith a given precision is
dependent upon the aspect ratio of the volume [4]. The computation of the
tunnel T and the numerical navigation function can be performedin parallel
with the control loop for reactive motion generationof the robot, resulting
in a very tight integration of planning and control. Each time a new solu-
tion to P1 becomesavailable, the control loop for P2 usesthe new navigation
function to determinethe motion of the robot.

Figure 5 shows a seriesof snapshotsfrom a preliminary implementation
of the algorithms described above. The motion executiondepicted required
four planning operations. Figure 5 a) shows the environment, the robot in
its initial position, and the initial result of the adaptive wavefront expansion
algorithm, shown as a branching tree-like graph in space,with its root at
the goal con�guration for the end-e�ector. For these preliminary results
the path was not smoothened. A real-time smoothing operation could be
performed using the elastic strip framework [5]. In part b) of the �gure an
obstacleis blocking the original path for the end-e�ector and a newfreespace
representation and navigation function are computed, as can be seenin c).
Figures 5 d) and f) show the result of subsequent real-time computations
of the navigation function, following invalidation by an unforeseenobstacle.
Note that repulsive forcesoriginating from obstaclesin the environment cause
the robot to avoid collisionsin a reactive manner,ascanbe seenin Figures5
d) and e), wherethe robot passesa narrow region of free space.All degrees
of freedomof the robot are usedto avoid the obstacles.

Using the decomposition-basedplanning approach presented in this pa-
per, real-time planning was implemented for an eleven degree-of-freedom
manipulator. Except for the mappinggiven in equation2 no part of the com-
putation is dependent upon the degreesof freedomof the robot, but rather
on its geometricproperties and the properties of the workspace. Therefore
theseresultsareexpectedto scaleto very high number of degreesof freedom.
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a)

b)

c)

d)

e)

f)

g)

h)

Figure 5: Real-time planning in a dynamic environment.
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5 Future Work

This paper presented decomposition-basedmotion planning as a general
framework for addressinga certain classof planning problems in real time.
The experimental application of this framework to a particular planning task
was also presented. Quite naturally, the introduction of a new framework
leaves a lot of room for future investigation of various aspects associated
with that framework.

Decomposition-basedplanning can be applied to planning problemsdif-
ferent from the one presented here. In the context of a di�erent planning
problem the relevanceof choosing the right link between the two subprob-
lems becomesapparent. The work presented in this paper usesa volume
in Euclidean space;other planning problems might require an area in the
plane or a four-dimensionalvolume in space-time(R3 � t). The algorithms
usedto solve the subproblemsP1 and P2 would vary depending on the link
betweenthem and the particular planning problem at hand. A \cookbook"
for choosing the linking spacebetween the subproblemsP1 and P2 and for
choosingalgorithms to solve the subproblemsdepending the given planning
problem would be very valuable.

A moredetailedcharacterizationof planning problemslendingthemselves
to the application of decomposition-basedplanning needsto be given. The
notion of � -hardnesswas introduced for the subproblemP1. A similar clas-
si�cation for the problem of overlapping volumes for di�erent homotopic
equivalenceclassesarising in P2 would be valuable.

The notion of � -completenessattempts to characterize the tradeo� of
completenessfor e�ciency in subproblemP1. Similar results for P2 would be
interesting extensionsof the theoretical foundation of decomposition-based
planning. Since the loss of completenessis a deliberate choice, a quanti�-
cation of this lossas a function of parametersof the planning problem and
the chosenalgorithms could extend the applicability of this framework. A
quanti�cation can then lead to provably more completealgorithms, in par-
ticular for the subproblemP2. Here,algorithms to overcomestructural local
minima can be usedas a starting point for further investigation.

If a decomposition-basedplanning approach fails to �nd a solution path to
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a given planning problem, other more complete(and lesse�cien t) planning
approachesmight still be able to determine a solution. To fully exploit the
advantages of decomposition-basedplanning, it would be very interesting
to integrate planners following this framework with other planners. The
information gainedduring the failed planning processof the decomposition-
basedplanner could be exploited by a probabilistic roadmap planner, for
example.

There are a number of planning tasksrequiring contact with the environ-
ment. Most of thesetasks involve moving an obstacle,with operations like
picking the object up and putting it down. It is conceivable that a planning
problem can be partitioned into those parts that require contact with the
environment, like picking up an object, and thosewherethe robot movesin
freespace.The latter part could besolved by decomposition-basedplanning,
while the motion in contact could be planned using di�erent techniques. So
rather than applying the decomposition-basedparadigm in sequencewith
other paradigms, as mentioned in the previous paragraph, they could by
usedin conjunction.

Finally, whenexecutionmotion in contact with the environment, only one
speci�c part of the robot makescontact. The decomposition-basedplanning
paradigm could be extendedto allow this part to move outside the tunnel
T. Instead of avoiding collisions by ensuring that the robot is contained
within the tunnel, such an extensioncan accomplishcollision avoidanceby
maintaining the constraints imposedby a contact forcewith the environment
directly using the dynamically decoupledcontrol scheme presented in Sec-
tion 3.2.2. Such an extensionwould signi�cantly extend the applicability of
decomposition-basedmotion planning.

6 Conclusion

To achieve real-time motion planning for robots with many degreesof free-
dom, a motion planning paradigmbasedon problem decomposition waspro-
posed. The paradigm addressesplanning problems in which a minimum
clearanceto obstaclescan be guaranteed along the solution path. The over-
all planning problem is decomposedinto two planning subtasks: capturing
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the connectivity of the free spacein a low-dimensionalspaceand planning
for the degreesof freedomof the robot in its high-dimensionalcon�guration
space.The solution to the lower-dimensionalproblem is computedin such a
manner that it can be usedas a guide to e�cien tly solve the original plan-
ning problem. This allowsdecomposition-basedplanning to achieve real-time
performancefor robots with many degreesof freedom.

The key to real-time performanceis the trading of completenessfor ef-
�ciency. Using the solution to the low-dimensional problem to guide the
solution of the original planning problem allows motion generationwithout
the exhaustive search of a high-dimensional con�guration space. In very
tight and complicated workspaces,however, it is possiblethat no path will
be found using this framework, even if one exists. In such casesa con�gu-
ration spaceplanner can be usedto determine a path through the di�cult
section of the workspace. Since the generation of a plan in the proposed
planning method only takesa fraction of a second,such a planner could be
evoked after the proposedplanner reports failure.

To characterize the kind of motion planning problem to which decom-
position-basedplanning can be applied, the notion of � -hardnesswas intro-
duced. This can be seenas the theoretical foundation to develop a more
thorough theory of completenessfor decomposition-basedplanning.

This paper also presented a particular implementation of the decompo-
sition-basedplanning framework, using an adaptive wavefront expansional-
gorithm to e�cien tly capture a volumeof freespace,which is in turn usedto
guide reactive motion control to �nd a tra jectory for the robot, solving the
original planning problem. Preliminary experimental results with an eleven
degree-of-freedomrobot werepresented, verifying the real-time performance
of the planner.
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