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The augmented object model provided the basis for

effective cooperation between multiple robots. These

robots were assumed to have a single serial-chain

structure. In this paper we discuss the augmented ob-

ject model in the context of mechanisms involving mul-

tiple branches such as humanoid robots and parallel

mechanisms. An application of the proposed model in

the dynamic modeling of a holonomic mobile base and

experimental results using real-time dynamic simula-

tion are presented to illustrate the effectiveness of the

proposed approach.

1 Introduction

Cooperative manipulation is an important capability
for extending the domain of robotic applications. It al-
lows multiple robots to work together, resulting a sig-
nificant increase in their overall effective workload and
workspace. Various cooperation strategies have been
proposed [14, 4, 10, 11, 1, 5]. Our earlier work on co-
operative manipulation by multiple fixed-base serial-
chain manipulators established the augmented object

model describing the dynamics at the level of the ma-
nipulated object [7], and the virtual linkage model [13]
characterizing internal forces.
This paper presents the extension and integration of
these two basic models in order to accommodate the
closed-chain dynamics of systems involving branching
mechanisms (Figure 1) while preserving overall per-
formance. The discussion in this paper focuses on the
augmented object model as dynamic modeling of co-
operative manipulation among multiple robotic plat-
forms involving multiple branches and parallel mech-
anisms. This model, in conjunction with the virtual
linkage model, naturally renders a cooperative control
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structure consistent with the operational space formu-
lation. This control structure provides the effective
object-level control of the closed-chain dynamics and
the object internal forces.
Section 2 reviews the basics of the operational space
formulation for branching robots and the task/posture
behavior concept under this formulation. In section 3,
we develop the augmented object model as dynamic
modeling of closed-chain dynamics involving multiple
branching robots. Also, an operational space dynamic
control structure is developed using this model and the
virtual linkage model. Section 4 presents, in detail,
an application of the augmented object model in the
dynamic modeling of a 4-wheel holonomic mobile base.
Finally, real-time simulation results with a 24-degree-
of-freedom humanoid robot are presented.

Figure 1: Cooperation by multiple branching robots

2 Operational Space Formulation

The operational space formulation [6, 9] for a branch-
ing robot with multiple (m) operational points (end-
effectors) provides dynamic modeling and control di-
rectly in the operational space by projecting the joint



space dynamics into the operational space and its
associated null space. The general joint space dy-
namic equations of motion for an open-chain branch-
ing robotic mechanism can be written as [12]:

Aq̈ + b + g = τ (1)

where A is the joint space inertia matrix. q̈, b, g,
and τ are the joint space acceleration, Coriolis and
centrifugal force, gravitational force, and total control
torque vectors, respectively.
The generalized torque/force relationship [6, 9] in the
operational space formulation provides a decomposi-
tion of the total control torque, τ in Equation (1) into
two dynamically decoupled control torque vectors: the
torque corresponding to the task behavior command
vector and the torque that only affects posture behav-
ior in the null space:

τ = τ task + τ posture (2)

It is critical for the end-effectors to maintain their re-
sponsiveness and to be dynamically decoupled from
the posture behavior. The posture can then be treated
separately from the end-effectors’ tasks, allowing intu-
itive task specifications and effective robot control.

2.1 Task Behavior

τ task in Equation (2) is the torque corresponding to
the computed task behavior command vector, f , act-
ing in the operational space:

τ task = JT f (3)

where f is a vertically concatenated vector of the force
vector of each of m end-effectors and J is the vertically
concatenated matrix of the Jacobian matrix of each of
m end-effectors:

f =







fe1

...
fem






and J =







Je1

...
Jem






(4)

Since dynamic control of task behavior in the opera-
tional space is desired, f can be computed using the
operational space (task behavior) command vector for
a linearized unit-mass system, ẍ, and the dynamics
obtained by projecting the joint space dynamics into
its operational space:

Λ ẍ + µ + p = f (5)

where the operational space inertia matrix, Λ, is a
symmetric positive definite matrix [6, 9]:

Λ-1 = JA-1 JT (6)

and p and µ are the operational space gravitational
force and Coriolis and centrifugal force vectors, respec-
tively. J is the dynamically consistent generalized in-
verse of the Jacobian matrix J in Equation (4) and
has been proven to be unique [6, 9]:

J
T

= ΛJA-1 (7)

2.2 Posture Behavior

τ task in Equation (2) is the torque that only affects
posture behavior in the null space given any arbitrary
null space (posture behavior) command vector, τnull:

τ posture = NT
τnull (8)

where N is the dynamically consistent null space pro-
jection matrix that maps τ posture to the appropriate
control torque:

N = I − JJ (9)

where I is an identity matrix.
Dynamic consistency is the essential property for task
behavior to maintain its responsiveness and to be dy-
namically decoupled from posture behavior since it
guarantees not to produce any coupling acceleration
in the operational space given any τnull. In Figure 2,
the robot was commanded to keep the position of both
hands constant (task behavior) while rocking its torso
back and forth in the null space (posture behavior).
Notice that dynamic consistency enables task behav-
ior and posture behavior to be specified independently
of each other, providing an intuitive control of complex
systems.

Figure 2: Posture behavior

3 Cooperative Manipulation

Our approach is based on the extension and integra-
tion of two basic concepts: The augmented object [7]
and the virtual linkage [13]. The virtual linkage char-
acterizes internal forces, while the augmented object

describes the system’s closed-chain dynamics.



First we will present object-level modeling of closed-
chain dynamics involving branching robots. The cor-
responding cooperation control strategy will be pre-
sented in a subsequent section.

3.1 Augmented Object Model

The earlier augmented object model [7] provides a de-
scription of the dynamics at the operational point for
a multi-manipulator system, where each manipulator
has a stationary base fixed in a common inertial frame.
In this subsection, we present the augmented object
model to accommodate branching systems, where all
of the manipulators in the systems are cross-coupled
not only through the object but also through their
common links.
The equations of motion of a closed-chain system un-
der the augmented object model can be written as:

Λ⊕ ẍobj + µ⊕ + p⊕ = f⊕ (10)

where xobj is the operational space coordinates of the
object. Λ⊕, µ⊕, and p⊕ are the kinetic energy matrix
(operational space inertia matrix), the centrifugal and
Coriolis force vector, and the gravity vector associated
with the system of an object and branching robots,
respectively. The generalized operational force vector,
f⊕, is the resultant of the forces produced by all end-
effectors at the operational point.
The simplicity of the equations associated with this
model is the result of an additive property that allows
us to obtain the system equations of motion from the
the dynamics of the individual branching mechanisms.

3.1.1 For Single Branching Robot

This section develops the augmented object model from
Equation (10) for branching robots (Figure 3).

Figure 3: A branch-
ing robot holding an
object

This model formulates the
simple closed-chain dynam-
ics as an object-level dy-
namics with grasping con-
straint forces using the op-
erational space formulation
without modifying underly-
ing kinematic and dynamic
structures such as the Jaco-
bian matrix. Therefore, this
model renders an object-
level operational space for-
mulation to solve the dy-
namics of the simple closed-
chain involving a branching mechanism.

The kinetic energy matrix associated with a closed-
chain system consisting of an object and a branching
robot with m end-effectors can be written as:

Λ⊕ = Λobj + CT ΛC (11)

where Λobj and Λ are the kinetic energy matrices as-
sociated with the object and the open-chain branching
robot, respectively. C represents the connectivity of
m end-effectors to the common object. This matrix is
the vertically concatenated matrix of m identity ma-
trices for a simple closed-chain:

C = [ Ii · · · Im ]
T

(12)

Equation (11) results from the evaluation of the to-
tal kinetic energy, KE, of the closed-chain system ex-
pressed with respect to the operational space veloci-
ties:

KE =
1

2
ẋT

obj Λ⊕ ẋobj =
1

2
ẋT

obj Λobj ẋobj +
1

2
ẋT Λ ẋ

where ẋ is the operational space velocity vector of m
end-effectors of a branching robot and can be written
as:

ẋ = Cẋobj

since the object and all end-effectors are expressed at
the same operational point with the rigid grasp as-
sumption.
The centrifugal and Coriolis vector of the closed-chain
system, µ⊕, has the additive property:

µ⊕ = µobj + CT
µ (13)

where µobj and µ are the vectors of centrifugal and
Coriolis forces associated with the object and the
open-chain branching robot, respectively. Similarly,
the gravity vector of the closed-chain system, p⊕, can
be written as:

p⊕ = pobj + CT p (14)

where pobj and p are the gravity vectors associated
with the object and the open-chain branching robot,
respectively.

3.1.2 For Multiple Branching Robots

When N branching robots grasp the same common
object (Figure 1), Equation (10) still holds and the
operational space dynamics of the system simply be-
come the sum of the operational space dynamics of
the object and each branching robot, all expressed at
the same operational point.



Since the rigid grasp is assumed, the operational space
velocity of the end-effectors of ith branching robot can
be written as:

ẋi = Ci ẋobj (15)

where Ci represents the connectivity of the end-
effectors of the ith branching robot to the common
object for a simple closed-chain. Then, the augmented
object model for the closed-chain dynamics of the sys-
tem consisting of a common object and multiple (N)
branching robots can be written as:

Λ⊕ = Λobj +
∑

i=1,...,N

CT
i Λi Ci (16)

µ⊕ = µobj +
∑

i=1,...,N

CT
i µi (17)

p⊕ = pobj +
∑

i=1,...,N

CT
i pi (18)

where Λi, µi, and pi represent the operational space
dynamic components of the ith branching robot.

3.2 Dynamic Control

3.2.1 Virtual Linkage Model

Object manipulation requires accurate control of in-
ternal forces. we have proposed the virtual linkage

[13], as a model of object internal forces associated
with multi-grasp manipulation. In this model, grasp
points are connected by a closed, non-intersecting set
of virtual links. Compared to other methods used to
characterize internal forces, the virtual linkage model
has the advantage of providing a physical represen-
tation of internal forces and moments. This allows
control of non-zero internal forces to have a physically
meaningful effect on the manipulated object.

3.2.2 Operational Space Control Structure

The dynamically consistent generalized inverse of the
Jacobian matrix, J in Equation (7) has been proven
to be load independent [3]. This immediately pro-
vides an important result; the dynamically consistent
null space mapping matrix for the closed-chain sys-
tem is the same as the one for the open-chain sys-
tem, N in Equation (9). Therefore, we can control
the closed-chain system with the same control struc-
ture in Equation (2) for the open-chain system except
the operational space control force, f in Equation (5)
should reflect the augmented object model and the
virtual linkage model:

f = G-1
[

fres

fint

]

(19)

where fres is the resultant force at the operational
point and is equivalent to f⊕. fint is the internal force
and G is the grasp description matrix. The grasp de-
scription matrix contains a model of the internal force
representation as well as the relationship between ap-
plied grasp forces and object resultant forces. Thus
this matrix is central to the control scheme employed
by the virtual linkage model. For the cooperative
operations among multiple robots, a hybrid strategy
of the centralized and decentralized control architec-
ture [8] provides an effective implementation consis-
tent with the augmented object and virtual linkage
models, while preserving the overall performance of
the system.

4 An Application

In this section, we present an application of the aug-
mented object model in the dynamic modeling of a
powered caster vehicle (PCV) such as the holonomic
mobile base in Figure 4.

Figure 4: No-
madic XR4000
and PUMA 560

The use of a dynamically-
controlled, holonomic mobile
base in a mobile manipulation
system is particularly desirable
since it provides easier planning
and navigation for gross mo-
tion, along with the ability to
fully use the null space motions
of the system to improve the
workspace and overall dynamic
properties.
Typically, the dynamic equa-
tions of motion for a paral-
lel system with non-holonomic
constraints such as a PCV are
formed in one of two ways: the
unconstrained dynamics of the whole system is de-
rived and the the constraints are applied to reduce
the number of degrees of freedom [2]; or the system is
cut up into pieces, the dynamics of these subsystems
are computed, and the loop closure equations are used
to eliminate the extra degrees of freedom.

Figure 5: Pow-
ered caster mod-
ule

For the Nomadic XR4000 robot
in Figure 4, a mobile base with
four powered caster modules
(Figure 5), the first method
generates 11 equations for the
unconstrained system and 8
constraint equations. The sec-
ond method generates 12 equa-
tions for the unconstrained sub-
systems and 9 constraint equa-



tions. These systems of equations must then be re-
duced to 3 equations. Ideally, both these methods
would yield the same minimal set of dynamic equa-
tions, but in practice it is difficult to reduce the pro-
liferation of terms that are introduced in such a large
number of equations.
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Figure 6: A 3-DOF serial manipulator

In order to get a more efficient set of dynamic equa-
tions of motion we will use a method which uses com-
patible 3-degree-of-freedom (DOF) systems since each
powered caster module of the PCV (Figure 5) can be
modeled as a 3-DOF serial manipulator shown in Fig-
ure 6. In this figure, φ̇ is the steering rate, ρ̇ is the
angular speed of rolling, and σ̇ is the angular twist
rate at the wheel contact. ẋi is the operational space
velocity vector of the ith manipulator. Then, the dy-
namics of the PCV can be modeled as the cooperative
manipulation of these 3-DOF manipulators.
Similarly to Equation (1), the joint space equations
of motion of the ith 3-DOF serial manipulator can be
written:

Ai q̈i + bi = τ i (20)

Note that there is no effect of gravity since the PCV
is assumed to be on level ground.
Since this manipulator is non-redundant, the inverse
of the Jacobian matrix, J-1, is computed directly for
the computational efficiency:

q̇i = J-1
i ẋi (21)

J-1
i =





−sφ/b cφ/b h[cβcφ + sβsφ]/b − 1
cφ/r sφ/r h[cβsφ − sβcφ]/r

−sφ/b cφ/b h[cβcφ + sβsφ]/b





where s· and c· are the shorthand for sin(·) and cos(·).
It is interesting to note that the first two rows of J-1

express the non-holonomic constraints due to ideal
rolling while the third row is a holonomic constraint:
θ = σ − φ.
Using Equations (20) and (21), the operational space
dynamics of the ith manipulator can be written simi-
larly to Equation (5):

Λi ẍi + µi = fi (22)

Λi = J-T
i Ai J

-1
i ; µi = J-T

i

(

Ai J̇
-1
i ẋi + bi

)

Note that µi is expressed explicitly as a function of
ẋi as well as qi and q̇i in order to utilize the best
estimates of the base velocity in addition to exact local
information such as directly measured rolling speed of
the wheel.
By assigning the end-effector frames of all manipu-
lators such that they are coincident with the base
(object) frame and using Equation (15), the opera-
tional space velocity of each manipulator is ẋi = ẋobj

since Ci in Equation (12) is an 3 × 3 identity ma-
trix. Then, the operational space dynamic compo-
nents from Equations (16), (17), and (18), can be writ-
ten as:

Λ⊕ =
∑

i

Λi ; µ⊕ =
∑

i

µi ; f⊕ =
∑

i

fi

where Λ⊕, µ⊕, and f⊕ represent the dynamic proper-
ties of the entire mobile base.
Finally, using these, the equations of motion of the
PCV can be written as the equations of motion under
the augmented object model from Equation (10):

Λ⊕ ẍobj + µ⊕ = f⊕ (23)

Notice that Equation (23) directly generates the re-
quired 3 operational space dynamic equations for the
PCV. It does not generate terms which add and/or
cancel as is the case with other methods. Using the
symbolic dynamic equation generator AUTOLEV to
create Λ⊕ and µ⊕ for the Nomadic XR4000, the num-
ber of multiplies and additions are reduced from 8180
and 2244, to 2174 and 567, respectively, resulting a
significant increase in computational efficiency.

5 Experimental Results

Using the methods presented in previous sections, we
were able to perform the computation of the closed-
chain dynamics under the operational space formula-
tion for the humanoid robot in Figure 3 in less than
1.5 msec using a PC with a 266 MHz Pentium II run-
ning under the QNX real-time operating system. This
branching robot has an operational point at each of
its 2 end-effectors and 24 links connected by 1-DOF
joints.
Figure 7 shows the motion sequence when this robot
was commanded to put the box on the floor while be-
ing advised to keep its posture the same as the initial
configuration. Notice that the robot had to adjust
its advised posture behavior in the null space with-
out producing any coupling acceleration at both end-



effectors in order not to violate the primary task be-
havior. This was done automatically without any ad-
ditional commands.

Figure 7: Sequence of putting a box on the floor

6 Conclusion

We have proposed the augmented object model as the
dynamic modeling of effective cooperative manipula-
tion among multiple robotic platforms involving mul-
tiple branches and holonomic or non-holonomic par-
allel mechanisms. The simplicity of the equations as-
sociated with this model is the result of an additive
property that allows us to obtain the system equa-
tions of motion from the the dynamics of the individ-
ual branching mechanisms. An application of the pro-
posed augmented object model in the dynamic model-
ing of a holonomic mobile base is presented in detail.
The augmented object model, in conjunction with the
virtual linkage model, naturally renders a cooperative
control structure consistent with the operational space
formulation. This control structure provides the effec-
tive object-level control of the closed-chain dynamics
and the object internal forces. The real-time simula-
tion results with a 24-DOF humanoid robot illustrate
the effectiveness of the proposed approach.
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